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Design of Very Low-Sensitivity and Low-Noise
Recursive Filters Using a Cascade of Low-

Order Lattice Wave Digital Filters
Juha Yli-Kaakinen and Tapio Saramäki

Abstract—Among the best structures for implementing recur-
sive digital filters are lattice wave digital (LWD) filters (parallel
connections of two all-pass filters). They are characterized by
many attractive properties, such as a reasonably low coefficient
sensitivity, a low roundoff noise level, and the absence of parasitic
oscillations. The main drawback is that if the stopband attenua-
tion is very high, then many bits are required for the coefficient
representations. In order to get around this problem, a structure
consisting of a cascade of LWD filters is introduced in this paper.
The main advantage of the proposed structure, compared with
the direct LWD filter, is that the poles of the new structure are
further away from the unit circle. Consequently, the number of
bits required for both the data and coefficient representations
are significantly reduced. The price paid for these reductions is
a slight increase in the overall filter order. By properly selecting
the number of LWD filters and their orders and optimizing them,
their coefficients are implementable by using a few powers of
two. Filters of this kind are very attractive in very large-scale
integration (VLSI) implementations, where a general multiplier
is very costly.

Index Terms—All-pass filters, finite precision, lattice wave
digital filters, multiplierless design, parallel connections of all-
pass filters, recursive filters, VLSI implementations.

I. INTRODUCTION

DURING the past three decades, a large number of digital
filter structures have been developed. The main con-

cern has been the performance of the digital filter in finite
wordlength implementation on one hand and the computa-
tional complexity of the implementation on the other. It has
turned out that very useful digital filter structures for various
applications can be constructed by using all-pass subfilters as
building blocks. Traditionally, all-pass filters have been used
as phase equalizers [1]. Also conventional digital filters (e.g.,
classical odd-order low-pass and high-pass transfer functions)
can be realized as a parallel connection of two all-pass
filters. A well-known class of such filters are the lattice wave
digital (LWD) filters [2]–[4], which are related to certain
analog prototype networks. Direct-domain techniques have
also been advanced for designing filters of this kind and
certain extended filter types [5]–[7]. All-pass subfilters are
also the basic building blocks of recursive half-band [4], [5],
[8]–[12] and th-band filters [10], [11], [13]–[15], which have
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been found to be very efficient in sampling-rate conversion
applications. In addition, all the filter types mentioned above
can also be designed to have an approximately linear phase
response in the passband [11], [14], [16]–[23].

The different types of filters composed of all-pass subfilters
share some advantageous properties, such as a reasonably
low coefficient sensitivity and a low roundoff noise level. In
addition, all these filter types can be realized by using first- and
second-order all-pass sections as basic building blocks. The re-
sulting filter structures are highly modular, which makes them
suitable for signal processor and VLSI implementations [24].

When considering the parallel connection of two all-pass
filters, the coefficient sensitivity is very low in the passband
if the all-pass filter structures are such that their transfer
functions remain allpass in spite of coefficient quantization.
However, the stopband sensitivity is not as good. In most
cases, it has turned out that the required coefficient wordlength
is proportional to the required stopband attenuation [14].
Therefore, the coefficient wordlength requirements can be
reduced if the filter is realized using subfilters with lower
stopband attenuations, e.g., in cascade or, more generally, as
a tapped cascaded interconnection of identical subfilters [25].

This paper introduces an approach to designing infinite
impulse response (IIR) filters using a cascade of different LWD
filters. The main advantage of this approach is that the poles
of the cascaded lattice filters are further away from the unit
circle compared with the direct LWD filters. This means that
the number of data bits and the number of bits required for
the coefficient representations can be significantly reduced.
By properly determining the number of filter sections to be
cascaded, as well as their orders, all the coefficient values can
be optimized to be representable as two or three powers of
two. This makes the proposed filter structure very attractive
for VLSI implementations, where a general multiplier element
is very costly.

The outline of this paper is as follows. Section II introduces
the proposed class of recursive filters consisting of a cascade
of LWD filters. In Section III, the optimization problem is
stated for designing these filters to meet the given amplitude
criteria with very simple coefficient representation forms. The
target is to first minimize the number of powers of two
required for representing all the coefficients, and then to
minimize the number of fractional bits. Section IV shows how
to arrive at the desired solution. The first step is to determine
the number of LWD filters to be cascaded and their orders
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Fig. 1. Proposed recursive filter structure. TheAk(z)’s andBk(z)’s are
stable all-pass filters.

to exceed the amplitude criteria to provide some tolerance
for the coefficient quantization. The second algorithm of
Dutta and Vidyasagar [26] turns out to be very efficient to
optimize, in the minimax sense, the desired filter with infinite-
precision coefficients. The second step of Section IV involves
finding the filter with simple coefficient representation forms.
For this purpose, a very straightforward quantization scheme
is introduced. Finally, in Section V, several examples are
included, illustrating the efficiency of the quantization scheme
of Section IV and the superiority of the proposed filters over
direct LWD filters in finite-wordlength implementations.

II. PROPOSEDFILTER CLASS

Let the transfer function of a recursive digital filter be given
by

(1a)

where

(1b)

Here, the ’s and ’s for are
stable all-pass filters of orders and respectively. An
implementation of the above transfer function is depicted in
Fig. 1. This contribution concentrates on synthesizing low-
pass filters. In this case, or
so that (the overall order of is odd). If the

’s and ’s are implemented as a cascade of first-
and second-order wave digital all-pass structures andand

are assumed to be odd and even, respectively, then the
’s and ’s are expressible in terms of the adaptor

coefficients as follows (see, e.g., [4] or [24]):

(2a)

and

(2b)

where

(2c)

If possesses a real pole at and
complex-conjugate pole pairs at for

and possesses complex-conjugate
pole pairs at for then

(3a)

for (3b)

for (3c)

for (3d)

and

for (3e)

III. OPTIMIZATION PROBLEM

Before stating the optimization problem, we denote the
transfer function of the filter by where is the
adjustable parameter vector

(4)

The amplitude specifications for the filter are stated as
follows:

for (5a)

for (5b)

Alternatively, these criteria are expressible as

for (6a)

for (6b)

where

(6c)

with

(6d)

and

(6e)

This work concentrates on the coefficient quantization in
fixed-point arithmetic. In many implementations, it is attractive
to carry out the multiplication of a data sample by a filter
coefficient value using a sequence of shifts and adds. For such
a purpose, it is desirable to express the coefficient values in
the form

(7)

where each of the ’s is either 1 or 1 and the ’s are
positive integers in the increasing order. The target is to find
all the coefficient values included in as given by (4), in
such a way that: 1) the number of powers of two, is made
as small as possible and 2) the number of fractional bits,
is made as small as possible.
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The optimization problem under considerations is the fol-
lowing.

Optimization Problem:Find the number of subfilters,
the ’s, and ’s, as well as the adjustable parameter vector

as given by (4), in such a way that we have the following.

1) meets the criteria given by (5) or (6).
2) The coefficients included in are quantized to achieve

the above-mentioned target for their representations.

IV. FILTER OPTIMIZATION

The solution to the stated optimization problem can be found
in two steps. In the first step, a filter with infinite-precision
coefficients is determined in such a way that it exceeds the
given amplitude criteria to provide some tolerance for the
coefficient quantization. The second step involves finding
a filter meeting the given criteria with simple coefficient
representation forms.

A. Optimization of Infinite-Precision Filters

The problem is to find the adjustable parameter vector
to minimize on the peak absolute value of

as given by (6c)–(6e), subject to the condition of
(6b). To solve this problem, we discretize the passband and
stopband regions into the frequency points

and
The resulting discrete minimax problem is to find to
minimize

(8a)

subject to

(8b)

In order to meet the criteria of (5) or (6), as well as the
’s and ’s for have to be selected such

that the minimized becomes less than or equal to unity.
The above problem can be solved in a straightforward

manner by using the second algorithm proposed by Dutta
and Vidyasagar in [26], as is shown in Appendix A. For
this nonlinear optimization algorithm, the convergence to the
global optimum cannot be assured. Hence, a good guess for
the initial filter has an extensive effect on the convergence
of the algorithm to the optimal solution. It has turned out
that, in many cases, it is beneficial to select all the’s and

’s to be equal to as for the conventional LWD filters.
Furthermore, it is in most cases advantageous to select all the

’s and the ’s to be of the same order, respectively.
Only in cases where the number stages, is large and the
required passband ripple is relatively low, it is beneficial to
give other values for and only in one section. For the
case where for the starting
point filter for further optimization can be determined by using
several identical copies of the same subfilter. The passband
and stopband ripples for this subfilter should be approximately

(a)

(b)

Fig. 2. Typical search spaces for the poles when three powers of two with
seven fractional bits(R = 3 and PR = 7) are used for the adaptor
coefficients. (a) Upper half-plane pole for the complex-conjugate pole pair.
(b) Real pole.

equal to and respectively.1 For the case where for
one section and have values different from a good
initial filter for further optimization can be achieved by using
the procedure described in Appendix B.

B. Optimization of Finite-Precision Filters

It has turned out that a very straightforward quantization
scheme for the filter coefficients is obtained as follows in the
case where all the ’s and ’s are equal to . For each
complex-conjugate pole pair, the largest and smallest values
for both the radius and angle are determined in such a way
that by reoptimizing the remaining pole parameter and the
locations of the remaining poles, the overall criteria as given
by (5) or (6) can still be met. For each real pole, the smallest
and largest values for the radius are found in a similar manner.

The above procedure gives for the upper-half-plane pole
for each complex-conjugate pole pair for

and for and for
and for the region

where and
as illustrated in Fig. 2(a). The crosses numbered by 1, 2,
3, and 4 correspond, respectively, to the points where the
smallest radius the largest radius the smallest
angle and the largest angle are reached. Inside
this region, there is the feasible region given by the dashed
line in Fig. 2(a), where the pole can be located such that by
relocating the remaining poles, the given overall criteria are
still met by using infinite-precision arithmetic. For each real
pole for there is the corresponding region

that is simultaneously the feasible
region. In Fig. 2(b), the crosses numbered by 5 and 6 indicate

and respectively.

1There is clearly a tradeoff between the number of subfilters,K; and the
order of the subfilter; the higher is the value ofK; the lower is the order of the
subfilter. However, since the subfilter order is restricted to be an odd integer,
there are only few practical combinations for the subfilter order andK: It
is not necessary for the subfilter being an odd order elliptic filter to exactly
meet the ripple requirements. This is due to the fact that further optimization
makes the subfilters different and simultaneously improves the overall filter
performance.
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The next step is to find in the above regions those pole
locations which are achievable by implementing the adaptor
coefficients in the form of (7) with the given and the given
largest value for The dots in Fig. 2 indicate these pole
locations. Note that the distributions are very irregular due
to the desired representation form. For the complex-conjugate
pole pairs, the larger region is used since it can be found by
applying the algorithm to be described later only four times.
All what is still needed is to check whether there exists a
combination of the discrete pole positions with which the given
overall criteria are met. More details on how to effectively find
the desired finite-precision filter have been described in [27]
and [28].

The above-mentioned infinite-precision regions can be de-
termined conveniently by using the second algorithm of Dutta
and Vidyasagar [26], as shown in Appendix A. In this case,
there are problems of the form: find to
minimize subject to

(9a)

(9b)

For these problems, is for
for

and for
respectively.2

If for one section and are not equal to , then,
in addition to the poles or equivalently the adaptor coeffi-
cients, these parameters are included in the above quantization
scheme.

The proposed quantization scheme provides significant ad-
vantages over those based on the use of simulated annealing or
genetic algorithms. First of all, it is always guaranteed that the
optimum solution can be found provided that it exists. Second,
the computational workload to arrive at the optimum discrete-
valued solution is in most cases significantly smaller than in
the two above-mentioned algorithms.

V. NUMERICAL EXAMPLES

This section shows, by means of examples, the efficiency
and flexibility of the quantization scheme described in the pre-
vious section as well as the superiority of the proposed filters
over direct LWD filters in finite-wordlength implementations.
More examples can be found in [27].

A. Example 1

It is desired to design a filter with the passband and stopband
edges at and at respectively. The
maximum allowable passband ripple and the required stopband
attenuation are 0.5 dB and 100 dB
respectively.

2In these problems, the optimization is performed, using special arrange-
ments, in such a manner that the above-mentioned infinite-precision regions
are not allowed to completely overlap, thus reducing the computational
complexity of the overall quantization scheme.

TABLE I
OPTIMIZED FINITE-PRECISION ADAPTOR COEFFICIENTS

FOR THE DIRECT LWD FILTER IN EXAMPLE 1

TABLE II
OPTIMIZED FINITE-PRECISION ADAPTOR COEFFICIENTS FOR

THE CASCADE OF TWO LWD FILTERS IN EXAMPLE 1

The minimum order of a direct LWD filter to meet the
given amplitude criteria is seven.3 However, this filter just
meets the given criteria. Therefore, to allow some tolerance
for the coefficient quantization, the filter order has to be
increased to nine. Using the quantization scheme described
above, the given criteria are met by a filter with
and The optimized discrete-valued adaptor
coefficients are given in Table I. In this case, 10 fractional bits4

are needed for the adaptor coefficients. Among the solutions
satisfying the given amplitude specifications with ten fractional
bits, the one with the smallest as given by (8a), has been
selected.

For the given criteria are met by
and for Table II gives the

optimized finite-precision adaptor coefficients. In this case, all
the coefficients can be represented as two or three powers of
two, and eight fractional bits are needed. A total of only eight
adders5 are required to implement all the filter coefficients.
Among the solutions satisfying the given amplitude specifi-
cations with the smallest number of adders, the one with the
smallest as given by (8a), has been selected.

For the given criteria are met by
and for . The optimized

adaptor coefficients are given in Table III. As for
eight fractional bits are required. In this case, nine adders are

3It is well known that the odd order elliptic low-pass filter is the most
selective filter being implementable as a parallel connection of two all-pass
filters (see, e.g., [4]).

4The filter specifications cannot be satisfied using four powers of two for
the adaptor coefficients. Therefore, the coefficients are represented as fixed-
point binary numbers as�a0+�Rr=1 ar2

�r; wherear for r = 0; 1; � � � ; R

is either 0 or 1. Here,R is the number of fractional bits.
5When the adaptors shown in Fig. 9 in [4] are used, the actual multiplier to

be implemented is always positive and less than or equal to half. Therefore,
in this case, the number of adders required for implementing the adaptor
coefficients becomes smaller.



910 IEEE TRANSACTIONS ON CIRCUITS AND SYSTEMS—II: ANALOG AND DIGITAL SIGNAL PROCESSING, VOL. 46, NO. 7, JULY 1999

TABLE III
OPTIMIZED FINITE-PRECISION ADAPTOR COEFFICIENTS FOR

THE CASCADE OF FOUR LWD FILTERS IN EXAMPLE 1

Fig. 3. Some amplitude responses for the cascade of two optimized fi-
nite-precision LWD filters in Example 1. The solid and dot-dashed lines show
the responses for the overall filter and the subfilters, respectively.

Fig. 4. Pole–zero plot for the cascade of two optimized finite-precision LWD
filters in Example 1.

required to implement all the filter coefficients. Note that two
sections are identical. The solution has been selected as for
the case.

Fig. 3 shows for the design the amplitude responses
of both sections, as well as that of the overall filter. In addition,
the passband details of the amplitude response are shown for
the overall filter. The pole–zero plot for the overall design

Fig. 5. Some amplitude responses for the cascade of four optimized fi-
nite-precision LWD filters in Example 1. The solid and dot-dashed lines
show the responses for the overall filter and the subfilters, respectively. Two
subfilters are identical (the dot-dashed line with the lowest attenuation).

Fig. 6. Pole–zero plot for the cascade of four optimized finite-precision LWD
filters in Example 1.

is depicted in Fig. 4. Similar characteristics for are
shown in Figs. 5 and 6, respectively.

The above cascades of two and four low-order LWD filter
sections are very attractive for VLSI implementations, since
no general multipliers are needed. The price paid for this is a
slight increase in the overall filter order compared to the direct
LWD filter. For the order increases from nine to ten
and for from nine to twelve.

Another advantage of the proposed filters compared to the
direct LWD filter is the fact that the radius of the outermost
complex-conjugate pole pair is significantly smaller. For

and these values are 0.991 66, 0.980 28,
and 0.947 74, respectively. When using the adaptors shown in
Fig. 9 in [4], the output noise gains are 42.9, 34.3, and 30.8
dB for and respectively. This shows
that for and roughly one and two fewer bits are
required for the data representation to arrive at approximately
the same output noise level as with the corresponding direct
LWD filter. It should be pointed out that lower output noise
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TABLE IV
OPTIMIZED FINITE-PRECISION ADAPTOR COEFFICIENTS

FOR THE DIRECT LWD FILTER IN EXAMPLE 2

TABLE V
OPTIMIZED FINITE-PRECISION ADAPTOR COEFFICIENTS FOR

THE CASCADE OF FOUR LWD FILTERS IN EXAMPLE 2

values can be achieved by using other adaptor structures (see,
e.g., [24]).

B. Example 2

The criteria are the same as in Example 1 except that
the passband and stopband edges are now doubled, that is,

and This example is included to
emphasize the fact that for the specifications with larger edge
values, significantly fewer fractional bits are required for the
proposed cascade-form filters.

For the criteria are met by a filter with
and as in Example 1. Table IV gives

the optimized discrete-valued adaptor coefficients. In this case,
four powers of two with nine fractional bits are required for
the direct LWD filter.

For the given criteria are met by
and for as in Example 1. The

optimized adaptor coefficients are given in Table V. In this
case, only five fractional bits are needed compared to eight
bits required by the corresponding Example 1 filter. Again,
two sections are identical.

C. Example 3

The band edges are the same as in Example 2, that is,
and The maximum allowable passband

ripple and the required stopband attenuation are 0.02 dB
and 80 dB respectively.6

6In the case where all the�k ’s and �k ’s are equal to1=2, the filter
structure constrains the maximum of the amplitude response to be unity and
this response oscillates in the passband within 1 and1� �p: However, in the
case where for one section�k and�k are not equal to1=2; the amplitude
response can be allowed to oscillate in the passband within1��p: Therefore,
if the peak-to-peak passband ripple in decibels isAp; then for the first case,
�p is determined fromAp = �20 log

10
(1� �p): For the latter case, in turn,

�p is determined fromAp = 20 log
10
[(1 + �p)=(1� �p)]:

Fig. 7. Some amplitude responses for the cascade of four optimized fi-
nite-precision LWD filters in Example 3. The solid and dot-dashed lines
show the responses for the overall filter and the subfilters, respectively. The
uppermost dot-dashed line correspond to the section where�k and �k are
not equal to1=2.

Fig. 8. Pole–zero plot for the cascade of four optimized finite-precision LWD
filters in Example 3.

This example illustrates the usefulness of the filters where for
one section and are not equal to .

For the given criteria are met by
for and while

and for In this case, seven
fractional bits are required for the adaptor coefficients. In the
case where all the ’s and ’s are equal to six sections
with and for are required.

The amplitude responses of all the sections, as well as that
of the overall filter, are shown in Fig. 7. The pole–zero plot
for the overall filter is depicted in Fig. 8. For this design, the
second-order all-pass filter has been forced to be for the
section for which and are not equal to . Therefore,
the overall filter has a double pole at the origin.

VI. CONCLUSION

A structure consisting of a cascade of LWD filters has been
introduced for designing recursive digital filters requiring a
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high stopband attenuation. The main advantage of the proposed
filters compared to the direct LWD filters is that the poles of
the proposed structure are further away from the unit circle.
Therefore, these filters have a lower coefficient sensitivity to
coefficient quantization effects than the corresponding direct
LWD filters. Also, their noise variance due to the multiplica-
tion roundoff errors is significantly smaller.

APPENDIX A

This appendix shows how the second algorithm of Dutta
and Vidyasagar [26] can be applied to solving the constrained
nonlinear optimization problems stated in Section IV.

In order to apply the second algorithm of Dutta and
Vidyasagar to solving the problem stated in Section IV-A,
we restate it in the following form: find the parameter vector

of the filter to minimize

(A1)

subject to

(A2)

where and for

(A3)

whereas and for

(A4)

The main idea in the algorithm is to gradually findand
to minimize the following function:

(A5)

In (A5), the first summation contains only those ’s for
that are larger than Similarly, the second

summation contains only those ’s for
that are larger than zero. The ’s are the weights given by
the user. Usually they are selected to be equal. Their values
have some effect on the convergence rate of the algorithm. If

is very large, then can be found to make zero
or practically zero. On the other hand, ifis too small, then

cannot be made zero. The key idea is to find the
minimum of for which there exists such that
becomes zero or practically zero. In this case

The algorithm is carried out in the following steps.
Step 1: Set and
Step 2: Find to minimize
Step 3: Evaluate

(A6)

where is the number of the ’s satisfying
and

(A7)

Step 4: If then set
Otherwise, set Also, set

Step 5: Set and
Step 6: Set
Step 7: Find to minimize
Step 8: If or then

stop. Otherwise, go to the next step.
Step 9: If then go to Step 3. Otherwise, if

then stop. If none is true, then set
and go to Step 7.

In the above algorithm, we have used
A very crucial issue to arrive at least at a local optimum

is to perform optimization at Steps 2 and 7 effectively. We
have used the Fletcher–Powell algorithm [29]. When applying
the Fletcher–Powell algorithm the partial derivatives of the
objective function with respect to the unknowns are needed.
Another very crucial issue is to find good starting point values
for the elements of the adjustable vectorThe effectiveness
of the above algorithm lies in the fact that at Steps 2 and
7 it exploits a criterion closely resembling the one used in
the least-mean-square optimization. This guarantees that the
objective function is well behaved.

In the case of the optimization problem of Section IV-B,
we restate it as: find and the parameter vectorof the filter
to minimize

(A8)

subject to

(A9)

where and for

(A10)

and for

(A11)

In this case, the objective function under consideration is given
by

(A12)

The target is to find and in such a way that the above
function becomes zero with the minimum value of
The algorithm can be carried out as described above. The main
difference is that now a single parameterbeing related to
one of the elements of the adjustable parameter vectoris
desired to be minimized subject to the given constraints on

APPENDIX B

This appendix shows how a good initial filter can be
generated for the case where for

and all the sections are of the same
order. The details can be found in [27]. The desired overall
filter can be found using the following procedure:
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Step 1: Determine the value of in the following transfer
function

(B1)

such that the maximum of achieves the value of unity.
Select and

Step 2: Find the largest frequency point, denoted by
such that for and the smallest
frequency point, denoted by such that for

Step 3: The amplitude response of the overall filter stays
within 1 and in the passband region and is less
than or equal to in the stopband region by selecting
the ’s and ’s as follows. First, all the subfilters
are made identical, that is, and
for Second, it is required that the amplitude
response of stays in the same passband within
the limits 1 and where

(B2)

and in the same stopband within the limits zero andwhere

(B3)

at Step 3 can be found by simply design-
ing a minimum odd order elliptic filter that roughly7 meets
the above specifications and is implementable as a parallel
connection of two all-pass filters.
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