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Abstract
It has been shown by Renfors and Saramäki that if the phase linear-
ity is not required, then the single-stage and multistage decimators
and interpolators based on the use of the so-called recursive N th-
band filters provide the lowest computational complexities among
the existing decimators and interpolators. This paper describes an
efficient algorithm for designing these decimators and interpolators
for both the single-stage or multistage implementations in such a
way that the resulting filters become multiplierless with short co-
efficient wordlength. For single-stage filters, the coefficient opti-
mization is performed in two steps. First, a nonlinear optimization
algorithm is used for determining a parameter space of the infinite-
precision coefficients including the feasible space, where the filter
meets the given criteria. The second step involves finding the filter
parameters in this space so that the resulting filter meets the given
criteria with the simplest coefficient representation forms. For mul-
tistage decimators and interpolators, these two steps are performed
independently for each filter stage by properly sharing their atten-
uation responsibilities. This considerably reduces the overall op-
timization time. An example is included in order to illustrate the
benefits of the proposed synthesis scheme.

1 Introduction

WHEN using a custom or a semi-custom integrated circuit or
a programmable logic device for practically implementing

a digital filter, the silicon area, the computational complexity, the
power consumption, and the maximal achievable sampling rate is
highly dependent on the coefficient wordlength. Therefore, the
wordlength should be as short as possible but still sufficient to sat-
isfy the given filter specifications. In addition, in highly customized
very large-scale integration (VLSI) implementations, the general
multiplier element is very costly. Therefore, it is beneficial to carry
out the multiplication of a data sample by each filter coefficient
value using a sequence of shifts and adds and/or subtracts [1]–[4].
The shifts are often hardwired and, therefore, essentially free. Thus,
only a few adders and/or subtracters are required for implementing
each coefficient. Such an implementation is usually called “multi-
plierless”.

In order to generate multiplierless filter implementations, it is
very essential that a digital filter is realized using a low-sensitivity
structure being very insensitive to variations in the filter coefficients.
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a postdoctoral research grants from the Academy of Finland, project Nos. 75492 and
105823.

PSfrag replacements

A0(z
N )

A1(z
N )

A2(z
N )

AN−1(z
N )

x(n) y(n)

z−1

z−2

z−(N−1)

1/N

Figure 1. The polyphase structure.

The importance of such a structure is that if the effect of the coef-
ficient value deviation from the ideal value is small, then short co-
efficient wordlengths can be used with only slightly violating the
infinite-precision filter specifications, thereby resulting in a faster,
smaller, and less expensive hardware [5].

The best structures for implementing decimation and interpola-
tion filters in the case where the phase linearity is not important, are
the so-called recursive N th-band filters [6]–[8].1 This structure is
based on the polyphase decomposition of the overall transfer func-
tion into a set ofN (N is the sampling rate alteration ratio) subfilters
An(zN ) such that the transfer function H(z) can be restated as

H(z) =
1

N

N−1X

n=0

z−nAn(zN ), (1a)

where the transfer functions An(z) for n = 0, 1, . . . , N − 1 are the
following cascades of first-order stable all-pass transfer functions:

An(z) =

KnY

l=1

−r
(n)
l + z−1

1 − r
(n)
l z−1

. (1b)

The transfer function of Eq. (1a) corresponds to the structure shown
in Fig. 1. When this structure is used for decimation or interpola-
tion purposes, the branch filtersAn(zN ) can be realized at the lower
sampling rate, thus reducing the arithmetic workload by a factor of
N , as described in Figs. 2(a) and 2(b), respectively. In these fig-
ures, the highly efficient commutative structures [10] are used. The
all-pass sections can also be implemented as wave digital all-pass
structures, that have an inherently good dynamic range due to their

1It is also possible to design recursive N th-band filters to have an approximately
linear phase response in the passband [6], [9]. These filters require significantly higher
computational complexities than the corresponding nonlinear-phase N th-band filters,
but they compare favorably with conventional finite-impulse response filters.
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Figure 2. Commutative structures for polyphase filters. (a) N -to-1
decimator. (b) 1-to-N interpolator.

close relation to the continuous-time doubly terminated lossless net-
works [11]. The parallel connection of all-pass filters realized using
such wave digital all-pass sections have also an extremely low pass-
band sensitivity due to the structural passivity property [11]. Fet-
tweis and others [5], [11], [12] have also shown that the parallel all-
pass filters have other desirable properties, such as immunity from
limit cycle oscillations due to the overflow or granularity oscilla-
tions.

Recursive N th-band filters suffer from the drawback that, in the
decimation case, their stopband cutoff frequency must be selected
higher than half the output sampling rate, which causes aliasing
into the transition band. In the interpolation case, this causes the
corresponding imaging effects. If these effects can be tolerated
and a linear-phase performance is not required, then these recur-
sive polyphase filters require the lowest computational complexities
among the known decimators and interpolators. From a computa-
tional point of view, it is also desirable to use a multistage interpola-
tors and decimators, instead of using a single-stage realization. The
design of recursiveN th-band filters and their use for decimation and
interpolation has been discussed in detail in [6].

This paper describes an efficient algorithm for designing both
single-stage and multistage interpolators and decimators based
on the use of recursive N th-band filters with short coefficient
wordlength. This algorithm is based on the following observation:
Finding the smallest and largest values for the radius of each real
pole for all the branch filters so that the given criteria are still met
by reoptimizing the remaining poles of the overall filter enables
one to find a parameter space including the feasible space where
the filter specifications are satisfied. After determining this larger
space, all what is needed is to check whether in this space there ex-
ist the desired discrete values for the coefficient representations. For
single-stage filters, the above steps have to be carried out only once,
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Figure 3. (a) A general implementation form for an N -to-1 decima-
tor. (b) Its single-stage equivalent.

whereas for multistage decimators and interpolators, these two steps
are performed independently for each filter stage by properly shar-
ing their attenuation responsibilities. An example is included for
illustrating the efficiency of the proposed synthesis scheme.

2 Single-Stage Decimators and Interpolators

The overall frequency response for the recursive N th-band filter, as
given by Eqs. (1a) and (1b), can be written as

H(ejω) =
1

N

N−1X

n=0

ejθn(ω), (2a)

where
θn(ω) = −nω + arg[An(ejNω)] (2b)

is the phase response of the nth branch all-pass filter. Consequently,
the magnitude is limited by |H(ejω)| ≤ 1.

3 Multistage Recursive Decimators and Interpolators

Due to the duality between interpolators and decimators, the discus-
sion in this paper will be concentrated on designing decimators. If
the sampling rate conversion ratio can be factored into the product

N =
IY

i=1

Ni, (3)

where N1, N2, . . . , NI are integers, the decimation can be imple-
mented using I stages as shown in Fig. 3(a). An equivalent single-
stage implementation is shown in Fig. 3(b) [6]. Hence, the transfer
function of this implementation can be written in the following no-
tationally simplified form:

H(z) =
IY

i=1

Hi(z
eNi ), (4a)

where

eN1 = 1, and eNr =
r−1Y

i=1

Ni for r = 2, 3, . . . , I. (4b)

The amplitude response of the overall filter is thus

|H(ejω)| =

IY

i=1

Hi(e
j eNiω). (5)



4 Statement of the Problem

Before stating the optimization problem, the transfer function of the
overall filter is denoted by H(Φ, z), where Φ is the following ad-
justable parameter vector:

Φ =
h
r
(0)
1 , . . . , r

(0)
K0
, r

(1)
1 , . . . , r

(1)
K1
, . . . , r

(N−1)
1 , . . . , r

(N−1)
KN−1

i
(6)

for the single-stage transfer function, as given by Eqs. (1a) and (1b).
For multistage implementation, the transfer functions of the sub-
stages are denoted by Hi(Φi, z)’s, where Φi for i = 1, 2, . . . , I are
the corresponding parameter vectors of the substages, whereas

Φ = [Φ1, Φ2, . . . , ΦI ] (7)

is the overall adjustable parameter vectors.
If the desired sampling rate alteration factor is N , then the re-

quirements for the decimation filter can be stated as

1 − δp ≤ |H(Φ, ejω)| ≤ 1 for ω ∈ [0, ωp] (8a)

|H(Φ, ejω)| ≤ δs for ω ∈ Ωs, (8b)

where ωp < π/N and the selection of the stopband region Ωs de-
pends on whether or not aliasing is allowed into the transition band
of the filter. Due to the properties of recursive N th-band filters for
N > 2, it is not possible to make the stopband region continuous
near the frequencies 3π/N , 5π/N , 7π/N , etc [6]. Therefore, in ad-
dition to the transition band of width 2(π/N − ωp) and centered
at ω = π/N , these filters have don’t care bands of the same width
and centered at ω = 3π/N, 5π/N, · · · (see Fig. 6). In this case,
the stopband covers only those frequencies which are aliased into
the passband in the decimation case. If necessary, the continuous
stopband region starting at π/N can be achieved by cascading the
decimator with an additional filter stage working at the output sam-
pling rate [6].

This contribution considers only the case when aliasing is allowed
into the transition band [ωp, π/N ]. In this case, the stopband region
is given as

Ωs =

bN/2c[

k=1

"
k

2π

N
− ωp, min

“
k

2π

N
+ ωp, π

”#
. (9)

The detailed description on how to determine the stopband regions
for each filter stage in the multistage implementation is given in [6].

Alternatively, the criteria for the recursiveN th-band filters can be
expressed as

E(Φ, ω) = |H(Φ, ejω)| − δs ≤ 0 for ω ∈ Ωs. (10)

These specifications are typical of recursive N th-band filters built
using all-pass filters as building blocks. In these cases, the filter
structure constrains the minimum value of the squared-magnitude
response in the passband region to be at least 1 − (N − 1)ε, where
ε is the maximum value of the squared-magnitude response in the
stopband region [6]. Consequently, the passband ripple is very small
and the design of N th-band filters can concentrate on the stopband
region.

The stability of the resulting filter is guaranteed if the poles of the
all-pass sections An(z)’s, as given by Eq. (1b), lie inside the unit

circle, that is, it is required that for l = 1, 2, . . . , Kn and for n =
0, 1, . . . , N − 1

|r
(n)
l | < 1. (11)

This contribution concentrates on coefficient quantization in
fixed-point arithmetic. In many hardware or VLSI implementations,
it is attractive to carry out the multiplication of a data sample by
a filter coefficient value using a sequence of shifts and adds and/or
subtracts. For such a purpose, it is desired to express the coefficient
values in the form

RX

r=1

ar2
−Pr , (12)

where each ar is either 1 or −1 and the Pr’s are nonnegative in-
tegers in the increasing order. The goal is to find all the coeffi-
cient values so that, first, R, the number of powers-of-two terms, is
made as small as possible and, second, PR, the maximum number
of shifts, is made as small as possible. For this purpose, it is at-
tractive to use the canonic-signed-digit (CSD) representation. This
representation is characterized by the fact that no two consecutive
digits ar are both nonzero, that is, for the minimal R, arar+1 = 0
for r = 1, 2, . . . , R − 1. In the sequel, CSD(R, PR) denotes the
space of the CSD numbers with the maximum number of power-of-
two terms and the maximum number of fractional bits being R and
PR, respectively.

A reasonable estimate for the cost for the hardware and VLSI
implementations of the structure of Fig. 1 is the number of adders
and/or subtracters required to implement all the filter coefficients.

The optimization problem under consideration is the following:
Optimization Problem: Given ωp, N , I , and δs, find Kn’s for all

the filter stages and the parameter vector Φ in such a manner that,
first, the criteria of Eq. (8) [or Eq. (10)] and Eq. (11) are met after
quantizing the filter coefficient values corresponding to the param-
eters included in Φ to achieve the above-mentioned form for their
representations and, then, the above implementation cost is mini-
mized.

5 Filter Optimization

For the single-stage decimators, the solution to the stated optimiza-
tion problem can be found in the following two steps. In the first
step, the smallest and largest values are determined for each ad-
justable parameter by reoptimizing the remaining unknowns in the
parameter vector in such a manner that the given specifications are
met. This enables one to find the parameter space of the infinite-
precision coefficients including the feasible space where the filter
meets the specifications. The second step involves finding the filter
parameters in this space so that the resulting filter meets the given
criteria with the simplest coefficient representation forms. For mul-
tistage decimators, it is beneficial to perform the above-mentioned
steps independently for each filter stage in order to reduce the com-
putational burden.2

5.1 Optimization of Infinite-Precision Filters

It has turned out that a very straightforward quantization scheme for
the filter coefficients is obtained as follows: For each real pole, the
smallest and largest values for the radius are determined so that by

2It should be pointed out that the stopband attenuation of the multistage decimators
can be only slightly improved by simultaneously optimizing all the filter stages.
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Figure 4. Magnitude responses for (a) the initial infinite-precision and (b) the optimized finite-precision three-stage eighth-band decimator.
The solid line gives the magnitude response for the single-stage equivalent H1(z)H2(z2)H3(z4), whereas the dotted, dot-dashed, and dashed
lines give the responses for H1(z), H2(z2), and H3(z4), respectively.

reoptimizing the locations of the remaining poles the given overall
criteria, as given by Eq. (8) [or Eq. (10)] and Eq. (11) can still be
met.

The above procedure gives for each real pole r
(n)
l for l =

1, 2, . . . , Kn and for n = 0, 1, . . . , N − 1, the region r(n)(min)
l ≤

r
(n)
l ≤ r

(n)(max)
l that is the feasible region, where the pole can be

located such that by relocating the remaining poles the given overall
criteria are still met by using infinite-precision arithmetic. In order
to simplify the overall synthesis scheme, this procedure is carried on
independently for all the filter stages.

In order to find the above-mentioned regions for all the poles,
there are

2
N−1Y

n=0

Kn (13)

problems of the following form: Find the adjustable parameter
vector Φ to minimize ψ subject to the conditions of Eq. (8) [or
Eq. (10)] and Eq. (11). For these problems, ψ is r(n)

l and −r
(n)
l

for l = 1, 2, . . . , Kn and for n = 0, 1, . . . , N − 1.
To solve these problems, the stopband region is discretized into

the frequency points ωi ∈ Ωs, i = 1, 2, . . . , Ls. The resulting dis-
crete minimization problem is to find Φ to minimize ψ subject to

E(Φ, ωi) ≤ 0 for i = 1, 2, . . . , Ls (14)

and the constraints of Eq. (11).
The above-mentioned problems can be conveniently solved by us-

ing the second algorithm of Dutta and Vidyasagar [13] or the func-
tion fmincon from the optimization toolbox provided by Math-
Works, Inc. [14]. For more details, see [15].

5.2 Optimization of Finite-Precision Filters

It has been experimentally proved that the parameter space defined
above forms a space including the feasible space where the filter
specifications are satisfied. After finding this larger space, all what
is needed is to check whether in this space there exist combinations
of the discrete pole positions with which the given overall criteria
are met.

This search can be done in a straightforward manner by first
finding the sets of CSD numbers Γ

(n)
l for l = 1, 2, . . . , Kn and

for n = 0, 1, . . . , N − 1 between the smallest and largest val-
ues of each filter coefficient, that is, for l = 1, 2, . . . , Kn and for
n = 0, 1, . . . , N − 1

n
Γ

(n)
l ∈ CSD(R,PR)

˛̨
r
(n)(min)
l ≤ Γ

(n)
l ≤ r

(n)(max)
l

o
, (15)

where CSD(R,PR) denotes the space of CSD numbers [cf. Eq. (12)].
The magnitude response is then evaluated for each combination of
Γ

(n)
l ’s in order to check whether the filter meets the given specifica-

tions.

6 Illustrative Example

This example is included to illustrate the performance of the pro-
posed overall synthesis scheme. It is desired to design a eighth-
band filter with the passband edge at ωp = 0.0785π = 0.628π/8.
The minimum required stopband attenuation is 60 dB (δs = 10−3).
In this case, the stopband region, as given by Eq. (9), is Ωs =
[0.1715π, 0.3285π]∪ [0.4215π, 0.5785π] ∪[0.6715π, 0.8285π]∪
[0.9215π, π], that is, the aliasing into to the transition band
[0.0785π, 0.125π] is allowed from the bands [0.3285π, 0.4215π],
[0.5785π, 0.6715π], and [0.8285π, 0.9215π].

For the three-stage design, the only alternative to factor the sam-
pling rate conversion ratio is N1 = N2 = N3 = 2 ( eN1 = 1, eN2 =
2, and eN3 = 4), that is, the overall filter is a cascade of three half-
band filters. In this case, the last stage H3(z

4) provides the attenu-
ation on region Ωs = [0.1715π, 0.3285π] ∪ [0.6715π, 0.8285π],
the second stageH2(z

2) on Ωs = [0.4215π, 0.5785π], and the first
stage H1(z) on Ωs = [0.9215π, π]. The minimum number of mul-
tipliers for Hi(z

eNi ) for i = 1, 2, 3 to meet the given criteria are
K(1) = 1, K(2) = 2, and K(3) = 3, respectively.

The initial infinite-precision N th-band subfilters can be deter-
mined by utilizing the design algorithm described in [6]. The
initial coefficient values for H3(z

4) are r
(0)
1 = −0.085 523,

r
(0)
2 = −0.718 273, and r(1)1 = −0.326 452, for H2(z

2) r
(0)
1 =

−0.116 797 and r(1)1 = −0.548 630, whereas for H1(z) r
(0)
1 =

−0.338 473. The stopband attenuations for the initial substages
H3(z

4), H2(z
2), and H1(z) are 73.21 dB, 83.97 dB, and 66.45

dB, respectively. The magnitude responses for the initial infinite-
precision substages as well as for the single-stage equivalent are



Table 1: The smallest and largest infinite-precision coefficient
values for the subfilters H3(z4), H2(z2), and H1(z) in Example.

r
(0)(min)
1 = −0.111 647 r

(0)(max)
1 = −0.057 811

H3(z4) r
(0)(min)
2 = −0.771 093 r

(0)(max)
2 = −0.681 117

r
(1)(min)
1 = −0.395 188 r

(1)(max)
1 = −0.268 425

H2(z2)
r
(0)(min)
1 = −0.156 770 r

(0)(max)
1 = −0.082 365

r
(1)(min)
1 = −0.618 978 r

(1)(max)
1 = −0.489 915

H1(z) r
(0)(min)
1 = −0.341 785 r

(0)(max)
1 = −0.336 582

shown Fig. 4(a), whereas the pole-zero plot for the single-stage
equivalent of the initial filter is shown in Fig. 5(a). In Fig. 4(a),
the hatched bars indicate both the stopband region and the required
attenuation for the overall decimator.

The smallest and largest values for the coefficients of the sub-
stages H3(z

4), H2(z
2), and H1(z) after the infinite-precision op-

timization of Subsection 5.1 are shown in Table 1. The overall
CPU-time required for solving all these infinite-precision optimiza-
tion problems is approximately ten seconds when using a MATLAB

code running on a 1.4 GHz Pentium-M. The number of discrete fre-
quency points wereLs = 200, Ls = 100, and Ls = 50 forH3(z

4),
H2(z

2), and H1(z
2), respectively.

For this overall filter, the maximum number of power-of-two
terms required to implement all the filter coefficients is four (R =
4), whereas eight fractional bits (PR = 8) are required to meet the
magnitude specifications. For this coefficient representation form,
the number of discrete coefficient values between the smallest and
largest values for the coefficients of H3(z

3) is 14, 21, and 33,
that is, the number of coefficient combinations for the first stage
is 14 ·21 ·33 = 9702. The number of discrete coefficient values be-
tween the smallest and largest values for the coefficients of H2(z

2)
are 19 and 33, that is, the number of coefficient combinations for the
second stage is 627. For the first stage, there exists only one discrete
coefficient value between the smallest and largest values of the co-
efficient. The CPU time required when using a Fortran 95 program
on a 500 MHz AlphaServer DS20 to evaluate all these combinations
with Ls = 100 was less than one second.

The number of adders and/or subtracters required to implement
all the coefficients is nine. The optimized finite-precision coeffi-
cients values are shown in Table 2, whereas the magnitude responses
for the substages as well as for the single-stage equivalent are de-
picted in Fig. 4(b). The passband and stopband ripples for the op-
timized finite-precision overall filter are δp = 4.9184 · 10−7 and
δs = 0.9766 · 10−3 (60.21 dB), respectively.

The best two-stage design is obtained with the decimation ratios
N1 = 4 and N2 = 2 ( eN1 = 1 and eN2 = 4). The minimum num-
ber of multipliers forHi(z

eNi) for i = 1, 2 to meet the given criteria
are K(1) = 6 and K(2) = 3, respectively. The stopband attenu-
ation for the initial filter is 0.9792 · 10−3 (60.18 dB). The overall
specifications are satisfied by R = 4 and PR = 7. The optimized
finite-precision coefficients values for the first stage are shown in
Table 3. The optimized coefficient values for the last stage are the
same as for the last stage for the three-stage design. In this case,
the number of adders and subtracters required to implement all the
coefficients is eight. The passband and stopband ripples for the op-

Table 2: Optimized finite-precision coefficient values for the
three-stage eighth-band filter.

r
(0)
1 = −0.078 125 00 = −2−4

− 2−6

H3(z4) r
(0)
2 = −0.710 937 50 = −1 + 2−2 + 2−5 + 2−7

r
(1)
1 = −0.312 500 00 = −2−2

− 2−4

H2(z2)
r
(0)
1 = −0.125 000 00 = −2−3

r
(1)
1 = −0.562 500 00 = −2−1

− 2−4

H1(z) r
(0)
1 = −0.339 843 75 = −2−1 + 2−3 + 2−5 + 2−8

Table 3: Optimized finite-precision adaptor coefficients for the
first stage of the two-stage eighth-band decimator. The opti-
mized coefficient values for the last stage are the same as for
the last stage of the three-stage eighth-band decimator.

r
(0)
1 = −2−6 r

(0)
2 = −2−1

− 2−5

H1(z)
r
(1)
1 = −2−4 r

(1)
2 = −1 + 2−2

r
(2)
1 = −2−3

r
(3)
1 = −2−2

− 2−4

Table 4: Optimized finite-precision adaptor coefficients for the
single-stage eighth-band decimator.

r
(0)
1 = −2−6

− 2−8 r
(0)
2 = −2−1

− 2−5

r
(1)
1 = −2−4 + 2−6 r

(1)
2 = −2−1

− 2−3

r
(2)
1 = −2−4

− 2−6 r
(2)
2 = −1 + 2−2 + 2−5

r
(3)
1 = −2−3 + 2−8 r

(3)
2 = −1 + 2−2

− 2−4 + 2−8

r
(4)
1 = −2−2 + 2−4 + 2−7 r

(4)
2 = −1 + 2−3

− 2−8

r
(5)
1 = −2−2 + 2−7 r

(5)
2 = −1 + 2−4

− 2−6 + 2−8

r
(6)
1 = −2−2

− 2−4
− 2−7

r
(7)
1 = −2−1 + 2−4 + 2−8

Table 5: Summary of filter designs.

NM NA NO δp δs

Three-stage 6 9 45 4.918 · 10−7 0.977 · 10−3

Two-stage 9 8 61 1.072 · 10−6 0.976 · 10−3

Single-stage 14 23 140 1.703 · 10−6 0.979 · 10−3

timized filter are δp = 1.0724 ·10−6 and δs = 0.9762 ·10−3 (60.21
dB), respectively.

For the single-stage design, that is, for an eighth-band filter, the
minimum number of multipliers, K, required to meet the specifi-
cations is 14. For this design, Ki = 2 for i = 0, 1, . . . , 5 and
K6 = K7 = 1. The stopband attenuation of the initial filter is 60.84
dB. Again, the specifications are met by R = 4 and PR = 8. The
optimized finite-precision coefficients values are shown in Table 4.
In this case, the number of adders and subtracters required to imple-
ment the overall filter is 23. The passband and stopband ripples for
the optimized filter are δp = 1.7033 · 10−6 and δs = 0.9792 · 10−3

(60.18 dB), respectively. The magnitude responses for the finite-
precision single-stage decimator is depicted in Fig. 6.

The summary of the decimator designs is shown in Table 5. In
this table,NM,NA, andNO give the number of multipliers, number
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Figure 5. Pole-zero plot for (a) the initial infinite-precision and (b) optimized finite-precision three-stage eighth-band decimator.
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Figure 7. Pole-zero plot for the optimized finite-precision single-
stage eighth-band decimator.

of adders and subtracters, and the overall order of the single-stage
equivalent, respectively.
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