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Abstract — In very large-scale integration (VLSI) implementa-
tions of infinite-impulse response (IIR) filters, the maximal achiev-
able sampling rate is limited by the ratio between the number of
delay elements and the latency of the arithmetic operations in the
critical recursive loop. One alternative to increase the maximal
sampling rate is to use the so-called pipelined IIR filters, where
some first coefficients in the filter denominator are forced to be
zero, increasing the number of delays in the critical loop. Typi-
cally, pipelined filters are generated from conventional IIR filters
with the aid of proper transformations. The purpose of this paper
is twofold. First, an efficient optimization technique is proposed
for improving the performance of the transformed pipelined fil-
ters. Second, the latency is decreased by optimizing the filter co-
efficients, with the aid of another algorithm, to have very simple
finite-precision forms, thereby increasing the sampling rate even
further. The advantages of the proposed algorithms are illustrated
by means of an example taken from the literature.

Index Terms — Optimization, pipelined recursive digital filters,
IIR filters, multiplierless design, common subexpression elimi-
nation, VLSI implementations, clustered look-ahead transforma-
tion.

1 Introduction

IN general, infinite-impulse response (IIR) digital filters re-
quire much lower orders to achieve the given magnitude

specifications than their finite-impulse response (FIR) coun-
terparts, especially in cases requiring narrow transition bands.
However, the maximum achievable sampling rate in very
large-scale integration (VLSI) implementations of the IIR fil-
ters is limited by the ratio between the number of delay ele-
ments and the latency of the arithmetic operations in the criti-
cal feedback loop [1]. Hence, there exist two techniques for in-
creasing the maximal sampling rate. The first one is to increase
the number of delay elements in the critical loop, whereas the
second one is to decrease the latency to perform the arithmetic
operations in this loop.

Up to now, two methods have been proposed for generat-
ing filters with several delay elements in their recursive loops,
namely, transformation techniques [2, 3] and special filter de-
sign techniques with certain constraints on the transfer func-
tion. One attractive approach, belonging to the latter of these
methods, is to use frequency-masking techniques [4–6]. In
these techniques, the overall filter is constructed using several
subfilters where, instead of an unit delay, a block delay larger
than a unit delay is used as the basic delay element. This con-
tribution concentrates on the former of these two methods. In
these techniques, the original transfer function is transformed
into a new transfer function by adding several cancelling pole-
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zero pairs. The number of cancelling pole-zero pairs depends
upon the transformation technique employed.

This contribution shows how to optimize, with the aid of the
two-step procedure described in [7], the magnitude response
of the pipelined IIR filters obtained using the transformation
techniques [2, 3, 8–18]. As a first step, a pipelined IIR filter is
used as a start-up solution for the second step, where the mag-
nitude response is further improved with the aid of a proper
nonlinear optimization algorithm. The ability of improving the
magnitude response lies in the fact that by separating the can-
celling pole-zero pairs gives extra degrees of freedom. The ad-
ditional design margin can be allocated, e.g., for maximizing
the stopband attenuation. Alternatively, it is possible to min-
imize the radius of the outermost pole, resulting in a smaller
output roundoff noise due to multiplication errors. In addition,
the proposed approach does not rely on the pole-zero cancel-
lation. In finite-wordlength implementations, the inexact pole-
zero cancellation will lead to errors in the realized spectrum
and a time-variant behavior [19–21].

Furthermore, this contribution describes an algorithm for
optimizing the filter coefficients to be expressible in very sim-
ple finite-precision representation forms, thereby decreasing
the latency of the arithmetic operations. This results in a
further increase in the maximal allowable sampling rate. If
desired, an excess speed can also be traded for low power
consumption through the use of power-supply voltage-scaling
techniques [22].

2 Transformation Techniques

Transformation techniques generating high-speed IIR filters
can be broadly classified into two categories, namely, clustered
look-ahead (CLA) [8–10, 12, 16] and scattered look-ahead
(SLA) [8, 15, 19, 23] transformations. The former technique
will generally result in a lower computational complexity. It
can be applied only for generating direct-form structures that
generally share some poor finite-wordlength properties, such
as a reasonably high coefficient sensitivity and a high output
roundoff noise. In addition, the inexact pole-zero cancellation
may increase the coefficient sensitivity even further. In the
sequel, we concentrate on the optimization of only the high-
speed IIR filters generated using CLA transformations. How-
ever, the proposed algorithm can be easily modified for opti-
mizing also IIR filters obtained using SLA transformations.

In general, CLA transformation techniques involve the aug-
mentation of an unpipelined stable filter described by

Ĥ(z) =
A(z)

B(z)
=

∑N
k=0 akz

−k

1 +
∑N

k=1 bkz
−k

(1)

into the form

H(z) =
C(z)

D(z)
=
A(z)Q(z)

B(z)Q(z)
=

∑P
k=0 ckz

−k

1 +
∑P

k=M dkz−k
, (2)
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whereM is the number of pipeline stages in the feedback loop.
If the order of Q(z) is K, then C(z) as well as D(z) are of
order P = N +K. In most cases, M < K. The role of the
cancelling pole-zero pairs determined by Q(z) is to make the
coefficients dk ofD(z) for k = 1, 2, . . . ,M−1 equal to zero,
resulting in a pipelined filter with M stages of pipelining. In
order to guarantee the stability of H(z), the roots included in
Q(z) must stay inside the unit circle. Since the firstM −1 co-
efficients are zero-valued, the speedup factor of the resulting
pipelined filter is roughly equal to M .

3 Optimization Problem

This section states the optimization problem for designing
pipelined IIR filters with the transfer function given by Eq. (2).
In this problem, the stopband attenuation is maximized subject
to the constraint that in the passband the amplitude response of
H(z) stays within the same limits as that of Ĥ(z) as given by
Eq. (1). Efficient algorithms are then described for solving this
problem.

3.1 Statement of the problem

For optimization purposes, it is beneficial to rewrite H(z), as
given by Eq. (2), as a cascade of first- and second-order sec-
tions as follows:

H(z) = k0

I0∏
k=1

1 + a0kz
−1

1 + b0kz−1

I1∏
k=1

1 + a1kz
−1 + a2kz

−2

1 + b1kz−1 + b2kz−2
, (3)

where I0 and I1 are the number of first- and second-order sec-
tions, respectively, such that P = I0 + 2I1 and k0 is a mul-
tiplicative constant for adjusting the desired level for the pass-
band.

If C(z) possesses I0 real zeros at z = r
(zr)
k for

k = 1, 2, . . . , I0 and I1 complex-conjugate zero pairs at
r
(zc)
k exp(±jθ(zc)k ) for k = 1, 2, . . . , I1 and D(z) pos-

sesses I0 real poles at z = r
(pr)
k for k = 1, 2, . . . , I0

and I1 complex-conjugate poles at r(pc)
k exp(±jθ(pc)

k ) for
k = 1, 2, . . . , I1, then

a0k = −r(zr)k and b0k = −r(pr)
k (4a)

for k = 1, 2, . . . , I0 and

a2k = (r
(zc)
k )2, a1k = −2r

(zc)
k cos θ

(zc)
k , (4b)

b2k = (r
(pc)
k )2, and b1k = −2r

(pc)
k cos θ

(pc)
k (4c)

for k = 1, 2, . . . , I1.
The squared-magnitude response of H(z) is obtained by

substituting z = ejω in H(z)H(1/z), yielding

|H(Φ, ejω)|2 = k2
0
|F1(ω)|2|F2(ω)|2
|G1(ω)|2|G2(ω)|2 , (5a)

where

|F1(ω)|2 =

I0∏
k=1

[
1−2a0k cosω+a2

0k

]
, (5b)

|F2(ω)|2 =

I1∏
k=1

[(
(1+a2k) cosω+a1k

)2
+(1−a2k)2 sinω2

]
,

(5c)

|G1(ω)|2 =

I0∏
k=1

[
1−2b0k cosω+b20k

]
, (5d)

|G2(ω)|2 =

I1∏
k=1

[(
(1+b2k) cosω+b1k

)2
+(1−b2k)2 sinω2

]
,

(5e)

and

Φ =
[
k0, a0k, . . . , a0I0 , a1k, . . . , a1I1 , a2k, . . . , a2I1 ,

b0k, . . . , b0I0 , b1k, . . . , b1I1 , b2k, . . . , b2I1

]
(6)

is the adjustable parameter vector containing the filter param-
eters.

The amplitude specifications are stated as follows:

1 − δp ≤ |H(Φ, ejω)| ≤ 1 + δp for ω ∈ [0, ωp] (7a)

|H(Φ, ejω)| ≤ δs for ω ∈ [ωs, π], (7b)

where
|H(Φ, ejω)| =

√
|H(Φ, ejω)|2. (7c)

In order to the ensure the stability, all the poles must lie in-
side the unit circle. This implies that

|b0k| ≤ 1 for k = 1, 2, . . . , I0 (8a)

and b1k and b2k for k = 1, 2, . . . , I1 lie in the triangular region
defined by

b1k − b2k ≤ 1, −b1k − b2k ≤ 1, and b2k ≤ 1. (8b)

Note that these constraints are linear with respect to the design
parameters.

The resulting denominator polynomial D(z) is obtained by
convolving the first- and second-order sections as follows:

D(z) = 1 + d1z
−1 + · · · + dP z

−P

= (1 + b01z
−1) ∗ · · · ∗ (1 + b0I0z

−1)

∗ (1 + b11z
−1 + b21z

−2) ∗ · · ·
∗ (1 + b1I1z

−1 + b2I1z
−2). (9)

The optimization problem under consideration is the fol-
lowing:

Optimization problem: Given ωp, ωs, P = I0 + 2I1, and
δp, as well as M , the number of pipelining stages in the feed-
back loop, find the adjustable parameter vector Φ, as given
by Eq. (6), to minimize on [ωs, π] the peak absolute value of
H(Φ, ω), as given by

δs = max
ωs≤ω≤π

|H(Φ, ejω)|, (10a)

subject to conditions of Eqs. (7a), (8), and

dk = 0 for k = 1, 2, . . . ,M − 1. (10b)

3.2 Optimization Algorithm

To solve this problem, we discretize the passband and stop-
band region into the frequency points ωi ∈ [0, ωp] for i =
1, 2, . . . , Lp and ωi ∈ [ωs, π] for i = Lp+1, Lp+2, . . . , Lp+
Ls. The resulting discrete optimization problem is to find Φ to
minimize

δ̂s = max
Lp+1≤i≤Lp+Ls

fi(Φ) (11a)
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subject to conditions

hi(Φ) ≤ 0 for i = 1, 2, . . . , Lp, (11b)

gk(Φ) = 0 for k = 1, 2, . . . ,M − 1, (11c)

and

ek(Φ) = 0 for k = 1, 2, . . . , 2I0 + 3I1, (11d)

where

fi(Φ) =
∣∣H(Φ, ejωi)

∣∣, (11e)

hi(Φ) =
∣∣∣∣∣H(Φ, ejωi)

∣∣ − 1
∣∣∣ − δp, (11f)

gk(Φ) = dk, (11g)

and

ek(Φ) =




b0k − 1 for k = 1, . . . , I0

−b0k − 1 for k = I0 + 1, . . . , 2I0

b1k − b2k − 1 for k = 2I0 + 1, . . . , 2I0 + I1

−b1k − b2k − 1 for k = 2I0 + I1 + 1, . . . ,

2I0 + 2I1

−b2k − 1 for k = 2I0 + 2I1 + 1, . . . ,

2I0 + 3I1.
(11h)

The above-mentioned optimization problem can be solved
using any of the three alternatives considered in Section 3
in [7]. Among these methods, the algorithm based on the use
of sequential quadratic programming (SQP) methods is very
efficient due to linearity of the constraints of Eq. (8). The
convergence of the above algorithm to the optimum solution
implies rather good initial values for the unknowns. A good
initial starting-point filter for further optimization can be gen-
erated with the aid of the algorithm proposed by Lim and Liu
in [12].

4 Numerical Examples

This section shows, by means of an example taken from the
literature, the efficiency of the proposed algorithm. Another
example is also included illustrating how to optimally quan-
tize all the filter coefficients to have very simple representation
forms.

4.1 Example 1

In order to illustrate the applicability of the proposed opti-
mization algorithm, we consider the optimization of a sixth-
order elliptic low-pass filter with five-stages of pipelining and
P = 13 used by Lim and Liu [12] to illustrate their mini-
mum order augmentation technique. The peak-to-peak pass-
band ripple and stopband attenuation of the prototype filter are
Ap = 0.0419 dB and As = 47.6 dB, respectively. The pass-
band and stopband edges are at ωp = 0.4π and at ωs = 0.5π,
respectively.

The amplitude response and the pole-zero plot for the opti-
mized filter is shown in Fig. 1. In this case, the optimization
has been performed in such a manner that the stopband atten-
uation has been maximized subject to the constraint that the
radius of the outermost pole is restricted to be less or equal
to 0.928, the largest radius of the poles of the prototype filter.
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Figure 1: Some responses for the optimized pipelined IIR filter
in Example 1.

C(z) D(z)

c0 = 0.0294282 d0 = 1
c1 = 0.1238326 d1 = 0
c2 = 0.2718442 d2 = 0
c3 = 0.3742981 d3 = 0
c4 = 0.3124023 d4 = 0
c5 = 0.0620545 d5 = −0.9522447
c6 = −0.2415842 d6 = 0.1445589
c7 = −0.4033467 d7 = 0.0039672
c8 = −0.3388182 d8 = −0.0274216
c9 = −0.1388197 d9 = −0.0978821
c10 = 0.0337677 d10 = 0.2721459
c11 = 0.0926421 d11 = −0.1251715
c12 = 0.0625382 d12 = 0.0405805
c13 = 0.0189096 d13 = 0.0012133

Table 1: Optimized infinite-precision coefficients for the
pipelined IIR filter in Example 1.

The stopband attenuation for the optimized filter is 51.83 dB.
The values for the optimized coefficients are given in Table 1.

If the optimization is desired to be performed in such a man-
ner that the radius of the outermost pole is minimized subject
to the constraint that the filter still meets the given amplitude
specifications, the radius of the outermost pole takes the value
of 0.918.

4.2 Example 2

The proposed algorithm can also be modified for finding the
minimum and maximum values for all the coefficients in such
a manner that the given specifications are met. After finding
these minimum and maximum values, it is straightforward to
check whether in this parameter space there exist discrete co-
efficient values with which the given criteria are satisfied. This
approach has been used by the authors of this paper for design-
ing various kinds of digital filters [7].

As an example, we consider the specifications of Exam-
ple 1. It is desired to use for coefficient representations four
signed-powers-of-two terms with nine fractional bits. By shar-
ing the common subexpressions within the coefficients, the
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Figure 2: Some responses for the optimized finite-precision
pipelined IIR filter in Example 2.

C(z) D(z)

ca = 2−1 − 2−3 da = 2−1 + 2−3

cb = 2−2 + 2−4 db = 2−2 − 2−4

cc = 2−1 − 2−4

c0 = 2−5 + 2−9 d0 = 1
c1 = 2−3 + 2−6 d1 = 0
c2 = cb d2 = 0
c3 = cc − 2−5 · cb d3 = 0
c4 = ca − 2−4 · ca d4 = 0
c5 = 2−4 + 2−5 · ca d5 = −da

c6 = −2−2 + 2−5 · ca d6 = 0
c7 = −ca + 2−5 · cb d7 = 2−1 · da − 2−4 · db

c8 = −2−2 + 2−7 d8 = 0
c9 = 0 d9 = 0
c10 = 2−1 · cb + 2−7 d10 = db − 2−8

c11 = 2−1 · ca − 2−5 · cb d11 = 0
c12 = 2−2 · ca + 2−6 · ca d12 = −2−3 · db

c13 = 2−4 · cc d13 = 2−6 − 2−9

Table 2: Optimized finite-precision coefficients for the
pipelined IIR filter in Example 2.

overall number of adders required to implement all the coef-
ficient values becomes 19. In this case, the peak-to-peak pass-
band ripple and stopband attenuation for the quantized filter
are 0.0397 dB and 47.87 dB, respectively. The radius of the
outermost pole is 0.928. The discrete coefficient values are
given in Table 2. The magnitude response and the pole-zero
plot for the finite-precision filter are shown in Fig. 2. Note
that in this case the optimization has been performed in such
a manner that the filter with scaled magnitude response meets
the specifications.
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