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Optimizing Capacitance Ratio Assignment for
Low-Sensitivity SC Filter Implementation
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Abstract— Accurate capacitance matching is essential for
switched-capacitor filters implementation because the filter coef-
ficients depend upon the capacitance ratios. The use of identical
unit capacitors in parallel to form larger capacitances and
careful layout design can provide, in many cases, an accuracy
of 0.1%. Unfortunately, this technique can be directly applied
only if the filter coefficients are rational numbers. In general,
coefficient approximations are required, leading to frequency
response errors. In this paper, a new design method, using a
genetic algorithm, is proposed to find the optimum capacitance
ratio approximations by rational numbers which minimize the
total number of unit capacitors for a given acceptable frequency
response error, in order to save die area.

Index Terms— Analog integrated circuits, circuit optimization,
genetic algorithms, switched-capacitor filters.

I. INTRODUCTION

Switched-capacitor (SC) filters became very popular in ana-
log integrated circuits design, mainly because of their accuracy
[1], [2]. Most CMOS fabrication processes cannot provide
an acceptable accuracy for absolute capacitance values. On
the other hand, CMOS fabrication processes can provide
good component matching, meaning that relative capacitance
values can be implemented very accurately [3], [4]. Since the
coefficients of an SC filter depend only on capacitance ratios,
instead of absolute capacitances, it is possible to accurately
implement an SC filter in a standard CMOS process without
any automatic tuning circuitry [1], [5].

The most well-known technique employed to achieve an ac-
curate capacitance matching consists in using identical unit ca-
pacitors in parallel to implement each filter capacitor [6]–[8].
The main advantage of this technique is the fact that it allows
the matching of both area and perimeter. Combined with
a careful layout design [8], this technique can provide an
accuracy of 0.1% in capacitance ratios [2], [6]. Consider,
for instance, a capacitance ratio given by C1/C2 = 3/4.
According to this technique, C1 will be implemented with
three unit capacitors in parallel, and C2 with four.

However, the coefficients of an SC filter are not rational
numbers in general [1]. In such a case, the required capacitance
ratios cannot be directly expressed as integer ratios, as in the
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above example. Therefore, some approximations are necessary
in order to express the capacitance ratios as rational numbers.

Whereas capacitance ratio approximations cause undesirable
errors in the filter frequency response, small approximation
errors might lead to rational numbers with large numerators
and denominators. Consider, for instance, the capacitance
ratio C3/C4 = 0.4376. This value can be approximated by
C3/C4 ≈ 4/9 ∼= 0.4444, with an error of 1.56%, or by
C3/C4 ≈ 7/16 ∼= 0.4375, with an error of 0.023%. The
latter approximation has the lowest error, but requires 23 unit
capacitors to implement both C3 and C4, against only 13 in
the former. An SC filter using the second approximation would
have the lowest frequency response error, but it would require
roughly twice the die area of the first one. Therefore, the
design has two conflicting requirements: acceptable frequency
response errors and small die area.

A similar problem is found in digital filter designs, where
the coefficients must be quantized to be represented by finite
precision binary words [9]–[14]. However, the problem involv-
ing SC filters is fundamentally different. In digital filter de-
signs, the number of bits employed to represent the coefficients
is usually fixed, and the objective is to find suitable approxi-
mations for all coefficients in order to minimize deviations in
the filter frequency response. In SC filter designs, on the other
hand, the filter coefficients are not represented with the same
precision, and the approximation errors can be made arbitrarily
small, depending on how much die area can be occupied. In
addition, the maximum acceptable frequency response error is
fixed and the objective is finding the approximation for the
filter coefficients that minimizes the total number of identical
unit capacitors.

In [15] and [16], the approximations were carried out using
a deterministic search algorithm to minimize the maximum
frequency response deviation, but the method was not par-
ticularly concerned with minimizing the total number of unit
capacitors. In [17], a discrete optimization method was applied
separately to each section of a cascade SC filter. The main
drawback of this approach is that it does not exploit the fact
that the frequency response deviation of one section can be
compensated by the deviation of other sections. Furthermore,
the algorithm complexity is highly influenced by the number
of capacitors considered, making it prohibitive to carry out the
optimization procedure over all sections simultaneously.

The objective of this paper is to propose a new design
method to find suitable approximations for the capacitance
ratios of an SC filter, such that the total number of unit capac-
itors can be minimized and the frequency response deviations
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are kept acceptable. A genetic algorithm (GA) is used to find
the optimum solution. This method was chosen because it can
find the global minimum of an optimization problem whose
cost function contains several local minima. Furthermore, a
GA can successfully manage discrete optimization problems
with an arbitrarily large number of variables [18]–[20]. This
feature allows the proposed design method to be extended to
SC filters with a very large number of coefficients.

Since the proposed method is intended for design opti-
mization, the speed performance of the GA is not a critical
issue. Moreover, the approach advanced here employs a simple
standard GA in order to be effectively implemented by circuit
designers who are not specialists in evolutionary algorithms.

The proposed technique is applied to the design of a low-
pass filter implemented using the most frequently adopted SC
filter topology: a cascade of Fleisher and Laker biquads [21].

In Section II there is a brief description of the initial design
of the SC biquad filter. In Section III, the proposed design
method is detailed. The results obtained with an illustrative
example are presented in Section IV. Finally, concluding
remarks are made in Section V.

II. SC FILTER DESIGN EXAMPLE

The low-pass filter must be designed to achieve a pass band
edge of 10 kHz with maximum attenuation of 1 dB, and a stop
band edge of 20 kHz with minimum attenuation of 40 dB.

In order to account for approximation errors in the filter
frequency response, the original pass band ripple was changed
from 1 to 0.5 dB. The modified specifications can be satisfied
by a fourth-order elliptic filter, and hence the SC filter requires
two cascaded biquad sections.

The Fleischer and Laker biquad, shown in Fig. 1, was
adopted to implement the SC filter. The biquad transfer
function is given by [21]

T (z) = −b0 + b1z−1 + b2z−2

a0 + a1z−1 + a2z−2
(1)

where the coefficients are given by
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According to (2) and (3), there are groups of capacitance
ratios with identical denominators. These denominators are
determined by the feedback capacitances of all SC integrators,
whereas the numerators are determined by the corresponding
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Fig. 1. Fleischer and Laker biquad.

TABLE I

IDEAL CAPACITANCE RATIO VALUES OF BOTH BIQUAD SECTIONS

Ratios First biquad section Second biquad section

A/B 0.1508203693 0.2892344370

I/B 0.0356849731 0.3352717385

J/B 0.0356849731 0.3352717385

C/D 0.2579469629 0.3442247419

E/D 1.6495617485 0.2783862246

F/B 0.0000000000 0.0000000000

G/D 0.2576069766 0.3253980015

H/D 0.0000000000 0.0000000000

input capacitances of each SC integrator. In general, state-
space equations and transfer functions of SC filters have this
property [1], [22].

The filter capacitance ratios are obtained through the design
procedure described in [21]. As a result, the ideal values
are listed in Table I, for both biquad sections. Since the
capacitances H and F are equal to zero in both biquad
sections, the corresponding capacitors can be removed from
the circuit in Fig. 1.

The capacitance ratios presented in Table I should be
approximated by rational numbers to improve matching. How-
ever, capacitance ratios with the same denominator must
be approximated by rational numbers with the same integer
denominator. This feature adds another constraint to the opti-
mization problem. In general, this situation is found in nearly
all designs of SC filters [1].

III. PROPOSED DESIGN METHOD

Every capacitor in an SC filter should be implemented using
an integer number of unit capacitors in parallel. In Section
II, the filter specifications were changed by replacing the
pass band ripple from 1 to 0.5 dB. Therefore, the maximum
acceptable frequency response error in the pass band is given
by ε = 0.25 dB, as illustrated in Fig. 2.

In this paper, a standard GA was employed to find the
rational numbers that approximate the capacitance ratios of
an SC filter, minimizing the total number of identical unit
capacitors used to implement such ratios. In the following
sections, the details of the GA used are presented. The
parameters of the GA used in this approach are summarized
in Table III.
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Fig. 2. Designed pass band ripple and the acceptable frequency response
error according to original specifications.

A. Chromosome Coding

The most widely used chromosome representation is a string
of bits, where each parameter is coded by a subset of those
bits, which is called gene. Hence, as its natural counterpart, a
chromosome is represented as an array of genes.

In our problem, the objective is to attribute a suitable integer
number to each filter capacitance, which represents the number
of identical unit capacitors in parallel used to implement it.
Given a capacitance ratio C1/C2 and an integer denominator
NC2, there is only one integer NC1 that minimizes the error
between the approximated integer ratio NC1/NC2 and the
original capacitance ratio C1/C2

NC1 =
[

C1

C2
· NC2

]
(4)

where the square brackets represent the operation of rounding
off the input argument by the nearest integer.

Accordingly, given the denominator of an integer ratio, the
integer that should be assigned to the numerator is directly
obtained by (4). Therefore, it is necessary to code only
the integer values of the denominators in a chromosome to
completely characterize an individual in the search space. As
a result, using only the denominators as variables, instead of
all capacitances, the number of points in the discrete search
space is significantly reduced, enabling a faster convergence
of the GA. Thus, assuming that each gene in a chromosome
corresponds to an integer denominator of a capacitance ratio, it
can be seen in Table I that the chromosomes used in the design
of the SC biquad filter require four genes, two for each biquad
section.

In order to define the number of bits to represent each gene
in a chromosome, it is necessary to define lower and upper
limits for each integer denominator. It should be mentioned
that the total number of bits in a chromosome defines the
search space dimension.

Since the number of unit capacitors in parallel used to
implement each filter capacitor is a nonzero positive integer,
the lower limit ML for each denominator must be the smallest
positive integer that produces only nonzero positive integers
for its respective numerators in (4). The lower limits for each
denominator of the design examples are presented in Table II.
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Fig. 3. Maximum frequency response error in filter pass band caused by
different integer approximations for the denominator B1 of the SC biquad
filter.

TABLE II

LOWER AND UPPER LIMITS OF THE DENOMINATORS OF ALL

CAPACITANCE RATIOS AND THE NUMBER OF BITS REQUIRED TO

REPRESENT EACH RANGE

Low-pass biquad filter

Denominators Lower limits Upper limits Bits

B1 28 53 5

D1 4 27 5

B2 7 24 5

D2 4 44 6

On the other hand, the upper limit MU of each denominator
should be the smallest integer such that there is at least one
possible integer denominator ND < MU , which produces
an acceptable frequency response error, according to Fig. 2.
In order to find the upper limit of a particular denominator,
the approximated frequency response is evaluated by approx-
imating only the capacitance ratios with this denominator by
rational numbers, whereas the other capacitance ratios preserve
their ideal values. Hence, starting from its lower limit, different
integer values are used to approximate the denominator, while
their respective numerators are obtained from (4). The absolute
error between the ideal and the approximated frequency re-
sponse, obtained for each integer approximation, is plotted as
shown in Fig. 3 for the denominator B1 (i.e., the denominator
B of the first biquad section) of the SC filter designed in
Section II. Similar graphs can be constructed for the other
denominators.

Fig. 3 has local minima which are lower than the maximum
acceptable error ε ≤ 0.25 dB. Those minima are thus good
candidates for the solution of the optimization problem. There-
fore, the upper limit MU chosen for a denominator should be
higher than at least one of those local minima. A reasonable
choice is the second smallest local minimum that produces
ε ≤ 0.25 dB. Hence, the upper limit of the denominator B1
in the SC biquad filter should be 53, according to Fig. 3. The
upper limits of all denominators, determined using the same
idea, are presented in Table II.

According to Table II, most of the denominators are coded
by a number of bits that allows the representation of more
integer numbers than the range defined by the upper and lower
limits requires. The lower limits cannot be changed because

Authorized licensed use limited to: Tampereen Teknillinen Korkeakoulu. Downloaded on March 02,2010 at 02:38:22 EST from IEEE Xplore.  Restrictions apply. 



This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

4 IEEE TRANSACTIONS ON EVOLUTIONARY COMPUTATION

it would lead to capacitors with zero or negative number of
identical unit capacitors. On the other hand, the upper limits
are flexible and can be increased. For instance, consider the
denominator B1, which is coded using five bits. Instead of
admiting integer numbers in the range from 28 to 53, the five
bits make this denominator represent integers in the range from
28 to 59.

B. Cost Function

In the design approach proposed in this paper, i.e., the cost
function, defined for each individual I , is

fc(I ) = Runit(I ) + P(I ) + α Eav(I ) (5)

where Runit(I ) is the ratio between NI , which the total number
of unit capacitors required by the individual I , and its worst
case Nmax, which is the total number of unit capacitors
required when all denominators assume their upper limits;
P is a penalty factor to increase the value of the cost function
if the frequency response error exceeds the acceptable error
shown in Fig. 2; Eav (I ) is the average frequency response
error in the filter pass band, and α is a scaling factor, which
is discussed later. Observe that, by definition

0 < Runit(I ) ≤ 1 (6)

for all individuals I .
The penalty P(I ) is defined considering the frequency

response of the filter implemented with the approximations
proposed by the individual I . Hence

P(I ) =
{

0, if − 0.75 dB ≤ |HI (ω)| ≤ 0.25 dB for ω ∈ PB

1 + δI , else
(7)

where

δI = max{(|HI (ω)| − 0.25), (−0.75 − |HI (ω)|)} (8)

and P B is the filter pass band.
The purpose of those definitions is to make the cost function

value less than 1 if its respective approximation produces an
acceptable error in the frequency response, otherwise, it will
be greater than 1.

The average frequency response error Eav (I ) is defined as

Eav (I ) = 1

M

M∑
i=1

|HI (ωi ) − Hideal(ωi )| (9)

where Hideal(ωi ) is the filter frequency response at ωi , which
is implemented using the ideal values of the capacitance ratios,
and M is the number of frequency samples considered within
the filter pass band. The role of Eav(I ) in (9) is to enable
the GA to select between two individuals with the same
number of unit capacitors the one that produces the least
average frequency response error. Accordingly, the factor α is
chosen to make fc(I1) < fc(I2) when Runit(I1) < Runit(I2),
regardless of Eav (I1) and Eav(I2), for any individuals I1 and
I2. Since Runit(I ) is defined by NI /Nmax, then the minimum
nonzero value of |Runit(I2) − Runit(I1)| is 1/Nmax, for any I1
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Fig. 4. Cost function of the best individual of each generation, achieved in
ten trials with different initial populations generated randomly.

and I2. In addition, when P(I ) = 0, then Eav (I ) ≤ εmax.
Therefore, in general, the factor α can be chosen as

α ≤ 1

εmax Nmax
. (10)

In this problem, εmax = 0.25 dB. Thus, a suitable choice for
the coefficient α can be 1/Nmax.

Finally, since our optimization problem consists in mini-
mizing the cost function fc(I ), the fitness value, attributed to
every individual, is defined as

f i tness(I ) = 1

fc(I )
(11)

because fc(I ) �= 0 for any individual I .

C. Initial Population

The GA starts with a population of 1000 individuals gen-
erated randomly. One individual is included in the initial
population with a guess of the best solution in order to include
good integer values in the population at the beginning of the
search since it helps the GA to find the optimal solution faster.
A good guess can be obtained from the plot in Fig. 3, obtained
for all denominators.

For the low-pass filter, choosing the integer associated with
the first local minimum that produces an error less than
0.25 dB for each denominator yields the initial guess

I0 → [A = 13; B = 19; D = 12;
E = 19; F = 16; G = 16] .

(12)

The guess (12) produces an acceptable frequency response
error, according to Fig. 2. The total number of unit capaci-
tors, including numerators and denominators, is 284 for the
individual (12).

D. Selection

The individuals are selected to reproduce using the classical
roulette wheel scheme [18]. The chromosomes of the selected
individuals are recombined to generate descendants using the
1-point crossover mechanism [18]. In this design, 60% of the
population is selected to recombine at each generation.

E. Mutation

Mutation is performed by randomly changing selected bits
in chromosomes of the population. The number of selected bits
at each generation is determined by the mutation rate [18]. In
this design, the mutation rate was 5%.
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filter with approximated capacitance ratios and with its ideal values.

F. Elitism

In order to preserve the best individual of a population for
the next generation, the individual with the worst fitness is
replaced by the best one at the end of each iteration.

G. Criterion to Terminate the Search

The GA execution is terminated when the number of
generations evaluated reaches a limit L. In this design, the
limit was L = 10 000.

IV. RESULTS

The proposed method was applied to the SC low-pass
biquad filter designed in Section II. The evolution of the cost
function fc(Ibest) for each generation is shown in Fig. 4 for
ten trials with different initial populations generated randomly.
Each trial had a runtime of 13 min and 48 s. According to
those results, the best solution found was

Isol → [B1 = 28; D1 = 4; B2 = 7; D2 = 14] . (13)

The corresponding capacitance ratios are presented in
Table IV, requiring a total of 85 identical unit capacitors.
Hence, the achieved solution (13) requires a total number
of unit capacitors which is approximately 30% of the total
required by the initial guess (12).

A comparison between the frequency response of the filter
with approximated capacitance ratios and the one with its
ideal values is shown in Fig. 5. According to the original
filter specifications, the resulting approximation errors are also
acceptable.

TABLE III

SUMMARY OF THE PARAMETERS USED IN THE GA

GA parameters

Initial population 1000

Crossover rate 60%

Mutation rate 5%

Number of generations 10000

TABLE IV

APPROXIMATED CAPACITANCE RATIOS OF BOTH BIQUAD SECTIONS

Ratios First biquad section Second biquad section

A/B 4/28 2/7

I/B 1/28 2/7

C/D 1/4 5/14

E/D 7/4 4/14

G/D 1/4 5/14

V. CONCLUSION

This paper proposed a new design method to approximate
the capacitance ratios of an SC filter by integer ratios. As
a result, the approximated ratios can be implemented as a
parallel association of identical unit capacitors, which is the
most successful technique employed to achieve a good capaci-
tance matching. The method employing GA could successfully
find suitable approximations for all capacitance ratios, where
the total number of unit capacitors is minimized for a given
frequency response error tolerance. The main advantage of
using GA is the fact that it can find better approximations
than the ones obtained by deterministic approaches, such as
the procedure described in [23].

Other GA implementations could also be used to solve the
optimization problem described in this paper to improve its
performance. Other chromosome representations could also
be employed, such as integer representation, instead of a bit
string.

The proposed design method was applied to the design of
SC filters. However, there are several microelectronic circuits
that require good component matching, such as switched-
current filters and continuous-time filters, where the filter and
its automatic tuning circuitry must be very well matched [24].
Therefore, the proposed method can be adapted to approximate
the component ratios of those designs by rational numbers.
The designer might change the cost function to include con-
straints concerning the filter stop band, quality factor, or any
other relevant parameter in order to produce an acceptable
approximation.

Finally, the use of other evolutionary optimization methods
is under investigation, whose results will be compared with
the ones obtained with the GA employed in this paper.
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Minas Gerais, Brazil, in 1970, the M.Sc. degree in
electrical engineering from the Pontifı́cia Universi-
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