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ABSTRACT
High-speed recursive digital filters are of interest for applications
focusing on high-speed as well as low power consumption because
excess speed can be traded for low power consumption through the
use of power supply voltage scaling techniques. This paper gives an
overview of high-speed recursive digital filters. Two different techniques are mainly considered. The first one makes use of interconnected identical allpass subfilters whereas the second one employs
frequency masking techniques.
1 INTRODUCTION
The advantage of recursive (IIR) digital filters over their nonrecursive (FIR) counterparts is that they have a lower computational complexity. For frequency selective filters with narrow transition bands
the complexity is substantially lower. However, recursive digital filters have a drawback in that they set a bound on the sample frequency at which an implementation of the filters can operate. This
may affect not only the speed but also the power consumption since
excess speed can be traded for low power consumption by using
power supply voltage scaling techniques [1], [2].
1.1 Maximal Sample Frequency
The maximal sample frequency, denoted here by fmax, of a recursive
filter is
 Ni 
f max = min  ---------- 
i  T opi 

(1)

where Topi denotes the total latency of the arithmetic operations, and
Ni denotes the number of delay elements, in the directed loop i of
the filter structure [3]–[5]. The loop that determines fmax is called
the critical loop.
1.2 Power Consumption
The major part of the power consumption in a CMOS circuit is due
to dynamic power dissipation, which originates from charging and
discharging of capacitances. The dynamic power dissipation can be
estimated as
2
P = f C L V DD

(2)

where f is the switching frequency, CL is the switched capacitance,
and VDD is the power supply voltage [1], [2]. Thus, the power consumption can be substantially reduced by lowering the power supply
voltage. However, a reduction of the power supply voltage also
increases the propagation delay in the circuits [1], [2]. To be able to
reduce the power consumption in an implementation by lowering
the supply voltage, it is therefore necessary for the algorithm to have
a maximal sample frequency that exceeds the required sample frequency for the application at hand. The technique to trade inherent
parallelism in algorithms for low power consumption is referred to
as power supply voltage scaling techniques [1].
1.3 High-Speed Recursive Digital Filters
We refer to IIR filters with a higher maximal sample frequency than
that of conventional filters as high-speed recursive digital filters. To
obtain a high-speed filter, several techniques can be used. However,
the increase in speed is in many cases paid for by an increase of the
arithmetic complexity. If the power consumption is to be reduced,
the gain that is achieved by using power supply voltage scaling techniques must be larger than the loss that is caused by the increased
complexity. It is reasonable to expect that an optimal solution in
many cases can be found somewhere between conventional IIR filters and FIR filters. (FIR filters do not have a bound on the maximal
sample frequency but, on the other hand, they have a higher arithme-

tic complexity compared with IIR filters). However, finding an optimal solution is indeed a non-trivial task due to the many aspects that
have to be considered when estimating the cost of the final implementation.
Equation (1) reveals two approaches to increase fmax. The first is
to reduce the latency whereas the second is to increase the number
of delay elements in the critical loop. Low latency is obtained by
using realizations for which the number of arithmetic operations
(i.e., multiplications and additions) is small in the critical loops and
for which the latencies of the arithmetic operations are low. The
latency of arithmetic operations is highly dependent upon the coefficient word lengths of the filters [2], [6]. Hence, one should use filter
structures with low coefficient sensitivity since the coefficient word
lengths then will be short. To obtain structures with several delay
elements in the critical loops, one can basically use two different
approaches, namely algorithm transformation techniques and constrained filter design techniques [7], [8]. Algorithm transformation
techniques are based upon pole and zero cancellations [7], [9] which
can be achieved theoretically but under finite-arithmetic conditions
the cancellations become inexact which may impose problems such
as increased coefficient sensitivity and time-variant behavior [10],
[11]. Pole and zero cancellations are avoided by using constrained
filter design techniques in which the denominator polynomial of the
transfer function is restricted to be a function of zM. The corresponding realization has at least M delay elements in its critical loop,
resulting in an M-fold increase of fmax.
1.4 Paper Outline
This paper gives an overview of two techniques for obtaining highspeed recursive filters. The first one uses interconnected identical
allpass subfilters to obtain low-sensitivity filters and thereby low
latency in the critical loops [8], [12], [13]. The second one employs
frequency masking (FM) techniques, which belong to the constrained filter design techniques, to obtain filters with several delay
elements in the critical loop [7], [8], [14]–[20]. There are several
reasons for concentrating on these techniques. For example, the
resulting filters have good numerical properties under finite-arithmetic conditions. In particular, it is always possible to obtain robust
filters by using wave digital filters (WDFs) [21]–[25] and nonrecursive FIR filters. It is also easy to obtain filters with an approximately
linear phase. Further, the resulting filters have in many cases a low
arithmetic complexity.
It is difficult to accurately predict the implementation cost of filters and, hence, difficult at the algorithmic level to compare different
filters with respect to the power consumption. More work needs to
be done in this area. However, by using the techniques discussed in
this paper, a variety of different filters with good numerical properties are offered. By considering all of these alternatives, the probability to find at least one filter that satisfies the requirements for the
problem at hand increases.
2 LOW-SENSITIVITY FILTERS
Digital filters realized as two allpass subfilters in parallel constitute
a favorable class of filters. The transfer function of these filters is
H ( z ) = 0.5 [ G 0 ( z ) + G 1 ( z ) ]

(3)

where G0(z) and G1(z) are stable allpass filters. The corresponding
realization is shown in Fig. 1. The allpass filters can, e.g., be realized as a cascade of low-order sections. This results in modular and
regular filters which is attractive from the implementation point of
view. Further, allpass WDF’s can be used which makes it possible to
obtain robust filters under finite-arithmetic conditions. The overall
filters belong in this case to the well known lattice WDFs [24], [26],
[27].

Magnitude [dB]

G0(z)

1/2

x(n)

y(n)
G1(z)

Figure 1. Parallel connection of two allpass filters.
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Figure 3. Magnitude response of the overall filter in Example 1.
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2.1 Filter Design
The filter in Fig. 2, as well as the interpolation and decimation filters, filter banks, and Hilbert transformers referred to above, can
readily be designed using the procedure introduced in [29]. In this
approach, the design is split into the design of a nonlinear-phase FIR
filter and an IIR filter being realizable as a parallel connection of
two allpass filters. For these filters one can use, e.g., the procedure
in [33] and the formulas in [27], respectively. For the interpolation
and decimation filters, filter banks, and Hilbert transformers, the IIR
filter is further restricted to be a half-band IIR filter [12], [13].
2.2 Design Example
Example 1: We consider the structure in Fig. 2 with M = 6, G0(z) =
z–1, and G1(z) = (–αz2+1)/(z2–α) with α = –0.75. The ci’s, i = 0, 1,
..., M, are optimized with α fixed using the procedure introduced in
[29]. Details are found in [12]. The magnitude response of the overall filter is shown in Fig. 3. The overall filter requires six first-order
(in z2) allpass filters and 7 interconnecting multipliers. However, the
multipliers in the allpass filters require only three bits which results
in multipliers with low cost and low latency, thus, a high fmax. The
required number of bits for the ci’s, to keep the stopband attenuation
above 60 dB, is 11 using simple rounding. For a corresponding conventional IIR filter, satisfying the same stopband attenuation, the
required order is 13. This filter also requires 6 first-order allpass filters but the required number of bits is here much larger (12 bits
using simple rounding [12]), resulting in a substantially lower fmax.
3 FREQUENCY MASKING FILTERS
Frequency masking techniques employs periodic and nonperiodic
model and masking filters [7], [8], [14]–[20]. An advantage of using
these techniques is that they offer a large freedom to choose structures for the model and masking filters that are well suited for the
specification and problem at hand. For example, WDFs, possibly in
combination with nonrecursive FIR filters, can always be used in
order to maintain stability under finite-arithmetic conditions. We
divide the filters into three different categories.
3.1 Filter Categories
Narrow-Band Filters: Let the transfer function of a narrow-band filter be
(4)

where G(z) and F(z) here are referred to as model and masking filters, respectively. The masking filter extracts the desired image, and
rejects the undesired images, from the periodic magnitude function
(i.e., the magnitude function has a period of 2π/M) of the periodic
model filter G(zM). This is illustrated in Fig. 4 for a lowpass filter.
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However, filters composed of two allpass filters in parallel have
a high coefficient sensitivity in the stopband. This results in long
coefficient word lengths and therefore often a lower fmax than
desired. A simple way to reduce the sensitivity is therefore to use
several low-order filters in cascade instead of one single filter [28].
An alternative is to use the more general structure in Fig. 2 [29],
[30]. Several other alternatives can be found in [28]. These techniques can also be applied to interpolation and decimation filters
[12], filter banks [12], and Hilbert transformers [13].
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Filter structure and illustration of magnitude functions for highspeed narrow-band filters.

This technique was originally introduced in order to reduce the
complexity of FIR filters with narrow transition bands [31]–[32].
(The filters are in this case commonly referred to as interpolated FIR
filters.) The simplest way to obtain a high-speed recursive filter is to
use an IIR filter for the model filter and an FIR filter for the masking
filter [7], [8], [14]. In this case, the denominator polynomial of the
transfer function of the IIR filter is a function of zM which means
that the corresponding realization has at least M delay elements in
its critical loop, resulting in an M-fold increase of fmax. The IIR
model filter can, e.g., be realized as a parallel connection of two allpass filters. In this case, the transfer function of G(z) is in the form
of (3), i.e., G(z) = 0.5[G0(z)+G1(z)]. The realization of H(z) is in this
case as shown in Fig. 4.
Wide-Band Filters: Let the transfer function of a wide-band filter be
H ( z ) = H AP ( z ) – G ( z M )F ( z )

(5)

where HAP(z) is an allpass filter as given by
H AP ( z ) = z – N ⁄ 2 G i ( z M )

(6)

and i is 0 or 1, G(z) again is G(z) = 0.5[G0(z)+G1(z)], and F(z) is an
even-order (N) linear-phase FIR filter. The corresponding structure
for i = 0 is shown in Fig. 5. This type of wide-band filters is thus
obtained by parallel connecting a narrow-band filter in the form
of (4) with an allpass filter. The transfer function in (5) is the allpass
complementary function to that in (4). Typical magnitude responses
of the individual and overall filters are as shown in Fig. 5.
Arbitrary Bandwidth Filters: Let the transfer function of an
arbitrary bandwidth filter be in the form of
H ( z ) = G ( z M )F 0 ( z ) + G c ( z M )F 1 ( z )

(7)

where G(z) again is G(z) = 0.5[G0(z)+G1(z)], Gc(z) is its complementary filter given by Gc(z) = 0.5[G0(z)–G1(z)], and F0(z) and
F1(z) are linear-phase FIR filters of equal delays. The corresponding
structure for i = 0 is shown in Fig. 6. For arbitrary bandwidths, we
thus need two masking filters which extract one or several passbands
of the periodic model filters G(zM) and Gc(zM), respectively, as illustrated in Fig. 6 for a lowpass filter.
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Figure 5. Filter structure and illustration of magnitude functions for highspeed wide-band filters.

Figure 6. Filter structure and illustration of magnitude responses for highspeed arbitrary bandwidth filters.
Table 1. Results of Example 2.

3.2 Filter Design
Satisfying magnitude response requirements: For all three filter categories, the overall filter can easily be designed to meet some prescribed magnitude response requirements by separately optimizing
an IIR model filter, being realizable as a parallel connection of two
allpass filters, and one or two linear-phase FIR masking filters using
well known approximation techniques. If the phase response is of
less importance, one should use a Cauer filter for the IIR model filter
in order to minimize the overall complexity.
Satisfying phase response requirements: For all three filter categories, the overall filter can be designed to meet some prescribed
requirements on the phase response as well, by restricting one of the
allpass branches of the IIR model filter to be a pure delay [16]–[20].
The IIR model filter can in the this case be designed using, e.g., the
algorithm in [34].
Further Optimization: By optimizing the model and masking
filters separately, a simple and fast design procedure is offered, but
the overall filter is not optimal. It can therefore be beneficial to consider simultaneous optimization of the model and masking filters in
order to improve the result or reduce the computational complexity
[18]–[20]. One way of doing this is to use the filters obtained in the
approach of separate optimization as initial filters in some standard
nonlinear optimization routine.
3.3 Computational Complexity
In the nonlinear-phase case, the increased fmax is paid for by an
increased arithmetic complexity. However, in many cases the
increased complexity is fairly modest, especially for narrow-band
and wide-band filters. Further, compared with high-speed filters
based of algorithm transformation techniques, FM filters are indeed
competitive and often advantageous [8], [20].
In the approximately linear-phase case, the overall complexity
will generally reach a minimum for a certain value of M that need
not to be M = 1. This resembles the case in which only FIR filters
are used [32], [35]. For these filters, we can thus obtain both an
increased fmax as well as a reduced complexity. This is demonstrated
in Example 2 in Section 3.6.
3.4 Extensions
Above, we have only considered FM filters with IIR model and FIR
masking filters. For narrow-band and wide-band filters, the FM
techniques have been extended to the case where both the model and
masking filters are IIR filters [8], [16], [18], mainly in order to
reduce the overall complexity. Recently, FM combined with multirate techniques were considered in [36] in order to further reduce the
complexity. The FM techniques have also been extended to interpolation and decimation filters [19], and Hilbert transformers [8].
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3.5 Related Techniques
It should be pointed out that there exist other constrained filter
design techniques than FM techniques. A number of such techniques, in which the denominator polynomial of the transfer function is restricted to be a function of zM, have over the past decades
been proposed mainly in order to obtain efficient interpolators, decimators, and multirate narrow-band filters, see e.g. [37]–[40]. However, in addition to being suitable only for certain narrow-band
filters these techniques have a drawback in that they restrict the
choice of filter structures because the transfer function is expressed
as H(z) = N(z)/D(zM).
3.6 Design Example
This example illustrates that we can achieve a reduced complexity
as well as an increased maximal sample frequency for the approximately linear-phase filters. One price to pay is however that the
overall delay is increased.
Example 2: Consider a lowpass filter meeting the following
specification: ωcT = 0.35π rad, ωsT = 0.4π rad, Amax = 0.2 dB, Amin
= 40 dB, and Φe(ωT) 0.01 rad in the passband (where Φe(ωT) is the
phase error [20]). We study the conventional filter (M = 1) the structure in Fig. 4 with M = 2 and the structure in Fig. 6 with M = 4, and
M = 6. The model and masking filters are designed separately using
equiripple approximations. Details can be found in [20]. The results
of the different designs are compiled in Table 1. The magnitude
responses for M = 1, M = 4, and M = 6 are shown in Fig. 7. The
phase errors for the same filters are plotted in Fig. 8.
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Figure 7. Magnitude responses for the overall filters in Example 2.

Figure 8. Phase errors for the overall filters in Example 2.
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