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ABSTRACT

A very efficient technique to drastically reduce the number of multipliers
and adders in narrow transition-band linear-phase finite-impulse response
digital filters is to use the one-stage or multistage frequency-response
masking (FRM) approach originally introduced by Lim. In the origi-
nal synthesis techniques developed by Lim and Lian, the subfilters in the
overall implementation are separately designed. As shown earlier by the
first two authors of this contribution as well as Johansson, the arithmetic
complexity in the one-stage FRM filter designs can be considerably re-
duced by using the following two-stage technique for simultaneously op-
timizing all the subfilters. First, a suboptimal solution is found by using a
simple design scheme. Second, this solution is used as a start-up solution
for further optimization being carried out by an efficient unconstrained
nonlinear optimization algorithm. This paper exploits this approach for
synthesizing multistage FRM filters. An example taken from the liter-
ature illustrates that both the number of multipliers and the number of
adders for the resulting optimized FRM filters are approximately 70 per-
cent compared with those of the filters synthesized using the original mul-
tistage FRM filter design schemes.

1. INTRODUCTION

ONE of the most efficient techniques for synthesizing narrow transition-
band linear-phase finite-impulse response (FIR) digital filters with a

drastically reduced number of multipliers and adders compared with the
conventional direct-form implementation is the one-stage or multistage
frequency-response masking (FRM) approach [1]–[4]. The price to be
paid for these reductions is a slight increase in the overall filter order.
A drawback of the original multistage FRM synthesis techniques [1]–[4]
is that the subfilters have been separately designed. In [5], it has been
shown by the first two authors of this paper as well as by Johansson
how the arithmetic complexity can be further decreased in the one-stage
FRM approach by simultaneously designing the subfilters. The purpose
of this contribution is to introduce a two-step technique for reducing the
overall arithmetic complexity in multistage FRM approach by simultane-
ously designing all the subfilters. First, a straightforward design scheme
is used for estimating the subfilter orders and other design parameters as
well as for generating a start-up solution for further optimization. Sec-
ond, this solution is improved with the aid of an efficient iterative un-
constrained nonlinear optimization algorithm utilizing properly selected
nonuniformly spaced frequency grid points.

An example taken from the literature shows that the arithmetic com-
plexity of the resulting optimized FRM filters is approximately 70 per-
cent compared with those of the filters synthesized using the original
multistage FRM design schemes. In addition, this example shows that
the estimated subfilter orders are in the close vicinity of the actual val-
ues minimizing the arithmetic complexity of the overall filter. This fact
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considerably reduces the computational workload to arrive at the solution
with the lowest arithmetic complexity.

2. MULTISTAGE FRM APPROACH

This section briefly reviews the basic principle of using the multistage
FRM approach for designing linear-phase FIR filters. In addition, it is dis-
cussed how to accurately estimate the design parameters minimizing the
arithmetic complexity of the multistage FRM filters resulting when using
the proposed two-step design technique to be described in Section 3.

2.1. Filter transfer function

In the multistage FRM approach with R stages, the linear-phase FIR filter
transfer function H(z) is recursively constructed as follows:

H(z) ≡ F (0)(z) = F (1)(zL1 )G
(1)
1 (z)

+
h
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(1)
F
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i
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(1d)
for k = 1, 2 and r = 1, 2, . . . , R are the filters to be designed. Here,

the impulse-response coefficients f (R)(n), g
(r)
1 (n), and g

(r)
2 (n) for

r = 1, 2, . . . , R possess an even symmetry. It can be shown that in or-
der to arrive at a desired overall solution with a linear-phase response,

the N
(r)
1 ’s and N

(r)
2 ’s for r = 2, 3, . . . , R as well as N

(R)
F have to

be even. Furthermore, N
(1)
1 and N

(1)
2 should be both either even or

odd. Finally, it should be pointed out that if N
(r)
1 and N

(r)
2 are dif-

ferent, then, instead of G
(r)
2 (z) [G

(r)
1 (z)], z−(N

(r)
1 −N

(r)
2 )/2G

(r)
2 (z)

[z−(N
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2 −N

(r)
1 )/2G

(r)
1 (z)] has to be used for N

(r)
1 > N

(r)
2 [N

(r)
1 <

N
(r)
2 ]. These selections guarantee that the delays of both of the terms

of F (r)(z)’s are equal, thereby ensuring that the overall transfer function
H(z) is a linear-phase filter with an even symmetry.

An efficient implementation for H(z) using the minimum number of
delay elements has been given in [3], [4]. Figure 1 shows this implemen-

tation for the three-stage case (R = 3). In this figure, bL0 = 1, bL1 = L1,bL2 = L1L2, and bL3 = L1L2L3. How to determine the remaining pa-
rameters can be found in [3], [4].

V - 5400-7803-8251-X/04/$17.00 ©2004 IEEE ISCAS 2004

➠ ➡



–

Out

In

–

+

–+

–+

F(2)(zL2)

G2
(3)(zL2)

G1
(3)(zL2)

z–M3

F(3)(zL3)

F(1)(zL1)

z–m2

G1
(2)(zL1)

z–m1 G2
(1)(zL0)

G1
(1)(zL0)

G2
(2)(zL1)

^

^

^

^

^

^

^

^

^

Fig. 1 An efficient implementation for a filter synthesized using the three-
stage FRM approach.

2.2. Estimation of the design parameters for the proposed synthesis
scheme

Given R, the number of stages in the FRM approach, the passband and
stopband edges of H(z), denoted by ωp and ωs, respectively, and the
passband and stopband ripples, denoted by δp and δs, respectively, the
problem is to determine the Lr’s and the subfilter orders to meet the spec-
ifications and to minimize the number of multipliers as given by1

N
(R)
F /2 + 1 +

P2
k=1

h¨
(N

(1)
k + 2)/2

˝
+

PR
r=2

`
N

(r)
k /2 + 1

´i
. (2)

Here, it is assumed that the coefficient symmetries are exploited in the
overall implementation.

In the original synthesis schemes and in the proposed one to be con-

sidered in the next section, after fixing the Lr+1’s, for each F (r)(z) for
r = 0, 1, . . . , R−1, it is crucial to check whether it is a so-called Case A
or Case B design (see, e.g., [3], [4]) and to determine the parameters lr+1,
θr+1, and φr+1 as follows:

Step 1: Set r = 1.

Step 2: For the given value of Lr , F (r−1)(z) is either a Case A design

or a Case B design (not both). A Case A design is applicable if
lr , θr , and φr are determined as

lr = �Lrωp/(2π)�, θr = Lrωp − 2lrπ, φr = Lrωs − 2lrπ,
(3a)

and the resulting θr and φr satisfy 0 ≤ θr < φr ≤ π. A Case B
design, in turn, can be used if lr, θr , and φr are determined as2

lr = �Lrωs/(2π)�, θr = 2lrπ − Lrωs, φr = 2lrπ − Lrωp,
(3b)

and the resulting θr and φr satisfy 0 ≤ θr < φr ≤ π.

Step 3: If r = R, then stop. Otherwise, set r = r+1, ωp = θr−1, ωs =

φr−1, and go to Step 2.

For a Case A design, the passband and stopband edges of G
(r)
1 (z)

and G
(r)
2 (z) are given by

ω
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(r)
1 )
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1 )

s = [2(lr + 1)π − φr ]/Lr . (4a)
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2 )

s = [2lrπr + φr ]/Lr. (4b)

For a Case B design, the corresponding edges are given by

ω
(G

(r)
1 )

p = [2(lr − 1)π + φr]/Lr , ω
(G

(r)
1 )

s = [2lrπ − θr ]/Lr . (5a)

ω
(G

(r)
2 )

p = [2lrπ − φr ]/Lr, ω
(G

(r)
2 )

s = [2lrπ + θr ]/Lr . (5b)

For F (R)(z), in turn, the passband and stopband edges are located at
ω = θR and ω = φR, respectively.

There exist the following important observations concerning the

original and the proposed design schemes. First, the order of F (R)(z)

1�x� stands for the largest integer that is smaller than or equal to x.
2�x� stands for the smallest integer that is larger than or equal to x.

is very close to the order of an FIR filter having the above-mentioned
passband and stopband edges and the passband and stopband ripples of

the overall design. The same is true for the G
(r)
1 (z)’s and G

(r)
2 (z)’s in

the original design schemes, whereas the corresponding orders for the
proposed technique are only 60 percent of those of the original synthe-
sis schemes. Therefore, the orders of all the subfilters can be accurately
estimated by using the formula given in [6]. Second, the number of
multipliers, as given by Eq. (2), typically achieves the minimum value

when the transition bandwidths of each pair G
(r)
1 (z) and G

(r)
2 (z) for

r = 1, 2, . . . , R are approximately the same.
There are the following consequences of the above observations.

First, if the transition bandwidths of each pair G
(r)
1 (z) and G

(r)
2 (z) are

the same, then

L1 = L2 = · · · = LR =
h
2β(ωs − ωp)/π

i −1
R+1

, (6)

where β = 1 for the original design techniques and β = 0.6 for the
proposed design scheme, minimizes the arithmetic complexity. Second,
because the orders of all the subfilters can be estimated very accurately
for all selections of the Lr’s, it is beneficial to find, in terms of the es-
timated orders, the values of Lr’s in the vicinity of the above values to
minimize the number of multipliers.3 Third, most importantly, as will be
seen in connection with examples in Section 4, the resulting estimated

minimum subfilter orders N
(r)
1 ’s and N

(r)
2 ’s and N

(R)
F as well as the es-

timated values of Lr’s are in the very close vicinity of the actual values
minimizing the arithmetic complexity of the overall FRM filter, that is,
the number of multipliers and adders required to meet the given overall
criteria. This fact considerably reduces the computational workload to
arrive at the solution with the lowest arithmetic complexity.

3. PROPOSED TWO-STEP DESIGN SCHEME FOR
MULTISTAGE FRM APPROACH

This section describes the proposed two-step technique for simultane-
ously designing all the subfilters in the multistage FRM filter.

3.1. Algorithm for finding an initial filter
Given R and the specifications of H(z), the initial values for the

G
(r)
1 (z)’s and G

(r)
2 (z)’s as well as for F (R)(z) can be found in the fol-

lowing steps:

Step 1: Determine the Lr’s and the orders of the subfilters, in terms of

the estimation formulas, as described in Subsection 2.2. In ad-
dition, determine their passband and stopband edges as well as
their orders according to the discussion of Subsection 2.2.

Step 2: Design the subfilters with the estimated orders using the Remez

multiple exchange algorithm so that the weights in the passband
and stopband regions are 1/δp and 1/δs, respectively.

A more sophisticated method for designing initial filters for a two-stage
FRM approach has been proposed in [7].

3.2. Further optimization
The initial solution obtained by using the above simple algorithm can be
improved with the aid of an efficient unconstrained nonlinear optimiza-
tion technique. The optimization problem is to find the adjustable param-
eter vector Φ as given by

Φ =
h
g
(1)
1 (0), . . . , g

(1)
1 �N

(1)
1 /2�, g

(1)
2 (0), . . . , g

(1)
2 �N

(1)
2 /2�, . . . ,

g
(R)
1 (0), . . . , g

(R)
1 (N

(R)
1 /2), g

(R)
2 (0), . . . , g

(R)
2 (N

(R)
2 /2),

f(R)(0), . . . , f (R)(N
(R)
F /2)

i
(7a)

to minimize
max

ω∈[0, ωp]∪[ωs, π]
|E(Φ, ω)|, (7b)

3For this purpose, a MATLAB routine has been generated.
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where
E(Φ, ω) = W (ω)[H(Φ, ω) − D(ω)], (7c)

D(ω) =

(
1, ω ∈ [0, ωp]

0, ω ∈ [ωs, π],
W (ω) =

(
1/δp, ω ∈ [0, ωp]

1/δs, ω ∈ [ωs, π],
(7d)

and H(Φ, ω) is the zero-phase frequency response of the overall transfer
function H(z).

In order to solve this problem, the passband and stopband regions are
discretized into the frequency points ωj ∈ [0, ωp] for j = 1, 2, . . . , Jp

and ωj ∈ [ωs, π] for j = Jp + 1, Jp + 2, . . . , Jp + Js. The resulting
discrete minimax problem is to find Φ to minimize

ε = max
1≤j≤Jp+Js

|E(Φ, ωj)|. (8)

This problem can be solved using an effective unconstrained nonlinear
optimization algorithm. For this purpose, the function fminimax from
the optimization toolbox provided by MathWorks, Inc. [8] has been used.
When using this function, the user has to provide a function which eval-
uates the objective function, that is, the error function to be minimized at
the given frequency points as well as the gradients of the objective func-
tion with respect to the adjustable parameters at these points. The solution
meeting the given criteria is obtained when ε becomes less than or equal
to unity.

In order to arrive at the solution meeting the given criteria with the
minimum number of multipliers, the above two algorithms are carried
out for various order combinations in the close vicinity of the estimated
orders. Furthermore, if there exist more sets of the Lr’s resulting prac-
tically the same minimum number of multipliers, all these sets are tried
and, finally, the set resulting in the minimized complexity is selected.

3.3. Practical filter synthesis
In order to achieve good results with the nonlinear optimization technique
of Subsection 3.2, the frequency spacing of the error function E(Φ, ω)
must be dense enough. Otherwise, the resulting error function may have
spikes in the intervals between the sampling points after the minimization.
This problem can be overcame by using fairly large number of sampling
points. It has been experimentally observed that the proper selection for
this number, denoted for later use by I , is of the order of 3–6 times the

order of F (R)(z) times the product of the Lr’s. The more grid points are
used, the more accurate is the final solution. However, at the same time
the convergence rate of the optimization algorithm becomes slower.

It has turned out that the convergence to a very accurate solution can
be significantly speeded up by performing the optimization in the follow-
ing steps:

Step 1: Set k = 1 and select a dense set of uniformly spaced grid

points Ωdense = {ω1, ω2, . . . , ωI} in [0, ωp] ∪ [ωs, π] as well
as a sparse initial set of uniformly spaced grid points Ω̄0 =
{ω̄1, ω̄2, . . . , ω̄J} with J = �I/100� in [0, ωp] ∪ [ωs, π].

Step 2: Find in Ωdense the abscissas of the local maxima of |E(Φ, ωj)|,

that is, those ωj’s in Ωdense for which

|E(Φ, ωj−1)| < |E(Φ, ωj)| > |E(Φ, ωj+1)|, (9)

where |E(Φ, ω0)| = |E(Φ, ωJ+1)| = 0. Store these abscissas
of the extrema into Ωnew. Set Ω̄k = Ω̄k−1 ∪ Ωnew.

Step 3: Solve the discrete minimax problem of Eq. (8) using Ω̄k as the

set of the frequency points.

Step 4: If |Ω̄k−1| = |Ω̄k|, then stop.4 Otherwise, set k = k + 1 and go

to Step 2.

In the above algorithm, the extrema of |E(Φ, ω)| at Step 2 are located
by evaluating |E(Φ, ω)| over a dense set of frequencies spanning the ap-
proximation regions. Then, these new extremal points are included into
the frequency points of the previous iteration and the optimization is per-
formed using the updated frequency points. This process is continued
until the number of frequency points remain the same between two suc-
cessive optimizations.

4Here, |Ω| denotes the size of the set Ω.
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Fig. 2 Magnitude response for the best proposed two-stage overall filter for
L1 = L2 = 6 and

PNF
n=0 f(n) = 2.5.

Table 1 Specifications for the separate stages as well as the estimated or-
ders of the subfilters for the three-stage FRM filter.

r Lr Case lr θr φr N
(R)
F

N
(r)
1 N

(r)
2

F (0)(z) ≡ H(z) 1 4 B 1 0.392π 0.400π – 10 15
F (1)(z) 2 4 B 1 0.400π 0.432π – 10 14
F (2)(z) 3 4 B 1 0.272π 0.400π 39 8 18

4. NUMERICAL EXAMPLE

Consider the specifications [3]–[5]: ωp = 0.4π, ωs = 0.402π, δp =
0.01, and δs = 0.001. For the conventional direct-form FIR filter, the
minimum order to meet the given criteria is 2541, requiring 1271 multi-
pliers and 2541 adders when the coefficient symmetry is exploited.

For the optimized one-stage FRM approach [4], L = 21 minimizes
the number of multipliers required in the implementation. This filter is a
Case A design with l = 4, θ = 0.4π, and φ = 0.442π. The minimum
orders for G1(z), G2(z), and F (z) to meet the given specifications are
N1 = 55, N2 = 77, and NF = 122, respectively. The overall number of
multipliers and adders for this design are 129 and 256 5, respectively, that
are ten percent of those required by an equivalent conventional direct-
form design (1271 and 2541). The overall filter order is 2639 that is only
four percent higher than that of the direct-form design (2541).

For the two-stage FRM approach, the arithmetic complexity of the
overall filter is minimized by L1 = L2 = 6. For these selections,

F (0)(z) ≡ H(z) and F (1)(z) are Case A designs (l = 1) with θ1 = 0.4π
and φ1 = 0.412π; θ2 = 0.4π and φ2 = 0.472π, respectively. The best
solution resulting when using the proposed synthesis scheme is obtained

by N
(2)
F = 70, N

(2)
1 = 14, N

(2)
2 = 22, N

(1)
1 = 17, and N

(1)
2 = 21. As

the measure of goodness the overall number of multipliers, as given by
Eq. (2), was used. However, if there exist several solutions requiring the
same minimum number of multipliers, then the solution with the shortest
overall delay was selected. For the above filter, the number of multipliers
and adders are 76 and 148, respectively, that are approximately 60 percent
of those of the corresponding one-stage design at the expense of a seven
percent increase in the overall filter order (from 2689 to 2673). Further-
more, the number of multipliers and adders are 71 percent of those of the
original multistage FRM synthesis schemes [3], [4] and only six percent
of those required by the conventional direct-form design.

According to the discussion of Section 2.2, the minimum estimated

orders for F (2)(z), G
(2)
1 (z), G

(2)
2 (z), G

(1)
1 (z), and G

(1)
2 (z) are N

(2)
F =

71, N
(2)
1 = 16, N

(2)
2 = 21, N

(1)
1 = 15, and N

(1)
2 = 22, respec-

tively. Since the orders of both G
(1)
1 (z) and G

(1)
2 (z) should be even or

odd and the orders of all G
(2)
1 (z), G

(2)
2 (z), and F (2)(z) should be even,

it was tried several combinations in the vicinity of the estimated orders.

5The two additional adders required to combine the subfilters are included

in this figure. In the sequel, the same will be done in the case of multistage

FRM filters.
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Table 2 Summary of FRM filter designs in the example under consideration.

Method R L1 . . . LR N
(3)
1 N

(3)
2 N

(2)
1 N

(2)
2 N

(1)
1 N

(1)
2 N

(R)
F

Nmult Nove CPU

Conventional direct-form filter 1 – – – – – – 2541 1271 2541 –
Original one-stage FRM approach [3] 1 16 – – – – 70 98 162 168 2690 –
Optimized one-stage FRM approach [5] 21 – – – – 55 77 122 129 2639 –

Original two-stage FRM approach [3] – – 28 36 26 40 74 107 2920 –
Iterative two-stage FRM approach [7] 2 6 – – 16 20 17 23 74 79 2807 –
Proposed – – 14 22 17 21 70 76 2673 9 min

Original three-stage FRM approach [3] 16 32 18 24 16 28 40 94 3196 –
Proposed 3 4 6 16 8 16 11 15 38 61 2763 4 min
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Fig. 3 Magnitude responses for G
(1)
1 (z) (dashed-line), G

(1)
2 (z) (dot-

dashed line) and F (1)(z6) (solid line) for the best proposed two-stage filter
for L1 = L2 = 6 and

PNF
n=0 f(n) = 2.5.

For the optimal design, the orders of G
(1)
1 (z) and G

(2)
1 (z) differ only by

two and the orders of G
(1)
2 (z), G

(2)
2 (z), and F (2)(z) only by one from

the estimated ones. For this design, δp = 10δs = 0.00979 when us-

ing the limitation
PNF

n=0 f(n) = 2.5. With this limitation the maximum
amplitude value out of the amplitude responses for the five subfilters is
minimized. The magnitude response as well as the passband details for
the overall filter are shown in Fig. 2. Figures 3 and 4 show the magnitude

response for G
(1)
1 (z), G

(1)
2 (z), and F (1)(z6) as well as for G

(2)
1 (z6),

G
(2)
2 (z6), and F (2)(z36), respectively. It is interesting to observe from

Fig. 3 the similarity of the amplitude responses of G
(1)
1 (z) and G

(1)
2 (z).

There are the following two important properties of the proposed
FRM filters to be pointed out. First, the subfilter orders estimated ac-
cording to the discussion of Section 2.2 are very close to the orders mini-
mizing the arithmetic complexity, implying that the two-step optimization
technique described in Section 3 has to be carried out a very few times.
Second, there are numerous solutions giving approximately the same re-
sult. These solutions differ from each other in the sense that independent

of the maximum value of the zero-phase frequency response of F (R)(z),
practically the same passband and stopband ripples for the overall FRM
filter are achieved. Future work is devoted to studying this property in
more detail.

For a three-stage design, the overall number of multipliers is mini-
mized by L1 = L2 = L3 = 4 (the value obtained using the procedure
of Subsection 2.2). Table 1 in the previous page shows the specifications

for F (0)(z), F (1)(z), and F (2)(z) as well as the estimated orders N
(r)
1

and N
(r)
2 for r = 1, 2, 3 and N

(3)
F . The best solution resulting when us-

ing the proposed synthesis scheme is obtained by N
(3)
F = 38, N

(3)
1 = 6,

N
(3)
2 = 16, N

(2)
1 = 8, N

(2)
2 = 16, N

(1)
1 = 11, and N

(1)
2 = 15. For this

filter, the number of multipliers and adders are 61 and 116, respectively,
that are 65 percent of those of the original multistage FRM filter synthe-
sis techniques [3], [4] and less than five percent of those required by the
conventional direct-form design.

Some of the characteristics for the filters designed in this section us-
ing various algorithms are summarized in Table 2. In this table, Nmult

denotes the number of multipliers required to implement the overall fil-
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Fig. 4 Magnitude responses for G
(2)
1 (z6) (dashed-line), G

(2)
2 (z6) (dot-

dashed line) and F (2)(z36) (solid line) for the best proposed two-stage filter
for L1 = L2 = 6 and

PNF
n=0 f(n) = 2.5.

ter, Nove denotes the order of the overall filter, and CPU denotes the time
required to achieve the optimum solution from the initial solution gener-
ated using the algorithm of Subsection 3.1 with I = 104 on a 500 MHz
DEC DS20 AlphaStation running MATLAB 6.5.
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