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ABSTRACT

This paper describes an efficient algorithm for the design ofmul-
tiplierless approximately linear-phase lattice wave digital (LWD)
filters (parallel connections of two all-pass filters). The coefficient
optimization is performed in two basic steps. First, a nonlinear
optimization algorithm is used for determining a parameterspace
of the infinite-precision coefficients including the feasible space
where the filter meets the given amplitude and phase specifica-
tions. The second step involves finding the filter parametersin this
space such that the resulting filter meets the given criteriawith the
simplest coefficient representation forms. The proposed algorithm
guarantees that the optimum multiplierless finite-wordlength solu-
tion can be found. This is illustrated by means of an example.

Index Terms—All-pass filters, phase approximations, finite preci-
sion, lattice wave digital filters, multiplierless design,optimiza-
tion, parallel connections of two all-pass filters, linear-phase re-
cursive filters, VLSI implementations.

1. INTRODUCTION

DIGITAL filters satisfying the given magnitude requirements
with an approximately linear-phase characteristics in the

passband are needed in many applications. A drawback of linear-
phase finite impulse response (FIR) filters is the fact that inthe
narrowband cases their order, and correspondingly, the number of
multipliers, adders, and delays becomes high. Infinite impulse re-
sponse (IIR) filters meet the given magnitude criteria with signifi-
cantly smaller orders than their FIR counterparts, but usually at the
expense of a highly nonlinear phase response. In order to avoid this
problem, a large number of algorithms have been proposed forthe
simultaneous design of the magnitude and phase responses ofIIR
filters [1]–[12].

The structures of the digital filter are very important for the
efficiency of the filtering process. It is essential that filters can
be realized using structures with a low coefficient sensitivity. The
importance of the low-sensitivity structures is that if theeffect of
the deviation from the ideal coefficient value is small, thenshort
coefficient wordlengths can be used without violating filterspeci-
fication, resulting in a faster, smaller, and less expensivehardware.

One of the best structures for implementing recursive digital
filters are the lattice wave digital (LWD) filters [13]–[17],which
are related to certain analog prototype networks. The LWD filter
consists of parallel connections of two all-pass filters. They are
characterized by many attractive properties, such as a reasonably

low coefficient sensitivity, a low noise level due to multiplication
roundoff errors, and the absence of parasitic oscillations.

The application of all-pass sections produces an efficient real-
ization in the terms of the number of multipliers for a given filter
order [13]–[15]. In addition, these all-pass subfilters canbe re-
alized by using first- and second-order sections as basic building
blocks. The resulting filter structures are highly modular,which
makes them suitable for very large-scale integration (VLSI) im-
plementations [18]–[20]. A digital filter where a multiplication
of a data sample by a filter coefficient is implemented using a se-
quence of shifts and adds is called “multiplierless.” Filters of this
kind are very attractive in VLSI implementations, where a general
multiplier element is very costly.

In this paper, we propose a modification of the algorithm
described in [21] for the design of multiplierless approximately
linear-phase LWD filters. This algorithm is based on the obser-
vation that by finding the largest and smallest values for both the
radius and the angle of all the complex-conjugate poles as well as
the largest and smallest values for the radius of a real pole in such
a way that the given amplitude and phase specifications are still
met, we are able to find a parameter space which includes the fea-
sible space where the specifications are satisfied. After finding this
larger space, all what is needed is to check whether in this space
there exist the desired discrete values for the coefficient represen-
tations such that the given overall criteria are met. The proposed
algorithm guarantees that the optimum multiplierless solution can
be found. This is because the algorithm goes through all the possi-
ble combinations of the discrete adaptor coefficient valueswithin
the feasible space.

The method is general but particularly efficient for filters im-
plemented as a parallel connection of two all-pass filters. This is
because for these filters only the denominator coefficients of the
all-pass sections have to be quantized. In addition, due to reason-
ably low coefficient sensitivity of these filters, only few powers of
two are required for the coefficient representations.

2. LATTICE WAVE DIGITAL FILTERS

The transfer function for the LWD filter can be expressed asH(z) = 12 [A1(z) +A2(z)℄: (1)

Here,A1(z) andA2(z) are real stable all-pass filters of ordersM
andN , respectively. In the case of low-pass filters,M = N � 1
orM = N + 1 so thatM +N , the overall order ofH(z), is odd.



If A1(z) andA2(z) are implemented as a cascade of first- and
second-order wave digital all-pass structures andM andN are as-
sumed to be odd and even, respectively, thenA1(z) andA2(z)
are expressible in terms of the adaptor coefficients as follows (see,
e.g., [15] or [18]):A1(z) = �0 + z�11� 0z�1� mYk=1 �2k�1 + 2k(2k�1 � 1)z�1 + z�21 + 2k(2k�1 � 1)z�1 � 2k�1z�2 (2a)

andA2(z) = m+nYk=m+1 �2k�1 + 2k(2k�1 � 1)z�1 + z�21 + 2k(2k�1 � 1)z�1 � 2k�1z�2 ; (2b)

where m = (M � 1)=2; n = N=2: (2c)

If A1(z) possesses a real pole atz = r0 andm complex-
conjugate pole pairs atz = rk exp(�j�k) for k = 1; 2; : : : ;m
and A2(z) possessesn complex-conjugate pole pairs atz =rk exp(�j�k) for k = m+ 1;m+ 2; : : : ;m+ n, then0 = r0; (3a)2k�1 = �r2k; k = 1; 2; : : : ;m+ n; (3b)

and 2k = 2rk os(�k)1 + r2k ; k = 1; 2; : : : ;m+ n: (3c)

3. STATEMENT OF THE PROBLEM

Before stating the optimization problem, we denote the transfer
function of the filter byH(�; z), where� is the adjustable param-
eter vector � = [r0; : : : ; rm+n; �1; : : : ; �m+n℄: (4)

The amplitude specifications for the filter are stated as follows:1� Æp � ��H(�; ej!)�� � 1; ! 2 [0; !p℄ (5a)��H(�; ej!)�� � Æs; ! 2 [!s; �℄: (5b)

Alternatively, these criteria can be expressed asjE(�; !)j � 1; ! 2 [0; !p℄ [ [!s; �℄; (6a)

where E(�; !) =W (!) �jH(�; ej!)j �D(!)� (6b)

with D(!) = n 1, ! 2 [0; !p℄0, ! 2 [!s; �℄ (6c)

and W (!) = n 1=Æp , ! 2 [0; !p℄1=Æs , ! 2 [!s; �℄. (6d)

The phase requirements for the filter can be written as follows:��arg[H(�; ej!)℄� �!�� � �; ! 2 [0; !p℄ (7)

wherearg[H(�; ej!)℄ denotes the unwrapped phase response of
the filter and� is the slope of the linear-phase response and is also
an adjustable parameter.

This contribution concentrates on the coefficient quantization
in the fixed-point arithmetic. In many implementations, it is at-
tractive to carry out the multiplication of a data sample by afilter
coefficient value using a sequence of shifts and adds. For such a
purpose, it is desirable to express the values of the adaptorcoeffi-
cients in the following signed-digit (SD) format�a0 + RXr=1 ar2�Pr ; (8)

where each of thear ’s is either1 or �1 and thePr ’s are positive
integers in the increasing order. In this case, the goal is tofind all
the coefficient values in such a way that: 1)R, the number of pow-
ers of two, is made as small as possible and 2)PR, the number of
fractional bits, is made as small as possible.

The optimization problem under consideration is the follow-
ing.

Optimization problem:Find the adjustable parameter vector,
as given by Eq. (4), as well as� , in such a way that

1. H(�; z) meets the criteria given by Eq. (5) [or Eq. (6)] and
Eq. (7).

2. The values of the adaptor coefficients corresponding to
the parameters included in� are quantized to achieve the
above-mentioned target for their representations.

4. FILTER OPTIMIZATION

4.1. Optimization of Infinite-Precision Filters

It has turned out [17], [21], [22] that a very straightforward quanti-
zation scheme for the filter coefficients is obtained as follows. For
each complex-conjugate pole pair, the smallest and largestvalues
for both the radius and angle are determined in such a way thatby
reoptimizing the locations of the remaining poles the magnitude
criteria, as given by Eq. (5) or Eq. (6), as well as the phase criteria,
as given by Eq. (7), can still be met. For a real pole, the smallest
and largest values for the radius are found in a similar manner.

The above procedure gives for the upper-half-plane pole
for each complex-conjugate pole pairrk exp(�j�k) for k =1; 2; : : : ;m + n the regionR exp(j�) whereR(min) � R �R(max) and�(min) � � � �(max), as illustrated in Fig. 1(a).
The crosses numbered by 1, 2, 3, and 4 correspond, respectively,
to the points where the smallest radiusR(min), the largest radiusR(max), the smallest angle�(min), and the largest angle�(max)
are achieved. This region includes the feasible region given by
dashed line in Fig. 1(a), where the pole can be located such that by
relocating the remaining poles, the given overall criteriaare still
met by using infinite-precision arithmetic. For a real poler0 there
is the corresponding regionR(min)0 � R � R(max)0 that is simul-
taneously the feasible region. In Fig. 1(b) the crosses numbered by
5 and 6 indicateR(min)0 andR(max)0 , respectively. Based on these
largest and smallest values for the radius of the real pole, as well
as the largest and smallest values for both the radius and angle of
the complex-conjugate pole pairs, the largest and smallestvalues
for the adaptor coefficients can be determined as described in [21].

For each complex-conjugate pole pair, the larger region is used
since it can be found by applying only four times the algorithm
to be described later. Therefore, there are2 + 4(m + n) prob-
lems of the following form: Find the adjustable parameter vec-
tor �, as well as� , to minimize subject to the conditions of
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Figure 1. Typical search spaces for the poles when three powers
of two with seven fractional bits are used for the adaptor coeffi-
cients. (a) Upper-half-plane pole for the complex-conjugate pole
pair. (b) Real pole.

Eqs. (6) and (7). For these problems, is r0 and1� r0 as well as1 � rk, rk, � � �k, and�k for k = 1; 2; : : : ;m+ n. The above-
mentioned problems can be solved conveniently by using the sec-
ond algorithm of Dutta and Vidyasagar [23]. For further details,
see [17], [22].

In order to solve these problems, we discretize the passband
and stopband regions into the frequency points!i 2 [0; !p℄, i =1; 2; : : : ; Lp and!i 2 [!s; �℄, i = Lp+1; Lp+2; : : : ; Lp+Ls.
The resulting discrete minimization problem is to find�, as well
as� , to minimize subject tojE(�; !i)j � 1 � 0; i = 1; 2; : : : ; Lp + Ls (9a)

and��arg[H(�; ej!i)℄� �!i���� � 0; i = 1; 2; : : : ; Lp: (9b)

For this nonlinear algorithm, the convergence to the globalop-
timum can not be assured. Hence, a good guess for the initial filter
has an extensive effect on the converge to the optimum solution. A
good starting-point filter for further optimization can be designed
by using a systematic technique recently proposed by Surma-aho
and Saramäki in [12].

4.2. Optimization of Finite-Precision Filters

It has been experimentally observed that the parameter space de-
fined above forms a space including the feasible space where the
filter specifications are satisfied [21]. After finding this larger
space, all what is needed is to check whether in this space there
exists a combination of the discrete pole positions with which the
given overall criteria are met.

This search can be done in a straightforward manner by first
quantizing the largest and smallest values of the adaptor coefficientk for k = 0; 1; : : : ;M +N � 1 to the fixed number of bits as�(min)k = b(min)k  and �(max)k = d(max)k e: (10)

           
−100

−80

−60

−40

−20

0

Angular Frequency ω

A
m

pl
itu

de
 in

 d
B

0 0.1π 0.2π 0.3π 0.4π 0.5π 0.6π 0.7π 0.8π 0.9π  π 

   
−0.5

0

0.5

P
ha

se
 E

rr
or

 in
 D

eg
re

es

Angular Frequency ω
0 0.025π 0.05π   

 

 

 

 

 

 

P
ha

se
 in

 R
ad

ia
ns

Angular Frequency ω
0 0.025π 0.05π−2.5π 

−2π 

−1.5π 

−1π 

−0.5π 

0 

       
−0.2

−0.1

0

0 0.01π 0.02π 0.03π 0.04π 0.05π 0.06π

Figure 2. Amplitude and phase responses for the optimized finite-
precision approximately linear-phase LWD filter.

Here,bx stands for the largest SD number [cf. Eq. (8)] smaller
than or equal tox. Similarly, dxe denotes the smallest SD num-
ber larger than or equal tox. The magnitude and phase responses
are then evaluated for each combination of the SD numbers in the
ranges[�(min)k ;�(max)k ℄ for k = 0; 1; : : : ;M+N to check whether
the filter meets the given criteria.

However, as can be seen from the Fig. 1, there are, particu-
larly for the innermost complex-conjugate pole, regions where the
angle of the pole corresponding to quantized values of2k�1 and2k is smaller than�(min) or larger than�(max). For this rea-
son, it is advisable to check if the angle of the discrete poleis in
the prespecified region in order to avoid the vain evaluationof the
corresponding responses.

In addition, the computational workload can be significantly
reduced by checking in three steps whether the filter meets the
given specifications. First, the magnitude response is evaluated at
band edges, that is, for the low-pass case at!p and at!s. If the
magnitude response at these points stays within the given specifi-
cations, the response is evaluated at the remaining points.This is
because a large deviation in the magnitude response is most likely
to appear at the band edges. Finally, the phase response is eval-
uated provided that the magnitude response meets the specifica-
tions.

It should be pointed out that for a certain wordlength, there
are typically several solutions which will meet the specifications.
Therefore, it is advisable to first find all the solutions and then to
choose, for example, the one with the best attenuation or phase
characteristics, or the minimum number of adders required to im-
plement all the multiplier coefficients for the given wordlength.

5. NUMERICAL EXAMPLE

The specifications are the same as in Example 1 in [12]. That is, it
is desired to design a low-pass filter with passband and stopband
edges at!p = 0:05� and at!s = 0:1�, respectively. The maxi-
mum allowable passband ripple isÆp = 0:0228 (0.2-dB passband
ripple) and the stopband ripple isÆs = 10�3 (60-dB stopband
attenuation). It was shown in [12] that an excellent phase per-
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Figure 3. Pole-zero plot for the optimized finite-precisionapprox-
imately linear-phase LWD filter.

formance is obtained by using a ninth-order LWD filter. For this
optimal infinite-precision filter, the phase error from the average
phase slope is� = 0:093 999 degrees. In order to allow some
tolerance for the coefficient quantization, the maximum allowable
phase error is increased to� = 0:5 degrees.

The filter specifications are met if the adaptor coefficient are
represented using four powers of two with eleven fractionalbits. A
total of ten adders are required to implement all the adaptorcoeffi-
cients.1 The phase error for the quantized filter is� = 0:458 549
degrees. The minimum order of a linear-phase FIR filter to meet
the same amplitude specifications is 107, requiring 107 delay el-
ements and 54 multipliers when exploiting coefficient symme-
try. The delay of the linear-phase FIR equivalent is 53.5 samples,
whereas for the proposed recursive filter the delay is only 40.9
samples.

Fig. 2 shows the amplitude and phase responses as well as
the passband details for the optimized multiplierless filter, whereas
Fig. 3 shows the pole-zero plot for the filter. The optimized adap-
tor coefficients are given in the Table 1.

TABLE 1
Optimized Finite-Precision Adaptor Coefficients for the

Approximately Linear-Phase LWD FilterA1(z) A2(z)0 = 1� 2�41 = �1 + 2�5 � 2�7 5 = �1 + 2�4 + 2�7 + 2�92 = 1� 2�5 + 2�7 6 = 1� 2�6 � 2�9 + 2�113 = �1 + 2�3 � 2�6 + 2�10 7 = �1 + 2�3 � 2�84 = 1� 2�7 � 2�10 8 = 1� 2�8
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[7] B. Jaworski and T. Saramäki, “Linear phase IIR filters composed of
two parallel allpass sections,” inProc. IEEE Int. Symp. Circuits Syst.,
London, England, May 1994, pp. 537–540.

[8] S. Lawson, “Direct approach to design of PCAS filters withcom-
bined gain and phase specification,”Proc. Inst. Elect. Eng. Vision,
Image, Signal Process., vol. 141, no. 3, pp. 161–167, 1994.
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