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Abstract – It is shown in this paper how sensitivity minimization over specific frequency ranges and even only for several
frequencies in the case of narrow-band filters permits a usage of
a very short coefficient word-length, leading to a higher accuracy, lower power consumption and simple multiplierless
implementation. Similar results are obtained for variable and
complex digital filters, for fractional delay filter realizations and
for adaptive real and complex filters. The proposed methods and
procedures are verified experimentally. They are simple and
easily applicable in the standard engineering design and they do
not require complicated optimizations.
Keywords – IIR Digital filters, Allpass filters, Variable filters,
Multiplierless filters, Sensitivity.

I. INTRODUCTION
Many methods and structures to design and implement IIR
digital filters have been advanced in the literature [1], [2].
Some of the structures (like the direct one) and the design
methods (like the state-space-based) appeared through the
years to have mainly an academic value. The main obstacle,
besides higher complexity of some methods and structures, in
the case of fixed-point realizations (preferred in portable and
high speed applications) turned out to be the bad performance
in a finite wordlength implementation. The most popular way
to evaluate the influence of the multiplier coefficients quantization on the accuracy of the realized filter magnitude response is to calculate its sensitivity to the coefficient changes.
It was found that one of the best structures in this sense is
based on connected in parallel allpass subfilters. It is very
efficient (it realizes two N-th order transfer functions using
only N multipliers) and it has extremely low sensitivity in the
passband (PB). But as its stopband (SB) behavior depends on
sums and differences of phases, it has quite a high sensitivity
in the SB and the required coefficient wordlength appeared to
be proportional to the required SB attenuation [3], [4]. This
problem is critical in many practical cases of professional
filters with SB attenuation often exceeding 50-60 dB. It was
proposed, in order to solve this problem, to replace the parallel allpass structure by a cascade of several parallel-allpassstructure-based subfilters [3], or by a cascade of several identical such subfilters, containing some additional tapped interconnections [4]. Both approaches are quite efficient but the
design procedures are very complicated and they include
some specialized optimization procedures that are very
difficult to be performed in a standard engineering design.
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Another approach to solve the problem with the higher SB
sensitivity of the parallel allpass structure was proposed in [5].
It is based on usage as initial prototypes of analog elliptic
filters with minimal quality factors (EMQF) and an additional
sensitivity analysis. The application of the method, however,
is not that easy, allpass sections with specific transfer
functions are required and it is not ensuring enough high SB
attenuations.
In this work we propose an easy to apply approach to improve the stopband behavior of the parallel allpass structure. It
is based on inclusion of sensitivity minimization of the individual allpass sections (the parallel branches of the structure are
built as cascade connections of first- and second-order allpass
sections) over specific frequency ranges as a step of the design procedure and we show with design examples that this
approach is giving excellent results. We apply, further on, this
approach to improve the results of the other mentioned methods [4], [5] and also to obtain better multiplierless realizetions, allpass-based fractional delay filters and other fixed
tunable and adaptive real and complex IIR filters.

II. SENSITIVITY RELATIONS
2.1. Sensitivities in the parallel allpass structure
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Fig. 1. Parallel allpass structure.

The transfer functions realized by the structure in Fig. 1 are
H1,2 ( z ) = 0.5( P ( z ) ± Q( z )) ,

(1)

where H1(z) is a lowpass (LP) or bandpass (BP) filter and
H2(z) – a highpass (HP) or bandstop (BS) filter.
The sensitivity of the magnitude to the changes of any
multiplier coefficient mi will be (for “+” in (1))
∆Θ(ω)
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where ΘP and ΘQ are the phase responses of the two branches
and ∆Θ(ω) = ΘQ (ω) − Θ P (ω) . The only way to reduce this
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The worst-case sensitivity to all the multipliers, respectively, will be
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This sensitivity depends strongly on the frequency, but it
would be enough to control it only for several frequencies –
the PB and SB edges ωp and ωs and for elliptic filter transfer
functions – the frequencies ωmin of the attenuation minima.
Provided P(z) and Q(z) are realized as cascade connections
of first- and second-order allpass sections
Θ P (ω) = ∑ Θ Pk (ω) ; ΘQ (ω) = ∑ ΘQl (ω) ,
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Fig. 2. Saramaki and Renfors structure.

we get the following expressions about the sensitivities for
these specific frequencies
H ω
WS m p

b1(2)

...
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where ΘPk(ω) and ΘQl(ω) are the phase responses of the individual sections, and taking into account the relation
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Coefficient M in (7) depends on the specification’s SB minimal attenuation As and M=50 for As =40dB, 158 for 50 dB
and 500 for 60 dB.
It follows from (6), (7), that the only way to reduce these
sensitivities is to use allpass sections with low phase-sensitivity for the frequencies so specified. It is well known that for
narrow-band lowpass filters all these frequencies are
concentrated within a very limited frequency range situated
around the SB edge frequency ωs. The transfer function poles
of such filter are concentrated near z=1 and so are the poles of
the individual allpass sections. Thus the problem of the minimization of the sensitivities (6), (7) turns to development of
allpass sections with minimal sensitivities for poles near z=1
(for narrow-band LP filters) or for poles everywhere within
the unit circle (for arbitrary transfer function). One of the best
methods to develop such sections was proposed in [6], its
sensitivity minimization is based on coefficient conversion
preserving the number of the multipliers and it is very suitable
for our case. This approach should work also with the design
method of Milic and Lutovac (ML-method) [5], because it is
based on the structure of Fig. 1 and with the Saramaki and
Renfors method (SR-method) [4], because their structure (Fig.
2) consists of several cascaded parallel-allpass-sub-structures,
containing some additional tap-multipliers.

Fig. 3. GM1 (a) and LS1 (b) first-order allpass sections.

tions have been investigated in [7]. They have different sensitivities and it is often possible to select among them the most
appropriate (with the lowest sensitivity) for given pole location. The transfer functions of GM1 and LS1 (proposed in [7])
are

−(1−a )+z −1
H LS1 ( z ) =
,
,
(8)
1−bz −1
1−(1−a) z −1
and the comparison of their sensitivities (calculated with
PANDA [8]) in Fig. 4 shows that GM1 is by far not the best
choice for poles near z=1 (in this case b=0.99). The sensitivity
of MH1 is the same as that of GM1.
H GM 1 ( z ) =

−b+z −1

Fig. 4. Sensitivity comparison of first-order allpass sections.

2.2. Low-sensitivity allpass sections
In [4] and [5] only the Gray-Markel first- (GM1) (Fig. 3a)
and second-order (GM2) (Fig. 5a) sections are used. In most
of the other publications mainly the popular Mitra-Hirano
MH1 and MH2A or MH2B [1] sections are exploited. Many
other allpass sections, however, have been developed during
the years. More than 16 known and several new first-order sec
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Fig. 5. GM2 (a), LS2a (b) and LS2b (c) second-order allpass
sections.

The results are even more striking for the second-order sections. Several dozens of such sections are known in the
literature, but very few of them are having low sensitivity for
poles near z=1. We have developed two allpass sections with
really very low sensitivity [9], [10], shown in Fig. 5 as LS2a
and LS2b. Their transfer functions, together with that of GM2,
are
− a1 − a2 (1 − a1 ) z −1 + z −2
,
(9)
H GM 2 ( z ) =
1 − a2 (1 − a1 ) z −1 − a1 z −2
H LS 2 a ( z ) =
H LS 2b ( z ) =

1 - c2 − (2 − 2c1 − c2 ) z −1 + z −2
,
1 − (2 − 2c1 − c2 ) z −1 + (1 - c2 ) z −2

1 − 2d − 2(1 − d )(1 − 2c) z −1 + z −2
.
1 − 2(1 − d )(1 − 2c) z −1 + (1 − 2d ) z −2

for the specified pole-positions considerably decreased the
overall sensitivity in the three design methods. This effect is
especially strong in the case of the classical parallel allpass
structure and it is achieved throughout very simple engineering design without any optimization or other complicated
design procedures. Another interesting observation is that the
ML-based filters originally are more sensitive compared to
SR-based, but the sections sensitivity minimization is
improving them stronger.

(10)
(11)

In Fig. 6 the sensitivity of LS2a are compared with these of
GM2, MH2A, MH2B, AL (Ansari and Liu) and EAM (Eswaran, Antoniou, Manivanan) second-order sections (LS2b is
having sensitivity similar to that of LS2a), realizing the same
couple of poles near z=1. It is clear that the maximal sensitivity of LS2a for this specific pole location is tens and hundreds times lower that that of the other sections and moreover,
it is lower for all other frequencies. And it is the best example
how effective might be the inclusion of the sensitivity minimization of every section as a step in the design procedure.

Fig. 7. WS sensitivity of a parallel-allpass-structure-based filter
implemented with GM and LS sections.

Fig. 8. WS sensitivity of a SR-method-based filter implemented with
GM and LS sections.

Fig. 6. Sensitivity comparison of different second-order allpass
sections.

III. SENSITIVITY MINIMIZATION BASED DESIGN
In order to compare the efficiency of the design including
minimization of the sensitivities of the individual sections in
standard parallel allpass structure (we shall call this method
LSPar) and in SR- and ML-methods, three LP filters meeting
the specifications with ωр =0.05 rad/s, ωs=0.07 rad/s, Ap=
=0.9151 dB and As = 50 dB, have been designed. As all of the
poles of the obtained transfer function are in the vicinity of
z=1, there is no need to develop new allpass sections with
minimized sensitivity. It is obvious from Fig. 4 and Fig. 6 that
the LS1 and LS2 are the best choice. It is necessary to take
LS2b, because its transfer function denominator (11) is more
appropriate for the specific design using the ML-method. The
three filters have been designed once with only GM first- and
second-order sections (as in [4], [5]) and once with LS sections and the overall sensitivities are shown in Fig. 7, 8, 9. It is
seen that the minimization of the allpass sections sensitivity

Fig. 9. WS sensitivity of a ML-method -based filter implemented
with GM and LS sections.

In Fig. 10a,b more difficult specifications (ωр =0.08 rad/s,
ωs=0.094 rad/s, Ap=0.08 dB and As =65 dB) are realized using
the standard parallel allpass structure and traditional design
with MH and GM sections (Fig. 10a) and the LSPar method
with LS1 and LS2a,b sections (Fig. 10b). It is seen that the

301

TABLE I
COEFFICIENT IMPLEMENTATION IN THE PARALLEL ALLPASS STRUCTURE
WITH LS AND GM SECTIONS

With LS sections
a
2-4 -2-7
c1 2-7-2-9+2-12
d1 2-7+2-9+2-12
c2 2-8-2-10-2-13
d2 2-5+2-8+2-12

b
a11
a12
a21
а22

With GM sections
20-2-4+2-7
-20+2-6+2-8 +2-11
20-2-6+2-8 -2-11
-20+2-4+2-7+2-11
20-2-7+2-10

TABLE II
COEFFICIENT IMPLEMENTATION IN THE ML STRUCTURE WITH LS
(LS2B) AND GM SECTIONS

With LS sections
a
2-2-2-4-2-6
c
2-7+2-10-2-12
d1
2-7+2-9+2-13
d2
2-4+2-7+2-9
d3
2-3
d4
2-5+2-8-2-10

(a)

b
a2
a11
a21
a31
a41

With GM sections
20-2-2+2-4+2-6 +2-9
20-2-6-2-9+2-11
-20+2-6+2-8+2-12
-20+2-3+2-6+2-8
-20+2-2
-20+2-4+2-7-2-9

Further improvement in the design of multiplerless parallelallpass structures LSPar was achieved in Ref. [11] by introduction of genetic algorithms for optimization of the multiplier coefficient values.

V. HIGH ACCURACY VARIABLE IIR FILTERS
5.1. Parallel allpass structure based variable filters
(b)
Fig. 10. Magnitudes for different coefficients wordlength of filter
obtained after standard design (a) and with LSPar method (b).

LSPar method is ensuring a magnitude equal to the ideal even
after truncation of the coefficients wordlength down to 8 bits,
while the magnitude of the filter with standard design (Fig.
10a) is strongly violating the specifications with such
coefficients worglength (both filters are of order 9). It is worth
mentioning that after the LSPar design the stopband behaviour
is considerably improved not only for the low-frequency, but
for the entire frequency range, even though the sensitivity was
minimized mainly for poles near z=1.

IV. EFFICIENT MULTIPLIERLESS REALIZATIONS
The reduced overall sensitivity is permitting shorter coefficient wordlength and thus – a more efficient multiplierless implementation. The classical-parallel-allpass-structure-based
design is offering an additional advantage – the obtained
transfer function is always of lowest order and thus less multipliers are required. For the specifications from Section 3 this
transfer function is only of order N=5 (requiring only 5 multipliers), while NML=9 and the SR-structure (Fig. 2) is requiring 11 multipliers altogether. Because of the lowest sensitivity (Fig. 7) of the LSPar-realization, its multiplierless
realization (Table 1) will require only 9 adders when LS
sections are used (and 13 with GM-sections). These numbers
are 18 and 24 for SR and 16 and 26 for ML-realizations (see
Table 2 for the realization of the ML structure). Thus the
LSPar-realization is by far the best also in this sense.

The best among all known methods to design variable IIR
filters is the one proposed by Mitra, Neuvo and Roivainen
(MNR) [12]. It is based on the parallel allpass structure (Fig.
1) with real or complex coefficients and is employing truncated Taylor series expansions in order to eliminate the delayfree loops due to the usage of Constantinides transforms (see
[1] or [12] for details). Truncation of the Taylor series, on the
other hand, is limiting the range of possible tuning and the
problem is aggravated when not proper allpass structures are
used. In [1] and [12] always MH1 and MH2 allpass sections
are selected. We have shown in [10] that this is narrowing the
range and decreasing the accuracy of tuning especially in the
case of narrow-band, high SB-attenuation variable filters.
Even for not so difficult starting specifications like ωp=0.1,
ωs=0.13, Ap=1dB, As=45dB, producing elliptic filter of 5th order, we can achieve a considerable improvement in the accu
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Fig. 11. Magnitudes of standard MNR and low-sensitivity designed
variable low-pass filters for different coefficients wordlength.

racy of tuning and in broadening of the tuning range after
introducing a sensitivity minimization as a design step. This
filter was designed once with MH sections and once (after
sensitivity minimization) – with LS1 and LS2a and the results
after tuning and shortening of the coefficient wordlength are
shown in Fig. 11. It is seen that coefficient quantization to 4
bit destroys totally the shape of the traditionally designed filter for tuning parameter β=±0.15, while the LS-designed filter
does not change at all its magnitude characteristics, compared
to the non-quantized reference. These results are even more
favorable for the LS-designed variable filters with narrower
bandwidth and higher SB attenuation.
5.2. Cascaded identical sections based variable filters
Although we had succeeded to extend considerably the
tuning range of the parallel-allpass-structures-based variable
filters, we have obtained much better results by developing a
new approach, based on cascaded identical sub-filters of any
order [13],[14]. It permits an easy tuning of the cutoff frequency of the LP filter without having to use Constantinides
transforms and truncated Taylor series expansions when using
identical sub-filters of first or second order. We have developed and investigated such tunable sub-filter structures of
first (LS LP/HP) [15] (Fig. 12a) and second order [16], [17]
(Fig. 12b,c) with independent or simultaneous tuning of their
frequency parameters. These sections have very low sensitivities for poles near z=1 and thus are the most appropriate for
realization of narrowband variable filters. The second-order
sections are really biquadratic, they realize all possible second
order transfer functions, as seen from Fig. 12b,c, including
allpass (LS2a and LS2b sections from Fig. 5 are using the
same core) and we call them BQ2 (Fig. 12b) and BQ3 (Fig.
12c). These sections are having about the same sensitivities,
as shown in [14], [16], but BQ3 is providing additionally an
independent tuning of the poles quality factor and of the zero
frequency. We call BQ1 a section proposed in Ref. [18]. It is
based on a lattice structure (as GM2 of Fig.5), its transfer function is having a denominator as the one in (9) and thus it was

the only known section before appearing of BQ2 and BQ3,
permitting an independent tuning of the cutoff frequency and
the poles quality factor. It was shown in [16] that it has much
higher sensitivities (compared to BQ2 and BQ3) for poles
near z=1 and is not enough universal – it can not provide nonelliptic transfer functions.
In Fig. 13 the tuning of a LP filter designed as a 3rd order
Butterworth MNR (a) and as a cascaded connection of 4 identical LS LP first-order sections (Fig. 12a) (b) is demonstrated.
The starting specifications for the design are fр =0.01 (tunable
from 0.001 to 0.1), fs=0.05, Ap=3 dB and As =30 dB. It is seen
that while the filter designed according to our method is tuned
smoothly (without any degradation of the magnitude shape)
over a frequency range much wider than required (Fig. 13b),
the MNR-filter is covering very narrow range of frequencies
(in fact no tuning of fр >0.02 is possible), the magnitude shape
is degrading and even some transfer function zeros are appearing.

(a)

(b)
Fig. 13. Tuning of a LP filter designed as a 3rd order MNR (a) and as
a cascaded connection of 4 identical LS first-order sections (b).
(b)
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Fig. 12. Very-low-sensitivity (for poles near z=1) first- (LS
LP/HP)(a) and second-order (BQ2) (b) (BQ3) (c) filter sections
suitable for cascaded identical sections variable filters.

The illustration in Fig. 14 is even more eloquent – LP
specifications fр =0.005 (tunable from 0.001 to 0.01), fs=0.01,
Ap=1 dB and As =25 dB) are met with two cascaded elliptic
sections BQ2 (following our method of design) and by an 3rd
order elliptic MNR filter. Our filter is covering easily much
wider frequency range (Fig. 14b) while the MNR-filter is
tuned without problems only for fр from 0.003 to 0.007 (Fig.
14a). Tuning outside this range is causing violation of the SBspecifications as shown in Fig. 14a for values of the tuning
parameter β=0.1 and β=–0.2.
The negative effects in the MNR filters, when realized with
MH, sections, are even stronger in the limited word-length
environment, due to the higher sensitivity of these sections.
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(a)

(a)

(b)
Fig. 14. Tuning of a LP filter designed as a 3rd order elliptic MNR (a)
and as a cascaded connection of 2 identical BQ2 sections (b).

(b)
Fig. 15. Attenuation of a variable Butterworth filter with starting
specifications fp=0.01, fS=0.03, Ap=2dB, AS=55 dB, realized as 7th
order MNR structure (a) and as a cascade of 3 third-order identical
sub-filters (b).

It was shown in Ref. [19], that there are limitations in the
possible maximal SB attenuations, achievable with cascaded
identical filter sections. The only way to get a higher SB attenuation is to use higher order sections. It appeared, however,
that the only good way to obtain variable sections (sub-filters)
of higher than second order is to realize them as parallel-allpass-structures, using the MNR-method (and the truncated
Taylor series expansions of the filter coefficients). These subfilters will be generally of 3rd or 5th order, because higher order is unpractical and every even order is producing complex
coefficients parallel-allpass filters. Thus the results, described
in Section 5.1, become even more important. As the cascaded
identical sub-filters approach is most suitable for realization
of narrowband variable filters, obviously the best choice
always will be the low-sensitivity allpass sections LS1 (Fig.
3b), LS2a and LS2b (Fig. 5b,c).
In order to verify the advantages of our approach, filters
with quite difficult specifications (fp=0.01, fS=0.03, Ap=2dB,
AS=55 dB) are realized as a 7th order MNR structure (using
MH allpass sections) and as a cascade of 3 third-order identical sub-filters (using low-sensitivity LS1 and LS2a allpass
sections). In both cases a Butterworth approximation was
employed. The tuning of the two filters is shown in Fig. 15.
The MNR filter is changing its type (from Butterworth to nonpolynomial) for tuning parameter α > 0.1, as seen from Fig.
15a. For α > 0.11 the SB specifications are already violated,
while our filter is smoothly tuned from α= -0.3 to α=0.3 (Fig.
15b), covering thus very wide frequency range without any
magnitude degradation.
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(a)

(b)

Fig. 16. Attenuation of the variable Butterworth filters from Fig. 15
((a) – a MNR structure; (b) – a cascade of 3 third-order identical subfilters) for different coefficient wordlength and tuning factor α=0.033.

The low-sensitivity design is making our filter very robust
against the coefficient quantization, as shown in Fig. 16. Both
filters have been tuned with factor α=0.033 and then
simulated with coefficients quantized to different word-length
B (supposing “canonic sign-digit code”). The MNR-filter
characteristics (Fig. 16a) are destroyed even with B=7bit – the
attenuation is changed from Butterworth type to something
like elliptic and is getting some SB minimum of about 15 dB
which is far below the limit of 55 dB. Our filter is behaving
perfectly even with B=3 (Fig. 16b) and is changing slightly
for B=2bit.

(a)
(b)
Fig. 18. Tuning of the bandwidth of a fourth-order complex filter
realized as: (a) a cascade of two second-order low-sensitivity
sections from Fig. 17b; (b) a forth-order complex
MNR-variable filter.

VI. COMPLEX FIXED AND VARIABLE IIR FILTERS
All lowpass and highpass filters of order N and bandpass
(bandstop) filters of order 2N (N – even) are having complex
coefficients when realized with the parallel allpass structure
(Fig. 1) and thus the results from the previous sections about
the beneficial effect of the sensitivity minimization are valid
also for them. We did not succeed, however, to develop until
now any low-sensitivity complex coefficient allpass section.
Any real low-sensitivity bilinear and biquadratic filter
section from Sect. 5.2 (Fig. 12) also may be turned to complex
by special circuit transformations [20] preserving their low
sensitivity properties. Such filters are very suitable for
processing of complex signals in telecommunications. The
low-sensitivity complex filters can be further transformed to
low-sensitivity hypercomplex and used in different video
technologies.
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cond- order complex sections, shown in Fig. 17 a,b, realizing
at different outputs second- and fourth-order real BP and BS
transfer functions. The central frequency of these BP/BS magnitudes could easily be tuned by changing the rotational coefficient θ. The bandwidth of the BP/BS transfer functions of
the section from Fig. 17a is tuned by simply changing the
coefficient c. The bandwidth of the second-order complex
filter from Fig. 17b is made tunable either by changing the
coefficients a (as in Fig. 14b) or by turning all the multipliers
a and b to composite (representing them as a=a+Kaβ after
expanding them into Taylor series and truncating to the first
order term) and tuning with the parameter β. Such tuning is
demonstrated in Fig. 18a for a filter consisting of two cascaded low-sensitivity complex second-order sections with Chebyshev transfer functions and in Fig. 18b for MNR complex
variable filter. The superiority of our filter is obvious and
needs no comments. In Fig. 19a,b the sensitivity of the magnitudes of the same filters to the coefficient quantization is
investigated and the superiority of the low-sensitivity filter is
demonstrated again.

cos θ

VII. ADAPTIVE REAL AND COMPLEX FILTERS
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b
0,5
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Out Re 2

(a)
(b)
Fig. 19. Magnitudes from Fig. 18 for β=0.2 and coefficient
quantization to different wordlength.

+

+

+

Out Im 3

+

(b)
Fig. 17. Very-low-sensitivity first- (based on LS LP/HP)(a) and
second-order (based on BQ2) (b) complex filter sections.

Starting from the LS LP/HP section (Fig. 12a) and from the
LP part of BQ2 (Fig.12b) we have developed very low sensitivity orthogonal complex filters [21] suitable for transmultiplexer implementations in telecommunications. Applying the
rotational transformation [20] on the same low-sensitivity real
sections, we have obtained very low-sensitivity first and se

All the low sensitivity real and complex variable filters
from the previous sections are easily turned to adaptive [22][25]. They ensure lower residual error of adaptation, very fast
convergence and low computational complexity. We have
used BQ3 (Fig. 12c) for example, to realise simultaneously
adaptive line enhancer (ALE) and canceller (ALC). The firstorder low-sensitivity complex section (Fig. 17a) was applied
very successfully for adaptive enhancement and cancellation
of complex harmonic signals [23], [24], [26], using the
settings shown in Fig. 20. In Ref. [23] several such structures
have been used for tracking and detection of multiple complex
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sinusoids, by adapting the rotational coefficients θ. In Ref.
[24] ALE and ALC for narrowband complex signals have
been realized with the same structure and the results of the
adaptation are shown in Fig. 21. The learning curves of this
structure without and with coefficient quantization are shown
in Fig. 22 a,b. In Fig. 23 a,b the same curves, but for adaptive
filter based on MH LP/HP, are shown. It is seen that in the
low-sensitivity design the convergence rate and the residual
error are not influenced by quantization. The adaptive process
reaches steady state for about 400 samples for both cases, with
ADAPTIVE
ALGORITHM

+

xR(n)

(a)

eR(n)
yR(n)

COMPLEX
FILTER SECTION

yI(n)

xI(n)

+

eI(n)

Fig. 20. Block-diagram of BP/BS adaptive complex filter.

(b)
Fig. 23. Learning curves of the filter coefficient θ of adaptive filter
based on a complex section using MH-structure with: (a) no coefficient quantization, (b) quantization to 2 bits.

Fig. 21. Trajectories of filter coefficient θ for different frequency f.

and without quantization. The behavior of the MH LP/HPbased structure filter is quite different. When the word-length
is limited to 2 bits the solution is biased. The true value for θ
is 0.8478 while the MH-based filter converges to about 0.78.
In Ref. [25] and [26] the setting from Fig. 20 with low-sensitivity complex filters of first- and second-order (Fig. 17 a,b)
was designed and investigated and it was used very successsfully for elimination of narrowband noises in OFDM communication systems

VIII. LOW SENSITIVITY FRACTIONAL DELAY FILTERS

(a)

(b)
Fig. 22. Learning curves of the filter coefficient θ of adaptive filter
based on the complex section from Fig 17a with: (a) no coefficient
quantization, (b) quantization to 2 bits.

Fractional delay (FD) digital filters are recently subject of
an ever growing interest, they are used in telecommunications,
speech coding and processing and in different multirate applications. The IIR realizations of FD digital filters possess a
number of merits like lower complexity (less multipliers and
delays) and lower overall delay (because of the lower transfer
function order). And as the IIR realizations are based usually
on allpass structures they provide unconditionally unity-gain
for all frequencies while their FIR counterparts are maintaining a constant gain only within a narrow frequency range.
There are, however, several drawbacks and not resolved
problems about IIR FD filters, namely possible instabilities,
higher level of the roundoff noises, longer lasting transients
and worst behavior in a limited wordlength environment due
to their higher sensitivities. Thus any sensitivity minimization
as a step of the design procedure will be very beneficial in
achieving of high accuracy timing adjustment or sample-rate
conversion for what FD filters are most often used. We have
investigated in [27]-[29] the sensitivities of the allpass structures based FD filters and we have shown that it is possible to
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decrease considerably the quantization effects by proper selection and design of the used allpass structures. To obtain maximally flat group delay responses, we select the method proposed by Thiran because it provides a closed form solution for
allpass transfer function coefficients. Then it is possible to
connect the value of the delay parameter D to the values of the
multiplier coefficients of every specific realization. These formulae for the low-sensitivity sections LS2a, LS2b (Fig.5b,c)
are given in Table III.
TABLE III
LS2A AND LS2B FRACTIONAL DELAY FILTER COEFFICIENTS

LS2a

Fig. 26. Phase delay responses for third order transfer functions
with D = 4.78 and coefficients quantization to 3 bits.

LS2b

c1

c2

6
( D + 1)( D + 2)

6D
( D + 1)( D + 2)

c

d

3
D2 + 2

3D
( D + 1)( D + 2)

Imag. Part

D = 1.28

1
0

-1
0

Imag. Part

2

D = 2.82

Fig. 27. Phase delay responses for fourth order transfer functions
with D = 4.78 and coefficients quantization to 3 bits.
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Imag. Part

Imag. Part

It appeared, however, that the low-sensitivity design of the
allpass-based FD filters is much more difficult than that of the
conventional filters, because the pole-positions vary very
strongly for different delay time D required. It is illustrated in
Fig. 24 for first- and second-order allpass transfer functions,
realising different delays D.

1

0

Real Part

5

We have succeeded to achieve very low-sensitivities and
even to obtain highly efficient multiplierless implementations
for some pole-locations, as shown in Ref. [27], but the known
allpass sections (as mentioned, for example, in Fig. 6) are by
far not enough to cover all possible pole positions. Thus, the
development of new low-sensitivity first and second-order allpass sections for all possible pole-positions remains an open
problem.

D = 15.82

0
-1
-2

0

Real Part

2

(a)
(b)
Fig. 24. Zero-pole plots of first- (a) and second-order (b) allpass
transfer function with different fractional delay time D.

The possible pole positions of a fourth-order transfer function are given in Fig. 25. They are so heavily dispersed over
the z-plane (and it is different for different transfer function
order), that for any individual design a thorough sensitivity
minimization and selection or development of new allpass
sections should be performed. If it is not done properly, the
accuracy of the FD-time realization will be considerably
decreased, as shown in Fig. 26, 27.

Fig. 25. Possible pole positions of fourth order allpass transfer
function.

IX. CONCLUSION
It is shown in this paper how the inclusion of sensitivity
minimization as a step of the design procedure can considerably improve the filters performance and efficiency. First, the
sensitivity relations in the parallel allpass structure are investigated. It is found that the overall sensitivity of the structure
can be considerably reduced by minimization of the phase
sensitivity of the individual first- and second-order allpass
sections over specific frequency ranges and even only for
several frequencies in the case of narrow-band filter realization. Then the best known methods to realize difficult specifications (with very high stop-band attenuation), based on
parallel allpass structure, tapped cascaded interconnection of
identical allpass subfilters and elliptical realization with
minimal quality factors are investigated. It is shown that a
minimization of the sensitivity permits usage of a very short
coefficient word-length, i.e. higher accuracy, lower power
consumption and simple multiplierless implementation.
Similar results are obtained for variable (real and complex)
digital filters based on the parallel allpass structure or realized
as a cascaded connection of several identical sub-filters. The
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sensitivity minimization is introduced then in the design of
adaptive (real and complex) and of fractional delay digital
filters and it is shown how the convergence and the residual
error of the adaptive filters and the accuracy of the realization
of the fractional delay filters are improved. It appeared,
however, that the problem with the sensitivity minimization
and development of new low-sensitivity allpass sections for
fractional delay filters is really heavy and many new such
sections have to be developed. The proposed methods and
procedures are verified experimentally partly in this work and
in the referred publications. They are simple and easily applicable in the standard engineering design and they do not
require complicated optimizations.
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