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Abstract. In many digital signal processing algorithms, e.g., linear transforms and digital
filters, the multiplier coefficients are constant. Hence, it is possible to implement the mul-
tiplier using shifts, adders, and subtracters. In this work two approaches to realize constant
coefficient multiplication with few adders and subtracters are presented. The first yields op-
timal results, i.e., a minimum number of adders and subtracters, but requires an exhaustive
search. Compared with previous optimal approaches, redundancies in the exhaustive search
cause the search time to be drastically decreased. The second is a heuristic approach based
on signed-digit representation and subexpression sharing. The results for the heuristic are
worse in only approximately 1% of all coefficients up to 19 bits. However, the optimal
approach results in several different optimal realizations, from which it is possible to pick
the best one based on other criteria. Relations between the number of adders, possible
coefficients, and number of cascaded adders are presented, as well as exact equations for
the number of required full and half adder cells. The results show that the number of adders
and subtracters decreases on average 25% for 19-bit coefficients compared with the canonic
signed-digit representation.
Key words: Constant multiplication, multiplierless, minimum adder graph.

1. Introduction

Multiplication with a constant fixed-point number is a common operation in many
digital signal processing (DSP) algorithms, e.g., digital filters. The constant coef-
ficient multiplier can be realized as a network of shifts, adders, and subtracters.
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For bit-parallel arithmetic the shifts can be realized without any additional tran-
sistors using hard wiring. To obtain an efficient implementation, it is therefore
of interest to minimize the number of adders and subtracters. As the hardware
cost is similar for adders and subtracters, we will refer to both as adders, and
to the number of adders as adder cost. When the multiplier is realized using
shifts and adders, the realization is commonly referred to as “multiplierless.”
The subject of this work is the properties and topologies for interconnecting
adders to minimize the complexity of multipliers capable of multiplying with one
and only one constant coefficient. We are not interested in the multiple constant
multiplication (MCM) case, commonly used in finite impulse response (FIR)
filter implementations to utilize redundancy between coefficients, nor in restricted
coefficient set multipliers, using multiplexers and adders to obtain a small set of
possible coefficients, nor in general multipliers for any coefficient.

A B-digit signed-digit (SD) representation of a coefficient k can be written as

k =
B−1∑
i=0

bi 2
−i , (1)

where bi ∈ {−1, 0, 1}. In the context of digital filters and linear transforms,
this is sometimes referred to as a signed powers of two (SPT) representation. A
signed-digit representation with a minimum number of nonzero digits (SPT terms)
is called a minimum signed-digit (MSD) representation. One MSD representa-
tion is the canonic signed-digit (CSD) representation. The CSD representation
has the extra condition that no two adjacent digits can both be nonzero, i.e.,
bi bi−1 = 0, i = 0, 1, . . . , B−2. This condition leads to a minimum nonredundant
representation [24]. Assuming that the CSD representation has c nonzero digits,
c − 1 adders are required for a realization. It is sometimes argued that multipliers
based on a CSD representation result in the minimum number of adders.

CSD multipliers are based on sums of signed powers of two of the input word.
However, other network topologies, not restricted to CSD representation, are
available that require an even smaller number of adders [1], [6]–[9], [17]. An
optimal method was described in [6] and extended in [12]. Using at most four
adders, coefficients with wordlengths of up to 12 bits are covered, and using five
adders, all coefficients up to 19 bits can be realized.

For digital filter design, this means that the search space for realizations using,
e.g., three nonzero digits (SPT terms) can be extended to all coefficients that
require two adders. Hence, a higher flexibility is provided during the filter design
process. In [22] and [23] a design procedure for lattice wave digital filters is
proposed that first limits the coefficient range and then performs an exhaustive
search with all possible combinations to find the best solution. For this type of
algorithm, it is straightforward to include coefficients that can be realized with
n adders, but do not necessarily have a CSD representation with n + 1 nonzero
digits.

The concept of constant coefficient multiplication using a minimum number
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of adders has also been investigated for serial arithmetic [15] as well as carry-
save arithmetic [3], [13]. However, this work focuses on bit-parallel nonredundant
arithmetic using a two’s-complement representation of the data.

In Section 2 an optimal approach to constant coefficient multipliers using a
minimum number of adders is proposed. This section also includes a discussion
on how the maximum number of nonzero digits of the coefficient, the maximum
number of cascaded adders, and the number of adders are related. Parts of this
were previously published in [12]. In Section 3 a heuristic method based on the
work in [9] is presented. A bit-level cost measure of the number of full and half
adder cells required to implement a constant coefficient multiplier is derived in
Section 4. In Section 5 the results are presented, and in Section 6 an example
constant coefficient multiplier is investigated. In Section 7 some conclusions are
drawn.

2. Optimal approach

In this section an optimal approach to realizing constant coefficient multiplication
with a minimum number of adders is described. Compared to the previously
published optimal results in [6], this approach reduces the search space drastically
by showing that several of the different adder topologies introduced result in
identical sets of possible coefficients. This means that only one of them needs
to be included in the search. Furthermore, by classifying the graphs, it is possible
to reduce the search space further by covering even more cases in each search run.

2.1. Graph representation of multiplication

A network of shifts and adders can be represented using directed acyclic graphs
(DAGs) with the following characteristics:

• For adder-cost C there are C + 1 vertices.
• Each vertex has an in-degree of two except for one vertex which has in-

degree zero. That vertex is referred to as the input vertex and corresponds
to the input of the multiplier.

• Each vertex has out-degree larger than or equal to one, except for one which
has out-degree zero. That vertex is referred to as the output vertex and
corresponds to the output of the multiplier.

• A vertex with in-degree two corresponds to an adder (subtracter).

Each edge can be assigned a value which corresponds to a shift and a possible
negation (realized in the adder/subtracter). When the input vertex is assigned a
value of one, it is possible to assign values to the remaining vertices of the graph
as

fi = e j f j + ek fk, (2)
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Figure 1. Graph representation of multiplication with 341. Fundamentals are bold.

where e j and ek are the edge values of two edges that both have the vertex
corresponding to fi as the terminal vertex. f j and fk are the values corresponding
to the initial vertices of the two edges. The values fi , f j , and fk are called
fundamentals [6]. An example graph with fundamentals and edge values indicated
is shown in Figure 1. Note that even though the graph is directed, we will not
indicate the direction of the edges; instead, all graphs throughout the paper are
directed from left to right. This multiplier only requires three adders, whereas a
CSD multiplier for the same coefficient requires four adders.

By introducing an edge from the output vertex, a new output fundamental is
obtained as

f ′
i = ei fi . (3)

Thus, it is only necessary to store values for positive odd integers at the output
vertex. Even values can be obtained at the same cost as the odd fundamental by
successively multiplying by two. Negative values can be obtained by negating the
corresponding positive value.

2.1.1. Coefficient sets

Each graph can generate a limited number of values at its output vertex. We call
the set of values the graph coefficient set of that graph. The coefficient set for a
graph i with edge values of at most 2B is denoted

Gi,B ∈ Z+, (4)

where Z+ denotes all positive integer numbers.
We also define the odd graph coefficient set for a graph, which is all the odd

values that a graph may have at its output vertex. The odd coefficient set is denoted
and defined as

G O
i,B ≡ Gi,B ∩ Z+

O , (5)

where Z+
O denotes all odd positive integers.

All values that can be realized with a certain adder cost are called the cost
coefficient set. The coefficient set with adder cost C and edge values of at most
2B is denoted and defined as

HC,B ≡
⋃

∀i∈DC

Gi,B, (6)
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where DC is the set of all graphs with adder cost C . An odd cost coefficient set
can be defined in a similar way as shown in (5).

To find the coefficient sets and adder costs for different coefficient values, an
exhaustive search is performed and the minimum adder cost and corresponding
graph are stored in a lookup table. To reduce the effort required by this search, it
is of importance to identify graphs that have identical graph coefficient sets.

2.2. Equivalent graphs

To reduce the number of unique graphs, some different equalities are discussed.
This leads to a new form of representing the graph.

To see that two graphs generate the same set of coefficient, some transforma-
tions can be applied to obtain isomorphic graphs. If we can show that we can
transform one graph to another without changing the value of the output vertex,
these two graphs are equivalent in terms of coefficient sets, and only one of them
must be considered.

When implementing the corresponding circuit, a fully specified graph can be
derived by expanding the vertex reduced graph. These expansions will have the
same output fundamental and the same number of adders. However, as will be
discussed later, they may differ in adder depth (number of cascaded adders),
power consumption, and the number of full adder cells required to implement
the adders.

2.2.1. Addition reordering

Observation 1. If the out-degree of a vertex is one, it is possible to change the
place of the initial and the terminal vertex of the outgoing edge without changing
the overall value of the multiplier.

Motivation. Consider the subgraphs in Figure 2a, where f1, f2, f3, f4, and f5
are the fundamentals at the internal vertices. The left-hand graph has a value at its
output vertex of

f5 = e3 f3 + e4(e1 f1 + e2 f2). (7)

The right-hand graph has an output vertex value of

f5 = e5 f1 + e8(e6 f2 + e7 f3). (8)

This gives

e5 = e1e4, e6e8 = e2e4, e7e8 = e3. (9)

Thus, it is possible to select the edge values for the right-hand graph so that the
overall graph has the same output value as the left-hand graph. The values of the
internal vertices f4 and f6 are not the same, but as the output vertex values f5 are
identical, both graphs will have identical graph coefficient sets.
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Figure 2. (a) Reordering of vertices in graphs. (b) Multiplier graph from Figure 1 with reordered
vertices.

Applying addition reordering to the graph in Figure 1 yields the graph shown
in Figure 2b.

2.2.2. Transposition

Observation 2. A transposed graph has a coefficient set identical to that of the
original graph.

Motivation. As the multiplier graph represents a single input, single output sys-
tem, it follows from the transposition theorem [19] that the transfer function from
the input vertex to the output vertex is identical to that from the output vertex to
the input vertex of the transposed graph.

When the out-degree of any vertex is larger than two, more than one transposed
graphs are obtained. This is due to the fact that there are more than one additions
corresponding to that vertex in the transposed graph and there are several ways
to order these vertices. An example is shown in Figure 3, where two different
graphs are obtained after transposition. To obtain these graphs, the directions
of all edges are reverted (note that the graphs are directed from left to right).
The two vertices corresponding to the fundamentals 261 and 341 in the original
graph, respectively, now become the input vertices of the transposed graphs. The
previous vertex corresponding to 5 is transposed to a vertex corresponding to 17.
Finally, as the original input vertex has an out-degree of three, this results in two
different vertices in the transposed graph. As the ordering of these two vertices
is arbitrary, there are two different alternatives, as shown in Figure 3. Notice that
one of the equivalent graphs is identical to the original graph, whereas the other
is the same as was obtained using addition reordering in Figure 2b.

2.3. Vertex reduction

As the internal fundamentals of the graphs are not considered here, we can reduce
the number of vertices by allowing a vertex to have an in-degree higher than two.
This means that the adder cost of each vertex is now not one adder; instead, the
adder cost is the in-degree minus one adder.

Observation 3. When the out-degree of a vertex is one, the initial and terminal
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Figure 3. Transposition of the multiplier graph in Figure 1.

Figure 4. (a) Reduction of vertices. (b) Vertex reduction applied to the multiplier graph in Figure 1.

vertices of that edge can be merged to one vertex without changing the fundamen-
tal of the output vertex.

Motivation. Consider the subgraphs in Figure 4a, where again f1, f2, f3, f4, and
f5 represent the values of the internal vertices. The output value of the left-hand
graph can be written as in (7). The output value of the right-hand graph is

f5 = e5 f1 + e6 f2 + e7 f3. (10)

This gives

e5 = e1e4, e6 = e2e4, e7 = e3, (11)

and the edge values of the right-hand graph can be selected to obtain a vertex
reduced graph that is identical to the original graph.

A vertex reduced representation of the graph in Figure 1 is shown in Figure 4b.
The reduction of vertices reduces the number of possible graphs, as will be

shown in Section 5. The possible vertex reduced graphs for up to cost five are
shown in Figure 5.

The vertex reduced graphs can be described as follows:

• The graph is a DAG.
• The adder cost of a vertex is the in-degree minus one.
• Each vertex has an in-degree larger than or equal to two, except for one

vertex which has in-degree zero. That vertex is referred to as the input vertex
and corresponds to the input of the multiplier.
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Figure 5. Possible unique vertex reduced graphs with adder cost up to five when transposition
symmetry is considered. * denotes that the transposed graph is not isomorphic to the original graph.
The graphs are directed from left to right.

• Each vertex has out-degree larger than or equal to two, except for one which
has out-degree zero. That vertex is referred to as the output vertex and
corresponds to the output of the multiplier.

The introduction of vertex reduced graphs makes Observation 1 obsolete, as no
vertex reduced graph can have a vertex with out-degree one.
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2.4. Classification

To simplify the search further, we will divide the graphs into classes depending
on the structure of the graphs, and, thus, on how the new coefficients are derived
from lower cost coefficients.

2.4.1. Additive graphs

The first method to obtain new coefficient sets is simply to add the fundamental
of the output vertices for two graphs. The resulting adder cost is the sum of the
adder costs of the two subgraphs plus one for the summation adder. The structure
of an additive graph is shown in Figure 6a.

To identify additive graphs, we will differentiate between two cases. The first
case is when a cost-C − 1 number is added to a cost-0 number to form an odd
cost-C number of the form

aC =
{ ∣∣aC−1 ± 2b

∣∣
2baC−1 ± 1,

(12)

where aC−1 is an odd fundamental of the cost-C − 1 subgraph. This corresponds
to an edge from the input vertex to the output vertex as for, e.g., cost-4 graph
3 in Figure 5. If instead the graph formulation in Section 2.1 is considered, the
following observation can be made.

Observation 4. If there is an edge from the input vertex such that its terminal
vertex only has one path to the output vertex, the resulting coefficients can be
expressed as in (12).

Motivation. By using addition reordering, it is possible to move the edge to the
output edge (as each edge along the path will have out-degree one).

The second case is when both subgraphs have a cost higher than zero. However,
if one subgraph is a cost-1 graph, the total graph will belong to the first case. This
is also true if one of the subgraphs belongs to the first case of additive graphs. The
coefficients generated by the second case of additive graphs can be expressed as

aC =
{ ∣∣ai ± 2ba j

∣∣∣∣2bai ± a j
∣∣ , (13)

where ai and a j are odd fundamentals of a cost-i and cost- j graph, respectively.
The only graph of this type up to adder cost five is cost-5 graph 12 in Figure 5,
which is formed from two cost-2 graph 2 subgraphs.

2.4.2. Multiplicative graphs

By cascading two graphs, the resulting coefficient set will be a product of the
fundamentals at the output vertex of the two subgraphs. The resulting adder cost
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is equal to the sum of the adder costs of the two subgraphs. The structure of
a multiplicative graph is shown in Figure 6b. All multiplicative graphs can be
identified using the following observation. The odd fundamentals will be of the
form

aC = aC−mam, (14)

where ai is the odd fundamental of a cost-i graph. For example, the cost-2 graph
2 in Figure 5 is a multiplicative graph formed from two cascaded cost-1 graph 1
subgraphs.

Observation 5. If a graph has an articulation point, the graph is multiplicative.

Motivation. The articulation point will be the output vertex of the first subgraph
and the input vertex of the second subgraph. The fundamental of the output ver-
tex will thus be the product of the two fundamentals at the output of the two
subgraphs.

2.4.3. Leapfrog graphs

The previous classes of graphs have only utilized simple combinations of the
fundamentals of the output vertices. This works for up to three adders, but with
four or more adders there exist graphs that utilize internal fundamentals. This can
also be seen as a connection of more than two subgraphs.

One class that covers all remaining graphs up to five adders is what we will
refer to as leapfrog graphs. As the name implies, there are subgraphs “leaping”
over other subgraphs. Figures 6c and d show the structures of a leapfrog-2 and
leapfrog-3 graph, respectively. The number n in leapfrog-n denotes the number of
subgraph “leaps”.

It is necessary for the left-hand and right-hand graphs in Figures 6c and d to
have adder cost one or higher. If not, the graph will be reduced to another graph
class (possibly a lower-order leapfrog graph). For example, cost-4 graph 11 in
Figure 5 is a leapfrog-2 graph, where the right-most and left-most subgraphs in
Figure 6c are cost-1 graph 1, and the other three subgraphs are cost-0 graph 1.
The only leapfrog-3 graph in Figure 5 is cost-5 graph 34, formed by left-most and
right-most cost-1 graph 1 subgraphs in Figure 6d, while the other five subgraphs
are cost-0 graph 1.

2.5. Adder depth and coefficient range

It can be shown that several conclusions can be drawn from the number of nonzero
digits of the coefficient’s CSD representation, despite the fact that the CSD rep-
resentation only corresponds to the first of the graphs for each cost in Figure 5.
Of most importance is that the minimum number of cascaded adders, the adder
depth, for a coefficient is determined by the number of nonzero digits in the CSD
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Figure 6. Graph classes covering all graphs up to cost 5. (a) additive, (b) multiplicative, (c) leapfrog-2,
and (d) leapfrog-3.

representation of a coefficient. This is a trivial result if a CSD-type multiplier is
used, but will be shown to be valid even for the general graph multiplier case. The
adder depth is a good estimate of the power consumption, so shallower graphs are
preferred [4], [5], [18].

Observation 6. The sum of two coefficients with c1 and c2 nonzero digits, respec-
tively, has at most c1 + c2 nonzero digits.

Motivation. By dividing the addition into subsequent additions of one nonzero
digit at a time, it is straightforward to see that the number of nonzero digits
increases with at most one in each iteration. For more details see [11].

Observation 7. A multiplier graph with n1 adders has an adder depth of at least⌈
log2(n1)

⌉
and at most n1.

Motivation. The upper bound follows directly from arranging the adders in a
cascaded structure, e.g., cost-4 graph 8 in Figure 5, and the lower bound follows
from arranging the adders in a binary tree type structure.

Observation 8. A multiplier graph with n1 adders can generate coefficients with
at most 2n1 nonzero digits.

Motivation. The input of the multiplier graph corresponds to a coefficient with
one nonzero digit. After one adder there are at most two nonzero digits according
to Observation 6. Cascading an adder to that output yields at most four nonzero
digits, and so on. The graphs with the maximum number of nonzero digits are
cost-1 graph 1, cost-2 graph 2, cost-3 graph 4, cost-4 graph 8, and cost-5 graph
21 shown in Figure 5.

Observation 9. A multiplier graph with adder depth d1 can generate coefficients
with at most 2d1 nonzero digits.

Motivation. The number of nonzero digits at adder depth d1 is at most twice the
number of nonzero digits for a fundamental at adder depth d1 − 1. The number
of nonzero digits at adder depth zero (at the input) is one. Hence, the maximum
number of nonzero digits at adder depth d1 is 2d1 .

Observation 10. A number with a CSD representation containing c1 nonzero
digits has a minimum adder depth of

⌈
log2(c1)

⌉
.
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Motivation. From Observation 9 we have that c1 ≤ 2d1 , hence d1 ≥ log2(c1),
and as d1 is an integer, d1 ≥ ⌈

log2(c1)
⌉

.

3. Heuristic approach

Several heuristic approaches to the constant coefficient problem have previously
been proposed. Aiming primarily at software compilers, Bernstein proposed an
algorithm in 1986 [1]. Bull and Horrocks proposed an algorithm for the imple-
mentation of FIR filters (several coefficients), which can also be used for the
single coefficient case 2. This was later improved [6], and the improved version
is here denoted BHM (Bull-Horrocks modified). Lefèvre proposed an algorithm
based on subexpression sharing, i.e., finding common patterns in the representa-
tion of the coefficient [16]. In this section an algorithm based on subexpression
sharing using a signed-digit representation of the coefficients is proposed. The
signed-digit representation possibly uses extra nonzero digits compared with the
minimum to reduce the number of adders. A discussion on the maximum number
of extra digits to consider is also provided.

3.1. Proposed heuristic approach

Subexpression sharing was introduced in [14] as a method to utilize redundancy
between FIR filter coefficients to reduce the number of required adders. There
exist many heuristics based on subexpression sharing; see for example, [14],
[18], [21]. These algorithms usually represent each coefficient using CSD rep-
resentation, and subexpressions are sought among the coefficients. However, the
results are representation dependent, and in [20] it was shown that if other MSD
representations are used, better results may be found.

Most work considering subexpression sharing has focused on the design of FIR
filters. However, subexpression sharing can also be applied to the design of single
coefficient multipliers. In [10] an algorithm that generates all SD representations
of an integer using a specified number k of nonzero digits above that used by
CSD was introduced. So, if k = 0, then all MSD representations are produced.
However, it can be shown that when k > 0, multipliers can be designed using
fewer adders.

In the proposed approach, all SD representations using at most k nonzero extra
digits are generated using the algorithm in [10]. Then a subexpression sharing
algorithm, in this case the algorithm in [14], is applied to all SD representations.
The multiplier design using the fewest adders is then selected. The proposed
approach using k extra nonzero digits is denoted H(k).

The CSD and the best SD representations for three different coefficients are
shown in Table 1, where the resulting number of required adders is also included.
The smallest integer for which another MSD representation gives a better result
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Table 1. Results using the proposed heuristic compared with applying subexpression
sharing to the CSD representation. k is the number of extra nonzero digits

CSD Best SD

Coefficient Representation Adders k Representation Adders

105 10101001 3 0 10011001 2
363 1010010101 4 1 101101011 2

1395 101010010101 4 2 101011110101 3

.(b) (c)(a)

11 363
–1 –1

32164

1 –1
45 1395

–1–1
8

31 7 105

2
8

1 1 1
32

1 3

16

Figure 7. Graph representation of single coefficient multipliers using subexpression sharing for the
coefficients (a) 105, (b) 363, and (c) 1395.

than CSD is 105. The coefficient 363 is the smallest integer where a represen-
tation with one extra nonzero digit, i.e., k = 1, gives a better result than any
MSD representation. The smallest integer where a representation with two extra
nonzero digits, i.e., k = 2, gives a better result than any representation with up to
one extra nonzero digit is 1395. These three coefficients can be realized as shown
in Figure 7.

3.2. How far to search

It would appear from the examples in the previous section that simply allowing
more digits in the SD representation increases the likelihood of finding lower-
cost designs. This is only true to a limited degree. First, there are some cases
that are not helped by adding extra digits. For instance, a multiplication by 805
can be realized with 3 adders using the optimal approach previously discussed in
Section 2, but H(k) can only find 4-adder solutions. The optimal approach finds
a 3-adder graph which is the cascade of a 1-adder graph, with value 5, and a 2-
adder graph, with value 161. This is the only optimal solution. The reason that
subexpression elimination does not work in this case is illustrated in Figure 8.
Both 161 and 5 each have only one MSD representation, which are also the binary
representations. Multiplying 161 by 5, however, produces a clash (ringed) that
means that the 161 SD pattern does not appear in the 805 SD representation.
Therefore, the algorithm cannot be expected to find it. The 5 pattern does appear,
but only once, and hence does not indicate any redundancy. As more digits are
allowed, by increasing k, the new representations always produce similar clashes,
and, hence, in this case, H(k) will never find the optimum result. Also note that
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Figure 8. Generating 805 as 161 (in its CSD and binary form) × 5 (also both CSD and binary) to
produce 805 in binary. The only other MSD representation is also its CSD representation, which is
also shown. The clash that breaks the patterns is ringed.

if a 3-adder solution is sought, the maximum number of nonzero digits is eight,
according to Observation 8. Hence, all representations with more than three extra
nonzero digits (as there are five in the MSD representation of 805) require at least
four adders.

Furthermore, there is an infinite number of SD representations for a given
integer. This is easy to realize by noting that any 1 can be replaced by 11 ad
infinitum. Therefore, it is sensible to seek a limit to the number of digits we add
before recognizing no further saving is likely to be made.

Observation 11. For a given integer n there is a limit to the number of new
representations that are produced by each increment of k, and this saturation
limit is

S(n) =



1 n = 1
S(n/2) n even
S(n + 1) + S(n − 1) n odd

(15)

Motivation. The general principle can be demonstrated by referring to the algo-
rithm used in [10] to generate all SD representations. It uses a tree such as that in
Figure 9. An odd integer can only have 1 or −1 in the least significant position (a
0 would mean the number is even). The algorithm assigns these two possibilities
to the two sides of the tree, subtracting 1 or −1 from the input, and associating
the resulting remainders with the corresponding branch. The branch values, i.e.,
the remainders, are both even and one is divisible by a power of two greater than
21. For each branch, two subbranches are then formed by adding and subtracting
the highest power of two factor of the branch value, leaving remainders with even
higher powers of two as factors. This process proceeds until the remainder is itself
a power of two. From such a remainder, 2a , the process produces remainders of 0
(a solution, i.e., a new SD representation) and 2a+1, to which an identical process
occurs. In other words, once all remainders are powers of two, which will be
true for values k ≥ ksat , each produces one representation and one power of two
remainder. This means that the number of new solutions for each increment of k
remains constant, and that constant (the saturation limit, S(n)) is the number of
paths down the tree that terminate with a power of two remainder (indicated with
* in Figure 9), but have no power of two remainders in the path.
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Figure 9. The design tree for integer 1110. The representations with 3 (k = 0) and 4 (k = 1) nonzero
digits are shown. First occurrences of power of two remainders are marked with an asterisk.

Evaluating the saturation limit is straightforward. For n = 1, we observe that
the possible representations are 1, 11, 111, etc., i.e., there is only one representa-
tion per value of k (not surprising, because we have started with a power of two
remainder). So S(n) = 1. To transform a tree for an odd n into a tree for 2n, we
simply shift all the branch labels (see Figure 9) left one bit, giving an identical
representation shifted one bit, and identical numbers and locations of power of
two remainders, i.e., S(n) = S(n/2) for even n. The tree for odd n can be seen
(again see Figure 9) to be a combination of the trees for n + 1 and n − 1, because
these remainders have trees of their own that are generated in the same way as for
n. Hence, the number of power of two paths for n is the sum of the number of
paths for n + 1 and n − 1, or S(n) = S(n + 1) + S(n − 1).

Observation 12. All of the new representations in the saturated state (i.e., for
k ≥ ksat ) for k = m are simply the representations for k = m − 1 with the
leading 01 replaced by 11 (for positive n).

Motivation. Once a power of two remainder is reached, it has a solution repre-
sentation starting with 01. The power of two remainder passes the 01 to the next
remainder, which adds 10 for another solution.
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Observation 13. The total number of representations of positive n not having a
leading 11 is S(n).

Motivation. Following Observation 12, to get to a point in the tree where 11 are
leading digits in the representation, at least two power of two remainders must
be encountered; the first adds 01 and the second 10. Therefore, each path that
leads to a power of two remainder without passing through another power of two
remainder must not have leading 11. The path to that remainder then continues
and leads to a sequence of 11-type solutions.

The preceding observations mean that it is likely that there is little use in
searching for better solutions for k ≥ ksat , because new patterns are not being
generated.

Consider the generation of SD representations in Figure 9. From (15) we have
that S(11) = 5. Studying the different representations derived in Figure 9, we see
that there are exactly five representations, as predicted by Observation 13, that
do not start with 11, namely 1011, 1101, 10101, 1111, and 10111. All remaining
representations start with 11, and according to Observation 12, all subsequent
representations also will, as is easily verified.

In [6], theorems 4 through 6 showed that there were limits to the vertex and
edge values that need to be searched in order to guarantee that all possible graphs
had been covered when using the graphical method of describing multipliers.
Theorems of the same type cannot be used here. However, one simple insight
that may help reduce runtime is that when one extra digit is used to represent a
number, that new representation must create two new eliminatable subexpressions
in order for there to be a reduction in the number of adders in the final design (i.e.,
eliminating the new digit plus one other). For k digits, k + 1 subexpressions must
be created.

4. Adder-bit cost

To differentiate designs of equal adder cost, a more detailed cost, measure can
be used. In [6] a cost corresponding to the required number of full adders was
introduced. This was referred to as the adder-bit cost. Here we refine this method.
It is assumed that ripple-carry adders are used. A discussion about other adder
types is provided at the end of this section.

As can be seen in Figure 10a, each fundamental, fi , of a graph has the value

fi = e j f j + ek fk . (16)

As discussed earlier, even coefficients and fraction numbers can be obtained by
using a shift operation at the output of the graph multiplier. Hence, only the case
where all fundamentals, fi , are odd integers is considered.

There are two possibilities associated with the edge values, e j and ek . In the



DESIGN OF CONSTANT COEFFICIENT MULTIPLIERS 241

j

k

k
i

j

k

i

(d)
j

1–1

j

 –
11

– 

j

j

i

k

j

(a)

j

k

i

k
i

(c)
j

k

– 
–1

j

k

– 

– 1

(b)
f

f

17

5 4

1
27

11/4

1/4

37

5

f

f

f

e

f

f

f
e

ff
f

e

e

f
e

e

1

f ee

f
f

–

Figure 10. (a) General graph multiplier segment. (b) Example of the normal and special case, respec-
tively. (c) Transformation to eliminate the case when both edge values are negative. (d) Transformation
to eliminate the use of half adders.

normal case, the value at one of the initial vertices is left shifted at least once
while the significance of the other value is unchanged. The shift operation is, for
simplicity, always associated with the initial vertex f j . There is also a special case
when the magnitude of both edge values is less than one. In order to obtain an odd
fundamental, the edge values must then be of equal significance. An example of
each of the two cases is shown in Figure 10b. Hence, we have

|e j | > 1, |ek | = 1 (normal case) or |e j | = |ek | < 1 (special case). (17)

For simplicity, we eliminate the case when both edge values are negative. A
transformation that can be used to avoid this is shown in Figure 10c. The require-
ment for the signs of the edge values is stated as

(sign{e j }, sign{ek}) ∈ {(1, 1), (−1, 1), (1, −1)}. (18)

The number of output bits, Wout , from the add operation associated with the
fundamental fi is

Wout = W0 + ⌈
log2(| fi |)

⌉
, (19)

where W0 is the wordlength of the graph multiplier input. To be an actual add
operation, the number of left shifts must be less than the wordlength of the edge
without any shift operation. Hence, for the normal case, we have

log2(|e j |) < W0 + ⌈
log2(| fi |)

⌉
. (20)

The required number of full adders, ni,F A, to perform the add operation is

ni,F A = Wout − log2(|e j |). (21)

This means that the number of full adders, in the normal case, is Wout minus the
number of shifts associated with the edge value e j . In the special case, on the
other hand, the magnitude of the edge values is less than one, which gives more
full adders than Wout . This occurs because, although the sum bits corresponding
to the fractional bits are known to be zero, the carry bit of significance one is
computed using full adders.

If the edge without any shift operation, in the normal case, is negative, i.e.,
ek = −1, half adders are required to compute the least significant output bits.
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Hence, we have

ni,H A =
{

log2(e j ) e j > 1, ek = −1
0 otherwise

(22)

The use of half adders can be eliminated by the transformation shown in Fig-
ure 10d. A condition for this transformation usually is that it must be possible to
compensate for the sign of the multiplier output in the subsequent operations of
the algorithm, which is the case in most applications.

Note that there are several cases where a complete full adder is not required. For
example, the full adder corresponding to the most significant output bit does not
need to produce a carry bit. As mentioned previously, the sum bits corresponding
to the fractional bits are known to be zero in the special case, hence, only the
carry bit is required. Another example is additions where the full adder of least
significance always has carry input equal to zero, which means that a half adder
would be sufficient. These kind of design improvements have not been considered
here, hence, all full adders are assumed to be complete.

If an accelerated adder structure is used, clearly the number of full and half
adder cells will not be a relevant measure. However, the results in (21) and (22)
can still be used as a start to form suitable complexity measures. Also, for most
adder structures, the proposed transformation should be advantageous as the part
of the adder corresponding to half adder cells will be removed. For adder struc-
tures where the area complexity increases faster than linearly in the wordlength,
which is the case for most accelerated adder structures, the relative savings are
expected to be larger than for ripple-carry adders. This of course depends on how
the part corresponding to half adder cell is realized.

5. Results

Results will be presented for the number of possible graphs, classification of
graphs, and average adder cost. Furthermore, results on the adder depth, coef-
ficient range, and power comparison will be presented for the multiplier graphs in
Figure 5.

5.1. Possible graphs

The number of possible graphs has been examined up to adder cost 7. As expected
[6], the number of possible graphs increases rapidly. Further, the number of pos-
sible reduced graphs has also been examined. The results are shown in Table 2.
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Table 2. Number of possible graphs for different costs without transposition symmetry
considerations

Fully Vertex
Adder specified reduced

Type

cost graphs graphs Additive Multiplicative Leapfrog

0 1 1 1 - -
1 1 1 1 - -
2 2 2 1 1 -
3 7 5 2 3 -
4 32 15 5 9 1
5 193 54 16 30 8
6 1444 227
7 13228 1162

5.2. Classification

Using the classifications described in Section 2.4, all adders up to adder cost five
have been classified. The results are shown in Table 2. To search all possible
graphs up to cost-5 the cases in Table 3 must be investigated. These 17 cases
cover all 236 possible fully specified graphs derivable from Figure 5. For leapfrog
graphs the coefficient sets in Table 3 correspond to the multiplier graphs in Fig-
ures 6c and d from left to right.

5.3. Average adder cost

The average adder cost for various algorithms with coefficients up to 19 bits is
shown in Figure 11. The algorithms are CSD, BBB (best of Bernstein and BHM),
the heuristic approach of Section 3.1 with zero, one, or two extra nonzero digits,
and graph multipliers with and without leapfrog graphs. The search process for
leapfrog graphs is costly compared with the additive and multiplicative graphs.
We have therefore included results when the leapfrog graphs are excluded. The
results without leapfrog graphs coincide with those obtained using the method
in [17]. Coefficients up to 19 bits can be expressed using at most five adders for
graph multipliers, whereas up to nine adders may be required for CSD multipliers.

The average number of extra adders required by BBB, the proposed heuristic
method, and graph multipliers without leapfrog graphs compared to the optimal
approach is shown in Figure 12. For 19-bit coefficients the average increase in
adders is just above 1% for the proposed heuristic method using up to two extra
nonzero digits.

For filter design it is often desirable to keep the number of adders in a single
coefficient to a given number. The ratio of coefficients realizable with a given



244 GUSTAFSSON, DEMPSTER, JOHANSSON, MACLEOD AND WANHAMMAR

Table 3. Graph types that must be examined to obtain all possible coefficients with adder
cost up to five

Adder
cost

Graph
type

Coefficient
set 1

Coefficient
set 2

Covered
graphs

1 Additive H0,B H0,B 1
2 Additive H1,B H0,B 1
2 Multiplicative H1,B H1,B 2
3 Additive H2,B H0,B 1, 2
3 Multiplicative H2,B H1,B 3, 4
4 Additive H3,B H0,B 1–4
4 Multiplicative H3,B H1,B 5–9
4 Multiplicative H2,B H2,B 8–10
4 Leapfrog-2 H1,B , H0,B , H0,B , H0,B , H1,B 11
5 Additive H4,B H0,B 1–11
5 Additive H2,B H2,B 12
5 Multiplicative H4,B H1,B 13–26
5 Multiplicative H3,B H2,B 21–29
5 Leapfrog-2 H1,B , H0,B , H1,B , H0,B , H1,B 30
5 Leapfrog-2 H2,B , H0,B , H0,B , H0,B , H1,B 31, 32
5 Leapfrog-2 H1,B , H1,B , H0,B , H0,B , H1,B 33
5 Leapfrog-3 H1,B , H0,B , H0,B , H0,B , H0,B , H0,B , H1,B 34

0 5 10 15
0

1

2

3

4

5

6

Coefficient bits

A
ve

ra
ge

 a
dd

er
 c

os
t [

ad
de

rs
]

CSD multiplier
BBB
H(0)
Graph multiplier w/o leapfrog
H(1)
H(2)
Graph multiplier with leapfrog

Figure 11. Average adder cost for CSD, BBB, the proposed heuristic method with up to zero, one,
and two extra digits, and graph multipliers with and without leapfrog graphs. For BBB the numbers
are averages over 5000 values.
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number of adders is shown in Figure 13 for the optimal approach and CSD repre-
sentation.
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5.4. Adder depth and coefficient range

Using the observations presented in Section 2.5, it is possible to obtain bounds
on the maximum number of nonzero digits and minimum adder depth for any
coefficients generated using a given graph. These results are presented in Table 4.
The adder depths within parentheses denote the minimum adder depth for the
transposed graph.

5.5. Power estimation

Traditionally, the number of adders has been used as an estimate, not only for the
complexity, but also for the power consumption. However, the power consump-
tion depends on the switching activity, so different multiplier graphs would have
different switching activities. In [4] a measure called GP count was introduced
for estimating the glitching/switching activity. This was extended in [5] to a more
detailed estimate called GP score. However, GP count works on the topology of
the network, whereas GP score takes into account the edge weights. Hence, for
comparing different topologies, GP count is a more suitable choice. Furthermore,
in GP score there are certain parameters that are technology dependent.

Another factor that affects the power consumption is the capacitive load of
a node. For high capacitive loads, the driving current, and therefore the power
consumption, must be increased. Hence, if a node in a multiplier graph has a high
out-degree, the corresponding adder cells must have a higher driving capability.
A similar situation exists for the input node. A high input load leads to the driv-
ing circuits having a higher power consumption, even though this power is not
consumed within the actual multiplier.

In Table 4, the minimum and maximum GP counts are shown for all multiplier
graphs in Figure 5, as well as the input load and maximum internal fan-out (out-
degree). These results are based on all possible realizations of a given vertex
reduced graph. Loads and fan-outs in parentheses correspond to the transposed
multiplier graph.

From Table 4 it can be seen that different realizations of the same vertex re-
duced adder graph may differ significantly in terms of GP count. Hence, it is clear
that just counting the number of adders is not a satisfactory way to estimate power
consumption. This issue is further elaborated in the example below.

6. Example

The ideas discussed in previous sections will now be illustrated in an example.
Consider the coefficient 1717, which can be computed as

1717 = 11 · 63 + 1024 = (1 + 2 + 8) · (64 − 1) + 1024. (23)
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Table 4. Characteristics of the multiplier graphs in Figure 5

Adder
cost

Graph
number

Possible
realizations

Max.
nonzero
digits

Min.
adder
depth

Min.
GP

count

Max.
GP

count
Input
load

Max.
internal
fan-out

1 1 1 2 1 1 1 2 -

2 1 1 3 2 3 3 3 1
2 1 4 2 4 4 2 2

3 1 2 4 2 5 6 4 1
2 2 5 3 7 8 3 2
3 2 6 3 8 9 3 (2) 2 (3)
4 1 8 3 11 11 2 2

4 1 3 5 3 8 10 5 1
2 6 6 3 10 13 4 2
3 6 7 4 (3) 12 15 4 (3) 2 (3)
4 2 9 4 16 19 3 2
5 4 8 3 12 16 4 (2) 2 (4)
6 1 12 4 20 20 2 3
7 4 10 4 16 20 3 (2) 2 (3)
8 1 16 4 26 26 2 2
9 2 12 4 19 22 3 (2) 2 (3)

10 1 9 4 16 16 3 3
11 2 8 4 14 15 3 2

5 1 6 6 3 11 15 6 1
2 2 13 5 27 32 3 3
3 13 11 5 (4) 22 20 4 (3) 2 (3)
4 9 9 4 18 23 4 2
5 2 17 5 35 42 3 2
6 15 7 3 13 19 5 2
7 21 8 4 15 22 5 (4) 2 (3)
8 13 9 4 17 24 5 (3) 2 (4)
9 6 10 4 19 28 4 2

10 6 13 5 (4) 26 34 4 (3) 2 (3)
11 4 10 4 20 25 4 3
12 4 8 3 15 17 4 2
13 4 16 5 29 35 3 (2) 2 (3)
14 4 18 5 33 43 3 (2) 2 (3)
15 6 14 5 (4) 25 35 4 (2) 2 (3)
16 12 12 4 21 31 4 (2) 2 (4)
17 2 16 4 29 31 2 4
18 2 20 5 37 39 2 3
19 6 12 4 (5) 25 33 3 (2) 3 (4)
20 6 10 4 17 25 5 (2) 2 (5)
21 1 32 5 57 57 2 2
22 4 20 5 35 45 3 (2) 2 (3)
23 4 16 4 27 37 4 (2) 2 (4)
24 2 18 5 33 37 3 (2) 3
25 2 24 5 42 49 3 (2) 2 (3)
26 2 24 5 43 45 2 3
27 4 15 5 30 33 3 3
28 4 12 4 23 27 4 (3) 3 (4)
29 1 18 5 36 36 3 3
30 4 12 5 24 28 3 3
31 6 11 5 (4) 22 26 4 (3) 2 (3)
32 4 14 5 28 32 3 2
33 10 10 4 19 24 4 (3) 2 (3)
34 2 13 5 26 28 3 2
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Figure 14. (a) Vertex reduced graph for the coefficient 1717. (b)–(g) Fully specified graphs for the
coefficient 1717. The node symbols (•��) indicate the relation between nodes in the vertex reduced
graph and nodes in the fully specified graphs.

Table 5. Adder depth, GP count, input load, and maximum internal fan-out for the
multiplier graphs in Figures 14b–g

Realization
Adder
depth GP count

Input
load

Maximum
internal
fan-out

Figure 14b 4 14 4 2
Figure 14c 4 12 4 2
Figure 14d 4 15 3 3
Figure 14e 4 14 3 3
Figure 14f 4 13 3 3
Figure 14g 3 12 3 3

The corresponding vertex reduced graph is shown in Figure 14a. Note that there
exist other vertex reduced graphs that can be used to realize the coefficient 1717,
but none with lower adder cost than four. There also exist other possibilities using
the same vertex reduced graph, for example

1717 = 13 · 33 · 4 + 1 = (1 + 4 + 8) · (32 + 1) ∗ 4 + 1. (24)

However, in this example we will use the design first suggested and compare
the six associated fully specified graphs shown in Figures 14b–g. Note that the
realizations in Figures 14d–g correspond to the transposed vertex reduced graph.
For the graphs in Figures 14b–d and f it is possible to reorder the additions corre-
sponding to the 2 and 8 weights. However, this will always lead to an intermediate
result with longer wordlength, so it is not considered here.

The realization in Figure 14g has the lowest adder depth. The input load is
higher for the nontransposed realizations, whereas the maximum internal fan-out
is higher for the transposed graphs. The adder depth, GP count, input load, and
maximum internal fan-out for the different realizations are shown in Table 5. The
difference in GP count is too small to give a reliable estimate about the relative
power consumption. However, it indicates which realizations are more likely to
be better. From the results in Table 5 it is not obvious which of the realizations
should be selected.
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Table 6. Extra fundamental values and the associated number of full adders required in
addition to the wordlength of the input, W0, for the multiplier graphs in Figures 14b–g.
The number of half adders are in parentheses

Fund. 1 Fund. 2 Fund. 3 Output Total

Realization Value NF A Value NF A Value NF A NF A NF A

Figure 14b 3 1 11 1 693 4 (6) 1 7 (6)
Figure 14c 3 1 11 1 1013 0 (10) 5 7 (10)
Figure 14d 63 0 (6) 189 7 693 7 1 15 (6)
Figure 14e 63 0 (6) 189 7 1213 1 8 16 (6)
Figure 14f 63 0 (6) 1087 1 1213 10 8 19 (6)
Figure 14g 63 0 (6) 1087 1 315 7 10 18 (6)

The final cost measure to be studied is the adder-bit cost. The results are shown
in Table 6, where the associated extra fundamental values also are given. If the
transformation in Figure 10d is applied, the use of half adders can be elimi-
nated for all realizations, resulting in the coefficient −1717. Hence, the cost in
half adders will be ignored. To obtain the total number of full adders, the input
wordlength, W0, should be included for each adder. For example, the total number
of full adders, ntot,F A, for the realization in Figure 14b is

ntot,F A = (W0 + 1) + (W0 + 1) + (W0 + 4) + (W0 + 1) = 4W0 + 7. (25)

Assume that the input wordlength, W0, is 16 bits. If the realizations in Fig-
ure 14b or c are used instead of that in Figure 14g, which has the lowest adder
depth, the adder-bit cost is decreased by more than 13%. When the results from
both Table 5 and Table 6 are considered, the realization in Figure 14c seems to be
the best one to select as it has minimum GP count as well as a minimum number
of full adder cells.

7. Conclusions

In this work, the realization of constant coefficient multiplication was discussed.
Both an optimal and a heuristic approach were presented to find realizations with
few additions. Results showed that, by using the proposed approaches, on average
25% of the required additions can be saved compared with the commonly used
canonic signed-digit representation. Furthermore, some theoretical limits on the
number of additions and number of cascaded additions were introduced. The
previously proposed optimal approach was simplified, and, hence, its execution
time can be greatly reduced.

From an implementation point of view, a power estimation measure was ap-
plied to differentiate between several similar realizations. Exact equations for the
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number of required full and half adder cells were also given, and it was shown that
if it is allowable to negate the coefficient value, all half adder cells can be avoided
with no increase in full adder cells. For most DSP algorithms, this is possible as
it can be compensated for by replacing a subsequent addition by a subtraction or
vice versa.

It was shown that the proposed heuristic method in most cases obtains as few
adders as the optimal approach. However, taking the power estimation measures
into account, the optimal approach provides numerous different solutions that are
optimal in the number of adders. From these the best solution based on other
criteria can be selected.
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