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Abstract— This paper describes an algorithm for finding the multi-
plierless coefficient representations for adjustable fractional-delay (AFD)
all-pass filters. The optimization is performed in three basic steps. First,
an initial filter is generated using a simple design scheme. Second, this
filter is used as a start-up solution for the nonlinear optimization al-
gorithm which is employed for determining a parameter space of the
infinite-precision coefficients. This space includes the feasible space where
the filter meets the given criteria. The third step involves finding the dis-
crete coefficient values in this space so that the resulting filter meets
the criteria with the simplest coefficient representation forms. Exam-
ples are included for illustrating the efficiency of the proposed synthesis
scheme. In addition, the performance and the complexity of the multipli-
erless AFD all-pass filters are compared with those of the multiplierless
AFD finite-impulse response filters implemented using the modified Far-
row structure proposed by Vesma and Saramäki. This comparison shows
that the number of adders for the resulting filters are in the best case less
than 50 percent compared with those implemented using the modified
Farrow structure.

I. INTRODUCTION

IN various digital signal processing applications, there is a need for a
delay that is a fraction of the sampling interval. Furthermore, it is often

desired that the delay value is adjustable or variable during the compu-
tation. These applications include, e.g., sampling rate conversion, echo
cancellation, phased array antenna systems, time delay estimation, tim-
ing adjustment in all-digital receivers, modeling of musical instruments,
and speech coding and synthesis [1], [2].

Adjustable fractional-delay (AFD) filters can be designed either using
finite-impulse response (FIR) or infinite-impulse response (IIR) filters.
One computationally efficient technique, belonging to the former filter
class, is to use the Farrow structure [1] consisting of several parallel fixed
FIR filters. The desired fractional delay is achieved by properly multi-
plying the outputs of these filters with quantities depending directly on
the value of the fractional delay [1]–[5]. Another attractive class of AFD
filters, belonging to the second class, are AFD all-pass filters based on
so-called gathering structure [2], [6]–[9] proposed by Makundi, Laakso,
and Välimäki. In this structure, the filter coefficients are the polynomials
of the fractional delay parameter.

The main advantage of the AFD filters based on all-pass structures is
that the magnitude response of all-pass filters is equal to unity at all the
frequencies [6]–[8], whereas for the AFD FIR filters the structure does not
enable one to approximate unity at all the frequencies. Further, the over-
all delay of an IIR structure satisfying the same phase delay criteria is,
especially in cases requiring stringent magnitude specifications, consid-
erably smaller than its FIR filter counterpart. Moreover, the complexity of
the AFD filters, that is, the number of multipliers, adders, and delays, re-
quired to implement the overall filter, is significantly smaller for the AFD
all-pass filters compared with their FIR counterparts [8].

The main disadvantage of the AFD all-pass filters compared to the
AFD FIR filters is their higher roundoff noise level at the filter output. In
addition, because of the recursive nature of IIR filters, the abrupt changes
in their parameters may cause transients at the filter output. Further, the
design of the AFD all-pass filters is more complicated due to stability
issues being inherent when synthesizing IIR filters.

The purpose of this contribution is to propose an algorithm for finding
the multiplierless coefficient representations for the AFD all-pass filters.
This algorithm is based on the following observation: Finding the small-
est and largest values of the filter coefficients in such a way that the given
criteria are still met enables one to find a parameter space including the
feasible space where the filter specifications are met. After finding this
larger space, all what is needed is to check whether in this space there
exist the desired discrete values for the coefficient representations. In ad-
dition, the complexity of the multiplierless AFD filters based on the use of
all-pass structure is compared, by means of examples taken from the liter-
ature, with their FIR counterparts implemented using the modified Farrow
structure proposed by Vesma and Saramäki. This comparison shows that
the number of adders and delays for the resulting filters are in the best
case 45 and 25 percent, respectively, compared with those implemented
using the modified Farrow structure.

II. AFD ALL-PASS FILTERS

Let the desired frequency response of an AFD filter be

Hdes(e
jω
, µ) = e

−jω(D+µ)
, (1)

whereD is a fixed integer delay and µ is an adjustable fractional delay in
the range [−1, 0].1 The corresponding ideal phase response is given by

argHdes(e
jω
, µ) = −ω(D + µ). (2)

The transfer function of the AFD all-pass filter [2], [7]–[9] chosen to ap-
proximate Hdes(e

jω, µ) is expressible as

HA(z, µ) =
z−NA(z−1, µ)

A(z, µ)
, (3a)

where the denominator polynomial is given by

A(z, µ) = 1 +

N
X

n=1

bn(µ)z−n = 1 +

N
X
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X

p=1

cpnµ
p

!

z
−n
, (3b)

that is, each coefficient in the overall filter is given as a polynomial func-
tions of degree P in µ. The phase delay response of this all-pass filter is
expressible as

τA(ω, µ) = N −
2

ω
arctan

 

PN

n=1 bn(µ) sinnω

1 +
PN

n=1 bn(µ) cos nω

!

. (4)

The above structure does not enable one to keep the phase delay re-
sponse, as given by Eq. (4), within the limits N + µ ± δp in the overall
baseband [0, π]. This is because the phase response of a stable all-pass

1Traditionally, when designing filters with an adjustable fractional delay,
the delay is expressed as a sum of an integer and a positive fractional delay.
However, for filters under consideration in this contribution it has turned out
to be more beneficial, from the implementation point of view, to express the
overall delay to be an integer and a negative of the fractional delay. If it is
desired to use the common approach, then D in Eq. (1) should be replaced by
D−1 and µ by 1+µ. It is worth emphasizing that if the traditional approach
is used, then the resulting overall structure becomes more complicated.
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filter decreases monotonously from 0 to −Nπ as ω increases from 0 to
π [10]. Therefore, this contribution concentrates on approximating the
desired phase response on the frequency band given by Ωp = [0, ωp],
where ωp < π. The goal is to determine the discrete-valued represen-
tation forms for the adjustable parameters such that for each value of µ
within −1 ≤ µ ≤ 0, the phase delay closely approximatesN + µ.

III. PROBLEM STATEMENT

Before stating the optimization problem, the phase delay response of
the filter is denoted by τA(Φ, ω, µ), where Φ is the following adjustable
parameter vector:

Φ = [c11, . . . , c1N , c21, . . . , c2N , . . . , cP1, . . . , cPN ]. (5)

Given the passband edge ωp and the passband ripple δp the phase delay
specifications for the filter are stated as follows:

max
−1≤µ≤0

[max
ω∈Ωp

|τA(Φ, ω, µ) − (N + µ)|] ≤ δp. (6)

When the above criteria are met, then for each value of µ, the phase delay
response stays within the limits N + µ± δp on Ωp.

In order to guarantee that the resulting filter is stable, it is required that
the poles of the transfer function are inside the unit circle for each value
of µ within −1 ≤ µ ≤ 0. The stability can be easily checked by using
Schür-Cohn stability test [10]. This test gives for anN th-order denomina-
tor polynomial the stability test parameters ki for i = 1, 2, . . . , N − 1.
For the stability, it is required that the maximum absolute value of the
ki’s is smaller than unity. It has turned out that for the AFD all-pass fil-
ters, the largest pole radius is achieved when µ = −1. Therefore, for the
stability it is required that for the corresponding denominator polynomial
A(z, −1), the stability test parameters satisfy the condition

|ki|< 1 for i = 1, 2, . . . , N − 1. (7)

In many hardware or very-large-scale-integration (VLSI) implementa-
tions, it is attractive to carry out the multiplication of a data sample by
a filter coefficient value using a sequence of shifts and adds or subtracts.
For such a purpose, it is desired to express the coefficient values in the
form

PR

r=1 ar2
−Sr , (8)

where each ar is either 1 or −1 and the Sr’s are nonnegative integers in
the increasing order. In this case, the goal is to find all the coefficient val-
ues so that: 1) R, the number of powers-of-two terms, is made as small
as possible, 2) SR, the maximum number of shifts, is made as small as
possible. For this purpose, it is attractive to use the canonic-signed-digit
(CSD) representation. This representation is characterized by the fact that
no two consecutive digits ar are both nonzero, that is, for the minimalR,
arar+1 = 0 for r = 1, 2, . . . , R−1. In the sequel, CSD(R, SR) denotes
the space of the CSD numbers with the maximum number of power-of-
two terms and the maximum number of fractional bits being R and SR,
respectively.

The implementation cost is the number of adders and subtracters re-
quired to implement all the filter coefficients as well as the structural
adders required to implement the filter structure, that is, the implemen-
tation cost is given by

N(P + 1) +
PN

n=1

PP

p=1 σpn, (9)

where σpn for p = 1, 2, . . . , P and n = 1, 2, . . . , N is the number
of adders and subtracters required to implement cpn. The optimization
problem under consideration is the following:

Optimization Problem: Given ωp and δp, find N , P , and the parame-
ter vector Φ in such a manner that, first, the criteria of Eqs. (6) and (7)
are met after quantizing the values of the filter coefficients correspond-
ing to the parameters included in Φ to achieve the above-mentioned form
for their representations and, then, the implementation cost, as given by
Eq. (9), is minimized.

IV. PROPOSED THREE-STEP DESIGN SCHEME

The solutions to the stated optimization problem can be found in the
following three steps. In the first step, an initial filter is designed using
a simple design scheme. In the second step, the smallest and largest val-
ues are determined for each adjustable parameter by reoptimizing the re-
maining unknowns in a parameter vector in such a manner that the given
specifications are met. This enables one to find the parameter space of the
infinite-precision coefficients including the feasible space where the filter
meets the specifications. The third step involves finding the filter parame-
ters in this space such that the resulting filter meets the given criteria with
the simplest coefficient representation forms.

A. Algorithm for Finding an Initial Infinite-Precision Filter

The convergence of the infinite-precision optimization algorithm to be
described in the following subsection to the optimal solutions implies a
rather good initial solution for the adjustable parameters. An initial so-
lution for further optimization can be derived by slightly modifying the
optimization algorithm proposed by Laakso et al. in [2]. In this algorithm,
the weighted least-squares phase delay error is minimized for a set of µ’s
and based on the resulting coefficient sets a polynomial approximation is
derived for the coefficients. For more details, see [9].

B. Optimization of Infinite-Precision Filter

It has turned out that a very straightforward optimization scheme for
finding the parameter space is obtained as follows: For each filter coef-
ficient, the smallest and largest values are determined so that by reopti-
mizing the values of the remaining coefficients the given overall criteria,
as given by Eqs. (6) and (7), can still be met. This goal is achieved by
solving 2NP problems of the following form. Find the adjustable pa-
rameter vector Φ to minimize ψ subject to the conditions of Eqs. (6) and
(7). Here, ψ is −cpn or cpn where cpn is one among the filter coeffi-
cients cpn for p = 1, 2, . . . , P and n = 1, 2, . . . , N . To solve these
problems, the passband region is discretized into the frequency points
ωi ∈ [0, ωp] for i = 1, 2, . . . , I and the range −1 ≤ µ ≤ 0 into the
points µj ∈ [−1, 0], j = 1, 2, . . . , J . In many cases, I = 10N and
J = 10 are good selections to arrive at a very accurate solution. The re-
sulting discrete minimization problem is to find cpn for p = 1, 2, . . . , P
and n = 1, 2, . . . , N to minimize ψ subject to the following condition:

max
1≤i≤I
1≤j≤J

|τA(Φ, ωi, µj) − (N + µj)| − δp ≤ 0 (10)

and subject to the condition that the roots ofA(z, −1) are inside the unit
circle. The above problems can be solved using a nonlinear optimiza-
tion algorithm fmincon from the optimization toolbox provided by the
MathWorks Inc.

C. Optimization of Finite-Precision Filter

It has been experimentally proved that the parameter space defined
above forms a space including the feasible space where the filter spec-
ifications are satisfied. After finding this larger space, all what is needed
is to check whether in this space there exist combinations of the discrete
coefficient values with which the given overall criteria are met.

This search can be carried out in a straightforward manner in the fol-
lowing steps:
Step 1: Find the sets of CSD numbers Cpn for p = 1, 2, . . . , P and
n = 1, 2, . . . , N between the smallest and largest values of each filter
coefficient, i.e., for p = 1, 2, . . . , P and n = 1, 2, . . . , N

n

Cpn ∈ CSD(R, SR)

˛

˛ c
(min)
pn ≤ Cpn ≤ c

(max)
pn

o

, (11)

where c(min)
pn ’s and c

(max)
pn ’s, respectively, denote the smallest and

largest values of the filter coefficients obtained using the infinite-
precision optimization.
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TABLE I
OPTIMIZED INFINITE-PRECISION PARAMETER VECTORS Φ(k) FOR

k = 1, 2, . . . , 8 IN EXAMPLE 1

Φ(1) Φ(2) Φ(3) Φ(4)

c11 −1.017 837 −1.017 837 −0.945 866 −0.945 866
c21 −0.072 051 −0.072 051 0.029 743 0.029 743
c12 0.332 128 0.332 128 0.183 823 0.183 823
c22 0.318 005 0.318 005 0.159 433 0.159 433

Φ(5) Φ(6) Φ(7) Φ(8)

c11 −0.840 753 −0.840 753 −1.000 069 −1.000 069
c21 0.184 888 0.184 888 −0.027 953 −0.027 953
c12 0.290 113 0.290 113 0.362 039 0.362 039
c22 0.315 754 0.315 754 0.404 917 0.404 917

Step 2: Set µ = −1 and based on the smallest and largest values of the
filter coefficients, determine the smallest and largest values for the de-
nominator coefficients b(min)

n (µ) and b(max)
n (µ) for n = 1, 2, . . . , N ,

respectively.
Step 3: Quantize the smallest and largest values of the denominator co-

efficients determined at the previous step to the fixed number of bits
as2

B
(min)
n = q

j

b
(min)
n (−1)

q

k

and B
(max)
n = q

l

b
(max)
n (−1)

q

m

(12)

for n = 1, 2, . . . , N , where q = 2−SR with SR being the de-
sired wordlength or the number of fractional bits. For each denomi-
nator coefficient, increase the value of the coefficient from B

(min)
n to

B
(max)
n using a quantization step size equal to q. Then evaluate the

phase delay response for each combination of discrete coefficient val-
ues to check whether the filter meets the specifications for this µ = −1
case. Denote the solutions satisfying these specifications byB(k)

n ’s for
n = 1, 2, . . . , N and for k = 1, 2, . . . , K, where K is the number of
solutions satisfying the specifications.

Step 4: For all the solutions, find all the discrete coefficient value combi-
nations in Cpn’s such that

B
(k)
n =

PP

p=1 Cpn(−1)p (13)

for n = 1, 2, . . . , N and evaluate the phase delay responses for all
the combinations of these values to check whether the filter meets the
given specifications for µj ∈ [−1, 0] for j = 1, 2, . . . , J .

Step 5: From the solutions satisfying the specifications at Step 4 choose
the one with the minimum implementation cost as given by Eq. (9).

The above algorithm is based on the fact that for the fractional delay µ
equal to −1, the denominator coefficients are given as signed sums of
the filter parameters, that is, bn(−1) = −c1n + c2n − c3n + · · · for
n = 1, 2, . . . , N . By first finding the discrete values for the denomina-
tor coefficients at Step 3 in such a manner that τA(Φ, ω, −1) meets the
criteria of Eq. (4) and, then, finding for the solutions satisfying these cri-
teria the combinations of discrete coefficient values at Step 4 in such a
way that conditions of Eq. (13) are met, makes the overall quantization
scheme considerably faster.

V. NUMERICAL EXAMPLES

A. Example 1

It is required that Ωp = [0, 0.75π] and δp ≤ 0.05. The given specifi-
cations are met byN = 2 and P = 2 [9]. For this infinite-precision filter
the maximum phase delay error is 0.033 80.

2Here, bxc stands for the largest integer that is smaller than or equal to x
and dxe for the smallest integer larger than or equal to x.

TABLE II
THE SMALLEST AND LARGEST VALUES FOR THE DENOMINATOR

COEFFICIENTS IN EXAMPLE 1

n b
(min)
n (−1) b

(max)
n (−1) B

(min)
n B

(max)
n

1 0.945 79 1.025 64 31 · 2−5 32 · 2−5

2 −0.024 39 0.042 88 0 · 2−5 1 · 2−5

TABLE III
THE DENOMINATOR COEFFICIENT VALUES B

(k)
n ’S FOR THE

SOLUTIONS SATISFYING THE SPECIFICATIONS IN EXAMPLE 1

B
(1)
1 = 31 · 2−5 B

(2)
1 = 31 · 2−5 B

(3)
1 = 32 · 2−5

B
(1)
2 = 0 · 2−5 B

(2)
2 = 1 · 2−5 B

(3)
2 = 1 · 2−5

TABLE IV
PERMISSIBLE DISCRETE COEFFICIENT VALUE COMBINATIONS IN Cpn

FOR THE FIRST SOLUTION IN EXAMPLE 1

l C
(l)
11 C

(l)
21 l C

(l)
12 C

(l)
22

1 −1 −2−5 1 2−2 − 2−4 2−2 − 2−4

2 −1 + 2−5 0 2 2−2 − 2−5 2−2 − 2−5

3 −1 + 2−4 2−5 3 2−2 2−2

4 −1 + 2−3 2−3 − 2−5 4 2−2 + 2−5 2−2 + 2−5

5 2−2 + 2−4 2−2 + 2−4

The optimized parameter vectors Φ(k) for k = 1, 2, . . . , 8 after the
infinite-precision optimization are shown in Table I. In this table, Φ(k) for
k = 1, 2, 3, 4 are the optimized parameter vectors forψ = c11,ψ = c21,
ψ = c12 , and ψ = c22, respectively, and Φ(k) for k = 5, 6, 7, 8 are so-
lutions for ψ = −c11, ψ = −c21, ψ = −c12, and ψ = −c22, respec-
tively. The corresponding smallest and largest values for the denominator
coefficients are shown in Table II.

For this filter,R, the maximum number of powers-of-two terms, is two,
whereas five fractional bits (SR = 5) are required to meet the phase de-
lay specifications.3 The smallest and largest values of the denominator
coefficients quantized to this wordlength are also shown in Table II. As
can be seen from this table, there exist only two permissible discrete coef-
ficient values for both of the denominator coefficients and, therefore, the
number of function evaluations at Step 3 is four.

For this problem, there exist three finite-precision solutions satisfy-
ing the specifications at Step 3. The denominator coefficient values for
these solutions are shown in Table III. For the first solution, the permis-
sible discrete coefficient value combinations in Cpn such that B(1)

1 =

C
(l)
11 (−1)1 + C

(l)
21 (−1)2 for l = 1, 2, 3, 4 and B(1)

2 = C
(l)
12 (−1)1 +

C
(l)
22 (−1)2 for l = 1, 2, . . . , 5 are shown in Table IV. The phase de-

lay specifications are met by selecting c11 = C
(2)
11 = −1 + 2−5,

c21 = C
(2)
21 = 0, c12 = C

(3)
12 = 2−2, and c22 = C

(3)
22 = 2−2.

In this case, only one adder is needed to implement all the coefficients,
whereas the number of structural adders is six [cf. Eq. (9)].

The direct evaluation of all the discrete coefficient combinations be-
tween the smallest and largest values of the filter coefficients results in
960 function evaluations. For the proposed algorithm, only four evalua-
tions are needed at Step 3, whereas the number function evaluations re-
quired at Step 4 are 20, 16, and 16 for the solutions A(k) for k = 1, 2, 3,
respectively, that is, the overall number of function evaluations is 56.
In this case, there exists 16 finite-precision filters satisfying the speci-
fications. The CPU time required when using a MATLAB 6.5 program

3In this case, four fractional bits is the shortest wordlength for which there
exist discrete values between all the smallest and largest values of the de-
nominator coefficients. However, for this coefficient wordlength, there is no
solution satisfying the specifications.
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Fig. 1. Efficient implementation of the AFD all-pass filter in Example 2.

on a 500 MHz AlphaServer DS20 to evaluate all the combinations with
I = 40 and J = 10 [cf. Eq. (10)] was 1.2 s.

B. Example 2

The passband region is the same as in Example 1, whereas the maxi-
mum allowable phase delay error is divided by five, that is, δp ≤ 0.01.
The given specifications are met by N = 4 and P = 2. For this infinite-
precision filter the maximum phase delay error is 0.008 94.

For this filter, all the coefficient values can be represented as two or
three powers-of-two terms, that is, R, the maximum number of powers-
of-two terms, is three, whereas eight fractional bit (SR = 8) are required
to meet the phase delay specifications.

A total of only six adders and subtracters are required to implement
all the multipliers for this coefficient representation form. The maximum
phase delay error for the optimum solution is 0.009 91, whereas the ra-
dius of the outermost pole is 0.983 92 when µ = −1. The CPU time
required was 3.1 min. An implementation for this AFD all-pass filter re-
quiring only 17 adders and subtracters is shown in Fig. 1. The implemen-
tation cost may be further reduced by using the matrix multiplier block as
proposed by Dempster et al. in [11] or Macleod and Dempster in [12].

C. Example 3

The passband region is the same as in Examples 1 and 2, whereas the
maximum allowable phase delay error is δp ≤ 0.005. The given speci-
fications are met by N = 4 and P = 3. For this infinite-precision filter
the maximum phase delay error is 0.0040. In this case, the specifications
are met by R = 3 and SR = 8. The number of adders and subtracters
required to implement all the filter coefficients is nine.

D. Comparisons with Multiplierless AFD FIR Filters

Table V compares the performance and the complexity of the multipli-
erless AFD all-pass filter with those of the multiplierless AFD FIR filters
implemented using the modified Farrow structure [3]. In this table, δa de-
notes the maximum deviation of the magnitude response from the unity
on Ωp for the AFD FIR filters, rmax denotes the radius of the outermost
pole for the AFD all-pass filters when µ = −1, whereas NA, NM, and
ND denote, respectively, the number of adders, multipliers,4 and delays
required for the overall implementation.

4The number of general multipliers required to implement the multiplica-
tion by µp’s and (1−2µ)p ’s for the AFD all-pass filters and AFD FIR filters
implemented using the modified Farrow structure, respectively.

TABLE V
SUMMARY OF FILTER DESIGNS IN EXAMPLES 1, 2, AND 3

Structure δp δa rmax N P R SR NA NM ND

All-pass 0.046 31 0 0.968 75 2 2 2 5 7 2 4
All-pass 0.009 91 0 0.983 92 4 2 3 8 17 2 8
All-pass 0.004 54 0 0.996 09 4 3 3 8 25 3 8

Farrow 0.008 69 0.009 00 – 12 3 3 7 38 3 36
Farrow 0.004 77 0.024 10 – 10 3 2 7 33 3 30

As can be seen from this table, the number of adders and delays is
considerably smaller for the multiplierless AFD all-pass filters than for
the AFD FIR filters even in the cases where the FIR filter is allowed to
have a relatively large amplitude error. In this case, the complexity of the
modified Farrow structure has been reduced by optimizing the filter coef-
ficients in a proper manner as proposed by Yli-Kaakinen and Saramäki in
[4], [5].
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