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ABSTRACT

This paper considers designing in the minimax sense comple-
mentary low-pass/high-pass recursive digital filters with variable
magnitude characteristics. A filter structure based on the paral-
lel connection of two variable fractional delay all-pass filters is
proposed for implementing these filters. The filter optimization
is performed in two basic steps. First, an initial filter is gener-
ated using a simple design scheme. Second, this filter is used as
a start-up solution for further optimization being carried out by
an efficient constrained nonlinear optimization algorithm. Exam-
ples are included for illustrating the efficiency of the proposed
design scheme. In addition, the performance and the complex-
ity of the proposed variable recursive digital filters are compared
with those of the other variable recursive digital filters proposed
in the literature. This comparison shows that the number of mul-
tipliers for the proposed filters is less than 15 percent compared
with other existing structures.

1. INTRODUCTION

IN VARIOUS digital signal processing applications, there is a
need for filter with variable frequency characteristics. These

applications include, e.g., sampling rate conversion, echo cancel-
lation, phased-array antenna systems, time delay estimation, tim-
ing adjustment in all-digital receivers, modeling of music instru-
ments, and speech coding and synthesis [1–4]. Recently, research
on the optimal design and the efficient implementation of the re-
cursive variable fractional delay filters has received considerable
attention [5–8]. However, the implementation of recursive filters
with variable magnitude characteristics have not gained as much
attention and have been considered only by a few authors [9–11].
The purpose of this contribution is to propose a new class of
magnitude-selective variable digital filters and an algorithm for
their optimization.

The methods for designing variable digital filters can be
broadly classified into two categories, namely, frequency trans-
formation methods [12–15] and spectral parameter approximation
methods [3, 5–11, 16]. The disadvantage of the methods, belong-
ing into the former class, is that the edge frequencies and the rip-
ples of the various bands cannot be independently controlled. The
second class of filters does not suffer from this restriction. In this
technique, the coefficients of the variable filter are expressed as
the polynomials of the adjustable parameter defining the desired
filter characteristic.

Variable digital filters can be constructed using either finite-
impulse response or infinite-impulse response filters. From the
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Fig. 1 Complementary low-pass/high-pass variable recursive filter pair
implemented as a parallel connection of two variable fractional delay all-
pass filters.

implementation point of view, one of the best structures for re-
cursive digital filters is a parallel connection of two all-pass fil-
ter sections. These structures have some advantageous properties,
such as a reasonably low coefficient sensitivity and a low roundoff
noise level.

This contribution proposes a highly efficient structure for im-
plementing complementary low-pass/high-pass variable recursive
digital filter pair. This filter structure is based on the parallel con-
nection of two variable fractional delay all-pass filters. In addi-
tion, an algorithm is proposed for optimizing the magnitude re-
sponses of these filters. Furthermore, the performance and the
complexity of these filters are compared with some other variable
recursive digital filters proposed in the literature showing that the
number of multipliers for the proposed filters are less than 15 per-
cent compared with other existing structures.

2. VARIABLE RECURSIVE DIGITAL FILTERS

The transfer functions of the variable digital filter pair as shown
in Fig. 1 are given by

H0,1(z, µ) =
1

2
[A0(z, µ) ± A1(z, µ)] . (1)

Here, H0(z, µ) with the plus sign and H1(z, µ) with the mi-
nus sign are the low-pass and high-pass filters, respectively, and
A0(z, µ) and A1(z, µ) are variable fractional delay all-pass fil-
ters [5,6,8,17] of order N0 and N1, respectively, and are express-
ible as

Ak(z, µ) =
z−NkCk(z−1, µ)

Ck(z, µ)
, (2a)

where

Ck(z, µ) = 1 +

NkX
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NkX
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PX
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pn µp

#
z−n.

(2b)
Here, µ is an adjustable parameter in the range [−1, 1] and each
coefficient in the overall filter is given as a polynomial of degree
P in µ. In the case of low-pass filters, N0 = N1 − 1 or N0 =
N1 +1 so that N0 +N1, the overall order of H0(z) and H1(z) is
odd. An efficient implementation for the variable fractional delay
all-pass filter based on the so-called gathering structure is shown
in Fig. 1 in [5].



The phase responses of the variable fractional delay all-pass
filters Ak(z, µ) for k = 0, 1 are expressible as

Θ
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A (ω, µ) = −Nkω+2arctan

" PNk
n=1 a
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,

(3)
whereas the magnitude responses for H0(z, µ) and H1(z, µ) can
be written as

|H0(e
jω, µ)| =

˛̨̨
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“
1
2
[Θ

(0)
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(1)
A (ω, µ)]

”˛̨̨
(4a)

and

|H1(e
jω, µ)| =

˛̨̨
sin

“
1
2
[Θ

(0)
A (ω, µ) − Θ

(1)
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”˛̨̨
, (4b)

respectively. Due to the properties of all-pass filters, the trans-
fer functions H0(z, µ) and H1(z, µ) form a doubly complemen-
tary filter pair, satisfying both the all-pass complementary and the
power complementary properties, that is,

H0(z, µ) + H1(z, µ) = z−(N−1) (5a)

|H0(e
jω, µ)|2 + |H1(e

jω, µ)|2 = 1. (5b)

Figure 2 shows typical phase responses for the optimized variable
fractional delay all-pass filters and the corresponding magnitude
responses for the complementary low-pass/high-pass recursive fil-
ter pair for µ = −1 and µ = 1.

3. PROBLEM STATEMENT

The goal is to determine the adjustable parameters such that for
each value of µ within −1 ≤ µ ≤ 1, the magnitude response
of H0(z, µ) [H1(z, µ)] closely approximates unity [zero] for
ω ∈ [0, ωp+αµ] and zero [unity] for ω ∈ [ωs+αµ, π]. Here, ωp

and ωs are, respectively, the passband and stopband edge frequen-
cies for the low-pass part of the variable digital filter for µ = 0,
whereas α determines the desired tuning range of the filter. The
doubly complementary property of Eq. (5b) guarantees that where
one filter has a passband, the second one has a stopband and vice
versa. In addition, for practical stopband attenuation (at least 30
dB), the passband ripple becomes very small. Therefore, the op-
timization of the overall complementary low-pass/high-pass filter
pair can concentrate only on the stopband regions of the filters.

We state the following optimization problem:
Optimization problem: Given N0, N1, P , ωp, ωs, and α find

the adjustable parameter vector Φ as given by

Φ = [c
(0)
01 , . . . , c

(0)
0N1

, c
(0)
11 , . . . , c

(0)
1N1

, . . . , c
(0)
P1, . . . , c

(0)
PN1

c
(1)
01 , . . . , c

(1)
0N2

, c
(1)
11 , . . . , c

(1)
1N2

, . . . , c
(1)
P1, . . . , c

(1)
PN2

]
(6)

to minimize the maximum absolute value of the magnitude errors
as given by

ε = max {ε0(Φ), ε1(Φ)} , (7a)

where for k = 0, 1

εk(Φ) = max
−1≤µ≤1

[ max
ω∈Ω

(k)
s

|Hk(Φ, ejω, µ)|] (7b)

subject to the constraint that the resulting filter is stable for all the
values of µ within −1 ≤ µ ≤ 1. In the above equation, the stop-
band regions of H0(z, µ) and H1(z, µ) are Ω

(0)
s = [ωs +αµ, π]

and Ω
(1)
s = [0, ωp + αµ], respectively.

4. PROPOSED TWO-STEP DESIGN SCHEME

This section describes the proposed two-step technique for opti-
mizing the variable recursive digital filters.
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Fig. 2 The phase responses of the optimized variable fractional delay
all-pass filters and the corresponding magnitude responses for the comple-
mentary low-pass/high-pass variable recursive filter pair to be considered
in Example 1 for µ = −1 (solid line) and µ = 1 (dashed-line).

4.1 Optimization Algorithm

In order to solve the optimization problem stated in the previ-
ous section we discretize the range −1 ≤ µ ≤ 1 into the
points µj ∈ [−1, 1] for j = 1, 2, . . . , J and the stopband
regions into the frequency points ω

(0)
i ∈ [ωs + αµj , π] and

ω
(1)
i ∈ [0, ωp + αµj ] for i = 1, 2, . . . , I and j = 1, 2, . . . , J .

In many cases, I = 100N and J = 20 are good selections to ar-
rive at a very accurate solution. The resulting discrete minimax
problem is to find the adjustable parameter vector Φ to minimize
Eq. (7a), where for k = 0, 1

εk(Φ) = max
1≤i≤I
1≤j≤J

|Hk(Φ, ejω
(k)
i , µj)| (8)

subject to the condition that the roots of the Ak(z, µj)’s are in-
side the unit circle for µj ∈ [−1, 1] for j = 1, 2, . . . , J .

The above problem can be solved using a constrained non-
linear optimization algorithm. For this purpose, the function
fminimax from the optimization toolbox provided by Math-
Works, Inc. [18] has been used. When using this function, the
user has to provide a function that evaluates the objective func-
tion, that is, the error function to be minimized at the given fre-
quency points as well as the gradients of the objective function
with respect to the adjustable parameters. In addition, a function
evaluating the constraints as well as the gradients of these con-
straints is required.

4.2 Algorithm for Finding an Initial Filter

The convergence of the above algorithm to the optimal solution
implies a rather good initial solution for the adjustable parame-
ters. An initial solution for further optimization can be derived by
utilizing the technique proposed in [11]. In this technique, a set of
J optimal fixed-coefficient filters corresponding to the above pa-
rameters µj for j = 1, 2, . . . , J are designed. Then based on the
resulting coefficient sets, a polynomial approximation is derived
for each of the coefficients. The design of filters with fixed coef-
ficients can be carried out using the classical analog-filter approx-
imations and then converting a resulting continuous-time transfer
function into a corresponding discrete-time transfer function. It
is well known that the odd order elliptic filter is the most selec-
tive low-pass or high-pass filter being implementable as a parallel
connection of two all-pass filters (see, e.g., [19]).

4.3 Practical Considerations

The minimum value of N0 + N1, the order of the overall filter,
satisfying the specifications can be estimated using well-known
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Fig. 3 The phase responses of the optimized variable fractional delay all-
pass filters and the magnitude responses for the low-pass part of overall
variable recursive filter in Example 2 for µ = −1,−0.75,−0.5, . . . , 1.

approximation formulas by finding the minimum odd order of an
elliptic filter to meet the magnitude specifications for µ = 0. If
the design margin is very small, then this overall order should be
increased by two. For this filter structure, there is no simple way
to estimate the minimum value of P to meet the given overall cri-
teria. However, this value can be determined by first starting from
P = 1 and then gradually increasing this value and re-designing
the filter until the specifications are met.

In order to guarantee that the resulting filter is stable, it is
required that the poles of the all-pass filters are inside the unit cir-
cle for all µj’s. The transfer functions of the Ak(z)’s cannot be
parameterized in such a form for which the stability can be eas-
ily verified, e.g., as a cascade of first- and second-order sections.
Therefore, we have used the Schür-Cohn stability test [20]. For
the stability, it is required that the maximum absolute value of
stability test parameters given by the Schür-Cohn stability test are
smaller than unity.

The number of adders and multipliers required to implement
an N th-order fractional delay all-pass filter, as given by Eq. (2),
are (P + 2)N and (P + 1)N , respectively.1 However, it has
turned out that if the resulting overall filter for µ = 0 is a half-
band filter, that is, ωp = π − ωs, then the number of adders
and multipliers required to implement an all-pass filter reduces to
�(P + 1)N/2� + N and �(P + 1)N/2�, respectively.

The implementation cost can be further reduced by constrain-
ing some of the coefficients to be equal to zero. These coefficients
can be determined by fixing those values of the c

(k)
pn ’s to be equal

to zero for which |c(k)
pn | < ξ and re-optimizing the rest of the co-

efficient until their effects on decreasing the stopband attenuation
is still tolerable. A good choice for ξ is within 0.01 and 0.1.

5. NUMERICAL EXAMPLES

This section illustrates, by means of examples, the flexibility and
the effectiveness of the proposed optimization scheme. In addi-
tion, the performance and the complexity of the proposed variable
recursive filters are compared with those of other existing variable
recursive filters proposed in the literature.

5.1 Example 1

It is required that ωp = 0.45π + αµ, where α = 0.25π,
ωs = ωp + 0.1π, and δs ≤ 0.01 (40-dB stopband attenuation).
The minimum odd order of an elliptic filter to meet the specifi-
cations for µ = 0 is seven. The stopband attenuation for this

1The number of multipliers required to implement the multiplications by
µp for p = 1, 2, . . . , P are not included in this figure.

Table 1 Optimized coefficient values for the variable fractional delay
all-pass filters in Example 2 (N0 = 3, N1 = 4, and P = 2).

c(0)
01 = −0.3340 c(0)

02 = 0.3515 c(0)
03 = 0

c(0)
11 = 0.3312 c(0)

12 = −0.0062 c(0)
13 = 0

c(0)
21 = 0 c(0)

22 = 0 c(0)
23 = 0

c(1)
01 = −0.6273 c(1)

02 = 0.8907 c(1)
03 = −0.1253 c(1)

04 = 0.0557

c(1)
11 = 0.6205 c(1)

12 = −0.1204 c(1)
13 = 0.1249 c(1)

14 = 0

c(1)
21 = 0 c(1)

22 = 0.0582 c(1)
23 = 0 c(1)

24 = 0

fixed-coefficient filter is −41.06 dB. In order to increase the de-
sign margin, the overall order is increased by two, that is, N0 = 5
and N1 = 4. For the P = 1 case, the stopband attenuation for the
optimized filter is 19.47 dB. The given specifications are met by
P = 2, that is, the number of multipliers required to implement
all the filter coefficients is 27. For the optimized filter, the pass-
band ripple and the stopband attenuation are 3.38 · 10−4 dB and
40.58 dB, respectively, whereas the radius of the outermost pole
is 0.941.

The resulting filter for µ = 0 is a half-band filter and, there-
fore, c

(k)
01 , c

(k)
21 , c

(k)
12 , c

(k)
03 , c

(k)
23 , and c

(k)
14 for k = 1, 2, as well

as c
(0)
05 and c

(0)
25 can be fixed to be zero-valued. Further, the ab-

solute values of c
(0)
24 , c

(0)
15 , and c

(1)
24 are smaller than 0.01. Forc-

ing also these coefficients to be zero-valued and re-optimizing the
overall filter results in a 4.04 · 10−4-dB passband ripple and a
40.31-dB stopband attenuation. In this case, the number of mul-
tipliers required to implement all the filter coefficients is only ten.
Some phase responses for the optimized variable fractional delay
all-pass filters and the corresponding magnitude responses for the
complementary low-pass/high-pass variable recursive filter pair
are shown in Fig 1.

In this and in the following examples, the optimization has
been performed with I = 100N and J = 20, whereas the result-
ing passband ripple and the stopband attenuation as well as the
other figures of merit are evaluated with I = 215 and J = 50.

5.2 Example 2

In [10], it is required that ωp = 0.3π + αµ, where α = 0.1π,
ωs = ωp + 0.2π, and δs ≤ 0.01. The passband ripple and the
stopband attenuation for the variable recursive digital filter in [10]
are 0.062 dB and 38.29 dB, respectively, whereas the total num-
ber of multipliers needed to implement the overall filter is 117.2

For the proposed structure, these specifications are met by
N0 = 3, N1 = 4, and P = 2, that is, the overall number co-
efficients is only 21. The passband ripple and the stopband at-
tenuation for the optimized filter are 2.81 · 10−5 dB and 51.97

dB, respectively. When those c
(k)
pn ’s for which the maximum ab-

solute value is smaller than 0.1 are fixed to be zero-valued and
the overall filter is re-optimized then the corresponding figures
are 2.65 · 10−4 dB and 42.22 dB, respectively. In this case, the
number of multipliers is 12.

The optimized coefficients c
(0)
pn for n = 1, 2, 3 and p =

0, 1, 2 and c
(1)
pn for n = 1, 2, 3, 4 and p = 0, 1, 2 are shown in

Table 1. The phase responses for the optimized variable frac-
tional delay all-pass filters and the magnitude responses for the
low-pass part of the overall variable recursive filter pair are de-
picted in Fig. 3. In addition, the passband details of the magnitude
response are shown in this figure in the µ = 1 case.

5.3 Example 3

In [9,11], the desired magnitude characteristics of a variable low-
pass filter are stated as follows: unity for ω ∈ [0, 0.26π +Ψ] and

2It should be pointed out that the filter structure proposed in [10] is free
from transients at the filter output during the changes in the filter parame-
ters.
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Fig. 4 Efficient implementation for the optimized complementary vari-
able recursive filter pair in Example 3.

zero for ω ∈ [0.5π+Ψ, π]. Here, the parameter Ψ is in the range
[−0.16π, 0.16π]. In [9], the numerator for a recursive filter used
to meet the specifications is of order four and the denominator is
a cascade of two second-order sections, whereas the degree of the
polynomial approximation is four (P = 4), that is, the overall
number of coefficients is 45. For the optimized filter in [9], the
passband ripple and the stopband attenuation are 7.24 · 10−2 dB
and 23.65 dB, respectively.

For the proposed filter structure, after fixing some coefficients
equal to zero, only six coefficients are needed with N0 = 3,
N1 = 2, and P = 2 to meet approximately the same specifi-
cations. The passband ripple and the stopband attenuation are
9.52 · 10−3 dB and 26.60 dB, respectively. An efficient imple-
mentation for the optimized overall filter is depicted in Fig. 4. For
simplicity, the multiplication of the input signal by 1/2 is omitted
from this figure.

5.4 Summary

The summary for the filters optimized in Examples 1, 2, and 3
is shown in Table 2. In this table, Ap and As denote the pass-
band ripple and the stopband attenuation in decibels, respectively,
whereas rmax, NM, and NO denote, respectively, the radius of
outermost the pole, the number of multipliers required to imple-
ment all the filter coefficients, and the number of arithmetic op-
erations per sample required for implementing the overall filter
pair.

6. CONCLUSION

This paper has proposed a new structure for implementing com-
plementary low-pass/high-pass variable recursive digital filters. It
has been shown that the tuning range of the proposed structure is
very wide without considerable degradation of the filters attenu-
ation characteristics. In addition, it has been shown that signifi-
cant savings in the implementation cost are achieved by using this
structure. Furthermore, a two-step algorithm has been proposed
for optimizing these filters.
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AEÜ–Int. J. Electron. Commun., vol. 24, no. 11, pp. 524–525, June
1970.

[13] A. G. Constantinides, “Spectral transformations for digital filters,”
IEE Proc. Inst. Elect. Eng., vol. 117, no. 8, pp. 1585–1590, Aug. 1970.

[14] P. Jarske, S. K. Mitra, and Y. Neuvo, “Signal processor implementa-
tion of variable digital filters,” IEEE Trans. Instrum. Meas., vol. 37,
no. 3, pp. 363–367, Sept. 1988.
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