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ABSTRACT

A systematic algorithm is proposed for designing multiplierless finite-
impulse response (FIR) filters. This algorithm minimizes the number
of adders required to implement the overall filter to meet the given
amplitude criteria. The optimization is performed in two basic steps.
First, a linear programming algorithm is used for determining a pa-
rameter space of the infinite-precision coefficients including the fea-
sible space where the filter meets the given amplitude specifications.
The second step involves finding the filter parameters in this space
such that the resulting filter meets the given criteria with the simplest
coefficient representation forms. The efficiency of the proposed al-
gorithm is illustrated by means of several examples taken from the
literature.

Index Terms—Multiplierless design, common subexpression elim-
ination, optimization, VLSI implementation, coefficient quantiza-
tion.

1. INTRODUCTION

I N very large-scale integration (VLSI) implementations a general
multiplier element is very costly. To get around this problem, it is

attractive to carry out the multiplication of a data sample by a filter
coefficient value by using a sequence of shifts and adds. The shifts
can be implemented by using hard-wired shifters and hence they are
essentially free [1], [2].

In this contribution we propose a method for designing multipli-
erless finite-impulse response (FIR) filters with a minimum number
of adders required to meet the given specifications. The method is
based on the observation that by first finding the largest and smallest
values for each coefficient of the filter in such a way that the given
criteria are still met by re-optimizing the remaining coefficient val-
ues, we are able to find a parameter space that includes the feasible
space where the filter specifications are satisfied. After finding this
larger space, all what is needed is to check whether in this space there
exist the desired discrete values for the coefficient representations.

The main advantage of the proposed algorithm compared with the
other existing algorithms is that it finds all the solutions satisfying the
given magnitude specifications. Therefore, it allows more flexibility
for allocating the adders in such a manner that the overall complexity
is minimized. For instance, the common subexpression elimination
algorithms (see, e.g., [3]–[8]) can be efficiently utilized for minimiz-
ing the filter implementation cost. The drawback of the algorithm is
that for high order filters the search space becomes larger resulting in
longer computation times which is true also for many existing quanti-
zation schemes [9], [10]. The proposed algorithm can be speeded up
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by using some special “tricks”. In addition, the algorithm is highly
parallel and the subproblems can be solved independently using par-
allel processing.

2. BACKGROUND

The zero-phase frequency response of a linear-phaseN th-order FIR
filter can be expressed as

H(ω) =

M∑
n=0

h(n) Trig(ω, n), (1)

where theh(n)’s are the filter coefficients andTrig(ω, n) is an ap-
propriate trigonometric function depending on whetherN is odd or
even and whether the impulse response is symmetrical or antisym-
metrical [1]. Here,M = N/2 if N is even, andM = (N + 1)/2 if
N is odd.

The general form for expressing the FIR filter coefficient values
as a sums of signed-powers-of-two (SPT) terms is given by

h(n) =

Wn+1∑
k=1

ak,n2−Pk,n for n = 1, 2, . . . ,M, (2)

where ak,n ∈ {−1, 1} and Pk,n ∈ {1, 2, . . . , L} for k =
1, 2, . . . ,Wn + 1. In this representation form, each coefficienth(n)
hasWn adders and the maximum allowable wordlength isL bits.

3. STATEMENT OF THE PROBLEM

When finding the optimized simple discrete-value representation
forms for the impulse-response coefficients of FIR filters, it is a com-
mon practise to accomplish the optimization in such a manner that the
scaled response meets the given amplitude criteria [10]–[13]. In this
case, the criteria for the filter can be expressed as

1− δp ≤ H(ω)/β ≤ 1 + δp for ω ∈ [0, ωp] (3a)

−δs ≤ H(ω)/β ≤ δs for ω ∈ [ωs, π], (3b)

where

β =
1

2

[
maxH(ω) + minH(ω)

]
for ω ∈ [0, ωp] (3c)

is the average passband gain. These criteria are preferred to be used
when the filter coefficients are desired to be quantized on a highly
nonuniform discrete grid as in the case of the power-of-two coeffi-
cients. In this case, it is beneficial to take the passband gain of the
filter as an optimization variable together with the filter coefficients.
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Obviously, this is not a problem since, in many applications, the ma-
jor concern is the relative stopband attenuation (i.e., relative to the
passband amplitude level) and the desired level for the passband am-
plitude response is achieved, if desired, by using the scaling constant
equal to1/β.

This contribution concentrates on designing multiplierless FIR
filters in two cases. In the first case, the coefficients are implemented
independently of each other, that is, the redundancy within the co-
efficients is not utilized. The goal is to find all the filter coefficient
values in such a manner that the filter meets the given specifications
and the implementation cost for the filter is minimized. In the second
case, the common subexpressions within the coefficients are shared
in order to reduce the implementation cost even further.

To estimate the implementation costs for the filter, we consider
the number of adders and subtractors required to implement all the
coefficients as well as the number of structural adders, that is, all the
adders at the filter output and those inside the delay line for the direct-
form and transposed-form implementations, respectively. This is be-
cause the shifts can be implemented almost for free using hard-wired
shifters and the number of adders required to implement all the coef-
ficients depends on the filter implementation, e.g., whether the coef-
ficient symmetry is exploited and whether the redundancy within the
coefficients is utilized. If the coefficient symmetry is exploited, then
a reasonable estimate for the filter cost can be expressed as

N − 2Q+

M∑
n=0

Wn, (4)

whereWn is the number of adders required to implementh(n) [see
Eq. (2)] andQ is the number of zero-valued coefficients requiring no
implementation (Wn = 0).

The optimization problem under consideration is the following:
Optimization Problem:Given ωp, ωs, δp, and δs as well as

L, the number of fractional bits, and the maximum allowed num-
ber of SPT terms per coefficient, find the filter coefficientsh(n) for
n = 1, 2, . . . ,M as well asβ to minimize implementation cost, as
given by Eq. (4), in such a manner that, first, the criteria of Eq. (3) are
met and, then, the normalized peak ripple (NPR), as given by

δNPR = max{∆p/W,∆s}, (5)

is minimized. Here,∆p and∆s are the passband and stopband rip-
ples of the finite-precision filter scaled by1/β andW = δp/δs.

4. FILTER OPTIMIZATION

The solution to the stated optimization problem can be found in two
steps. In the first step, a filter with infinite-precision coefficients is
determined in such a way that it exceeds the given amplitude criteria
to provide some tolerance for the coefficient quantization. The sec-
ond step involves finding a filter meeting the given criteria with the
simplest coefficient representation forms.

4.1. Optimization of Infinite-Precision Coefficients

It has turned out that a very straightforward quantization scheme for
the FIR filter coefficients is obtained as follows. For each filter coef-
ficienth(n) for n = 0, 1, . . . ,M − 1 the largest and smallest values
are determined in such a manner that the given amplitude criteria are
met subject toh(M) = 1. This restriction, simplifying the overall
procedure, can be stated without loss of generality since the scaling
constantβ, as defined by Eq. (3), can be used for achieving the de-
sired passband amplitude level. The goal is achieved by solving2M
problems of the following form. Find the filter coefficientsh(n) for

n = 0, 1, . . . ,M−1 as well asβ to minimizeψ subject to the condi-
tions of Eq. (3). Hereψ is−h(n) or h(n) whereh(n) is one among
the filter coefficientsh(n) for n = 0, 1, . . . ,M − 1. To solve these
problems, we discretize the passband and stopband regions into the
frequency pointsωi ∈ [0, ωp] for i = 1, 2, . . . , Ip andωi ∈ [ωs, π]
for i = Ip + 1, Ip + 2, . . . , Ip + Is. The resulting discretized mini-
mization problem is to findh(n) for n = 0, 1, . . . ,M − 1 as well as
β to minimizeψ subject to the following conditions:

M−1∑
n=0

h(n) Trig(ωi, n)− β(δp + 1) ≤ −Trig(ωi,M), (6a)

−
M−1∑
n=0

h(n) Trig(ωi, n)− β(δp − 1) ≤ Trig(ωi,M), (6b)

for i = 1, 2, . . . , Ip and

M−1∑
n=0

h(n) Trig(ωi, n)− βδs ≤ −Trig(ωi,M), (6c)

−
M−1∑
n=0

h(n) Trig(ωi, n)− βδs ≤ Trig(ωi,M), (6d)

for i = Ip+1, Ip+2, . . . , Ip+Is. The above optimization problems
can be solved conveniently by using linear programming.

4.2. Optimization of Finite-Precision Coefficients

It has been experimentally observed that the parameter space defined
above includes the feasible space where the filter specifications are
satisfied. After finding this larger space, all what is needed is to check
whether in this space there exist desired combinations of the discrete
coefficient values with which the overall criteria are met.

The search can be done in a straightforward manner by first gen-
erating a look-up table containing all the possible power-of-two num-
bers for a given wordlength and a given maximum number of SPT
terms per coefficient. In the above procedure,h(M) was fixed to be
unity. The search for a proper combinations of discrete values can be
conveniently accomplished by using a scaling constantα ≡ h(M).
For this constant, all the existing values between1/3 and2/3 are se-
lected from the look-up table.1 Then for each value ofα = h(M),
the largest and smallest values of the infinite-precision coefficients are
scaled in the look-up table as

ĥ(n)(min) = αh(n)(min) for n = 0, 1, . . . ,M (7a)

ĥ(n)(max) = αh(n)(max) for n = 0, 1, . . . ,M (7b)

and the magnitude response is evaluated for each combination of the
power-of-two numbers in the ranges[ĥ(n)(min), ĥ(n)(max)] for n =
0, 1, . . . ,M to check whether the filter meets the amplitude criteria.

To facilitate the above discussion, we use a simple example that
illustrates the proposed design procedure. It is desired to design a
10th-order low-pass filter with the passband and stopband edges be-
ing located at0.25π and at0.5π, respectively. The required peak-to-
peak passband ripple and the required stopband attenuation are0.4
dB and20 dB, respectively. The largest and smallest values of the co-
efficients after the above-described infinite-precision optimization are
given in Table I.

When two SPT terms per coefficient with seven fractional bits
are used for coefficient representations, there exist ten scaling factors

1Only one octave of the scale factors needs to be searched since the scal-
ing by a factor of two does not affect the quantization process.
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Table I: Minimum and Maximum Values for the Infinite-Precision Coef-
ficients of the Example 10th-Order Filter

h(n)(min) h(n)(max)

h(0) = 0.037 987 h(0) = 0.069 716
h(1) = −0.175 829 h(1) = −0.126 537
h(2) = −0.155 315 h(2) = −0.106 186
h(3) = 0.210 735 h(3) = 0.250 780
h(4) = 0.691 667 h(4) = 0.799 256
h(5) = 1.0 h(5) = 1.0

Table II: Permissible Finite-Precision Coefficient Values of the Example
10th-Order Filter forα ≡ h(M) = 0.5

Finite-Precision Values No. Adds

h(0)(0) = 0.023 437 5 = 2−5 − 2−7 1

h(0)(1) = 0.031 25 = 2−5 0

h(1)(0) = −0.078 125 = −2−4 − 2−6 1

h(1)(1) = −0.070 312 5 = −2−4 − 2−7 1

h(2)(0) = −0.070 312 5 = −2−4 − 2−7 1

h(2)(1) = −0.062 5 = −2−4 0

h(2)(2) = −0.054 687 5 = −2−4 + 2−7 1

h(3)(0) = 0.109 375 = 2−3 − 2−6 1

h(3)(1) = 0.117 187 5 = 2−3 − 2−7 1

h(3)(2) = 0.125 = 2−3 0

h(4)(0) = 0.375 = 2−1 − 2−3 1

h(5)(0) = 0.5 = 2−1 0

for which there are discrete coefficient values between all the small-
est and largest values of the infinite-precision coefficients. When the
largest and the smallest values of the infinite-precision coefficients are
scaled according to Eq. (7) withα ≡ h(M) = h(5) = 0.5, the per-
missible discrete values within the limits[ĥ(n)(min), ĥ(n)(max)] for
n = 0, 1, . . . ,M are shown in Table II. As can be seen from this
table, there are two permissible discrete values forh(0) andh(1),
three permissible values forh(2) andh(3), and one forh(4) and
h(5). Therefore, the overall number of combinations to be checked
is 22 · 32 · 12 = 36. In this case, there is only one solution satisfying
the magnitude specifications. For this solution, the finite-precision
coefficient values areh(0) = h(10) = 2−5, h(1) = h(9) =
−2−4 − 2−6, h(2) = h(8) = −2−4, h(3) = h(7) = 2−3 − 2−6,
h(4) = h(6) = 2−1 − 2−3, andh(5) = 2−1.

In order to reduce the computational complexity in finding the
best discrete solution, for the case when all the coefficients are re-
alized independently, it is beneficial to start with the combinations
requiring the smallest number of additions. If one of these combina-
tions meets the criteria, then there is no need to consider other combi-
nations. A simple branch-and-bound type algorithm has been devel-
oped for the evaluation of the combinations. For the case when the
common subexpressions within the coefficients are shared, it is nec-
essary to evaluate the magnitude response for all the combinations.
This is because the actual number of adders required to implement all
the coefficient values is unknown before the common subexpression
reduction algorithm is carried out for all the solutions satisfying the
magnitude specifications.

5. NUMERICAL EXAMPLES

This section illustrates, by means of several examples taken from the
literature, the effectiveness of the proposed algorithm. More exam-
ples and the comparisons with some other existing algorithms can be
found in [14].
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Fig. 1. Magnitude responses for the multiplierless FIR filters in Examples
1 and 2. The solid and dashed lines show the responses in Examples 1 and
2, respectively.

5.1. Example 1

The specifications are the same as in Example 1 in [10]. That is, it
is desired to design a low-pass filter with the passband and stopband
edges atωp = 0.3π and atωs = 0.5π, respectively. The maximum
allowable passband and stopband ripples areδp = δs = 0.00316
(50-dB stopband attenuation). The minimum order of a linear-phase
FIR filter to meet these specifications is 27. In this case, three SPT
terms are used for coefficient representations. In order to reduce
the space to be searched some of the coefficients during the infinite-
precision optimization have been restricted to be equal to zero.2

The characteristics for filters designed using various algorithms
are summarized in Table III. Here,N is the order of the filter,L is the
number of fractional bits [cf. Eq. (2)],δNPR, as defined by Eq. (5),
gives the normalized peak ripple in decibels, NSP and NA give the
number of SPT terms and number adders required to implement the
overall filter, respectively. The CPU times required by a 500 MHz
Alpha 21264 processor to design the two example filters is also in-
cluded in Table III. The results of mixed-integer-linear-programming
(MILP) described in [9] and the trellis search described in [10] have
been taken directly from [10]. It is seen that the proposed algorithm
gives forN = 27 a filter with the minimum implementation cost.
The optimized coefficient values for a 29th-order filter with only ten
fractional bits are given in Table IV. The amplitude response for this
filter as well as the passband details are shown using the solid line in
Fig. 1.

It should be pointed out that in this contribution it is desired to
minimize the number of adders required to implement the overall fil-
ter when the coefficient symmetry is utilized. However, in many other
papers, the optimization goal is to minimize the number of SPT terms
required to implement all the coefficients.3 Therefore, in order to
compare the proposed algorithm with the other existing methods, the
number of SPT terms required to implement all the coefficients is also
given.

2In fact, this is a very reasonable restriction since typically those filter
coefficients which are very close to zero for the infinite-precision approx-
imation are equal to zero also for the finite-precision solution. This is be-
cause the number of structural adders to be saved is two for each zero-valued
coefficient.

3This is because if the coefficient symmetry is not utilized, then the num-
ber of SPT terms corresponds to the number adders required to implement
the overall filter.
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Table III: Summary of Filter Designs in Example 1

Method N L δNPR (dB) NSP NA CPU

MILP [9] 27 12 −50.18 34 – –
Trellis search [10] 27 12 −50.12 30 42 –
Proposed 27 12 −50.01 28 40 648 s
Proposed 29 10 −50.71 26 37 361 s

Table IV: Optimized Finite-Precision Coefficient Values for the 29th-
Order FIR Filter in Example 1 (h(29− n) = h(n) for n = 0, 1, . . . , 14)

h(0) = −2−10 h(8) = +2−4 − 2−6 − 2−9

h(1) = −2−8 h(9) = +2−5 + 2−8 + 2−10

h(2) = 0 h(10) = −2−4 + 2−6 − 2−9

h(3) = +2−7 + 2−10 h(11) = −2−3 + 2−6

h(4) = +2−7 h(12) = 0

h(5) = −2−6 + 2−8 h(13) = +2−2 + 2−5

h(6) = −2−5 + 2−7 − 2−10 h(14) = +2−1 + 2−5 − 2−10

h(7) = 0

5.2. Example 2

The criteria are the same as in Example 1 except the maximum al-
lowable passband and stopband ripples areδp = δs = 10−3 (60-
dB stopband attenuation) [10]. In this case, the minimum order of a
linear-phase FIR filter to meet the specifications is 33. However, to
allow more margin for coefficient quantization the order is increased
to 37. Three SPT terms with twelve fractional bits are used for coef-
ficient representations.

In this case, the overall number of adders and the number of SPT
terms for the optimized design are 48 and 34, respectively. As shown
in [10], the number of SPT terms for MILP and the trellis search are
43 and 40, respectively. The optimized coefficients values are shown
in Table XIII in [14]. The amplitude response for the optimized fil-
ter as well as the passband details are shown using the dashed line in
Fig. 1.

5.3. Example 3

This example illustrates how the common subexpression elimination
algorithm based on the method described in [7] reduces the number
of adders required to implement all the coefficients of the proposed
filters of the above examples. For the 29th-order filter in Example 1,
this algorithm results in the implementation reducing the number of
adders from 37 to 30 compared to the conventional implementation.
These implementations have different coefficient values. The imple-
mentation of the transposed-form filter is depicted in Fig. 2. For the
37th-order filter in Example 2, the number of adders required to im-
plement the overall filter reduces from 48 to 39.
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