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ABSTRACT

This paper considers optimizing adjustable fractional-delay (FD)
all-pass filters in the minimax sense. A filter structure proposed by
Makundi, Laakso, and Välimäki and referred to as an all-pass gath-
ering structure is employed. The optimization is performed in two
basic steps. First, an initial filter is generated using a simple design
scheme. Second, this filter is used as a start-up solution for further
optimization being carried out by an efficient constrained nonlinear
optimization algorithm. An example is included for illustrating the
efficiency of the proposed design scheme. In addition, the perfor-
mance and the complexity of the adjustable FD all-pass filters are
compared with those of the adjustable FD finite impulse-response
filters implemented using the modified Farrow structure proposed
by Vesma and Saramäki. This comparison shows that both the num-
ber of multipliers and the number of adders for the resulting all-pass
filters are less than 50 percent compared with their optimized FIR
counterparts.

1. INTRODUCTION

IN various digital signal processing applications, there is a need
for a delay that is a fraction of the sampling interval. Furthermore,

it is often desired that the delay value is adjustable or variable dur-
ing the computation. These applications include, e.g., sampling rate
conversion, echo cancellation, phased-array antenna systems, time
delay estimation, timing adjustment in all-digital receivers, model-
ing of music instruments, and speech coding and synthesis [1]–[3].
Adjustable fractional-delay (FD) filters can be designed either using
finite impulse-response (FIR) or infinite impulse-response (IIR) fil-
ters. One computationally efficient technique, belonging to the for-
mer filter class, is to use the Farrow structure [1] consisting several
parallel fixed FIR filters. The desired fractional delay is achieved
by properly multiplying the outputs of these filters with quantities
depending directly on the value of the fractional delay [1]–[4]. An-
other attractive class of adjustable FD filters, belonging to the sec-
ond class, are adjustable FD all-pass filters based on so-called gath-
ering structure proposed by Makundi, Laakso, and Välimäki [5], [6].
In this structure, the filter coefficients are the polynomials of the de-
sired value of the fractional delay.

The main advantage of the adjustable FD filters based on all-
pass structures is that the magnitude response of all-pass filters is
identically equal to unity at all the frequencies [5]–[8], whereas
for adjustable FD FIR filters the structure does not enable one to
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achieve this value at all the frequencies. Further, the overall delay
of IIR structure satisfying the same phase requirements is, especially
in cases requiring stringent magnitude specifications, considerably
smaller than its FIR filter counterpart. Moreover, the complexity of
FD filters, that is, the number of multipliers, adders, and delays re-
quired to implement the overall filter, is significantly smaller for FD
all-pass filters compared with their FIR counterparts [8].

The main disadvantages of the adjustable FD all-pass filters
compared to the FD FIR filters are their higher roundoff noise level
at the filter output and the higher sensitivity of the phase response
degradation to the coefficient quantization. In addition, because of
the recursive nature of IIR filters, the abrupt changes in their param-
eters may cause transients at the filter output [9]. Further, the design
of FD all-pass filters is more complicated due to stability issues be-
ing inherent when synthesizing IIR filters.

The purpose of this contribution is to propose an efficient algo-
rithm for optimizing adjustable FD all-pass filters in the minimax
sense. In addition, some guidelines are given on how to select the
order for the FD all-pass filter and the order for the polynomial ap-
proximation of the coefficients. Furthermore, the performance and
the complexity of the FD filters based on the use of all-pass struc-
ture are compared in terms of an example taken from the literature
with their FIR counterparts implemented using the modified Farrow
structure proposed by Vesma and Saramäki.

2. ADJUSTABLE FD ALL-PASS FILTERS

Let the desired frequency response of an adjustable FD filter be

Hdes(e
jω, µ) = e−jω(D+µ), (1)

where D is a fixed integer delay and µ is an adjustable fractional de-

lay in the range [−1, 0].1 The corresponding ideal phase response
is given by

arg Hdes(e
jω, µ) = −ω(D + µ). (2)

The transfer function of the adjustable FD all-pass filter [5]–[8] as
shown in Fig. 1 is chosen to approximate Hdes(e

jω, µ) and is ex-
pressible as

HA(z, µ) =
z−NA(z−1, µ)

A(z, µ)
, (3a)

1For the structure proposed in [5], [6] for implementing FD all-pass fil-

ters, the adjustable fractional delay is in the range [−0.5, 0.5]. However, it

have been observed by the authors of this paper that for this filter structure

µ ∈ [−1, 0] results in smaller phase delay errors.
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Fig. 1 Gathering structure for the adjustable FD all-pass filters.

where

A(z, µ) = 1 +
NX

n=1

an(µ)z−n = 1 +
NX

n=1

 
PX

p=0

cpnµp

!
z−n,

(3b)

that is, each coefficient in the overall filter is given as a polynomial
functions of degree P in µ. The phase delay response of the corre-
sponding all-pass filter is expressible as

τA(ω, µ) = −ΘA(ω, µ)/ω, (4a)

where

ΘA(ω, µ) = −Nω + 2arctan

 PN

n=1 an(µ) sin nω

1 +
PN

n=1 an(µ) cos nω

!
.

(4b)

In this case, the integer delay in Eq. (1) is D = N .

3. PROBLEM STATEMENT

The above structure does not enable one to keep the phase delay re-
sponse, as given by Eq. (4a), within the given limits N + µ ± δ in

the overall baseband [0, π].2 Therefore, this contribution concen-
trates on approximating the desired phase response on the frequency
band given by

Ωp = [0, ωp], ωp < π. (5)

The goal is to determine the adjustable parameters such that for each
value of µ within −1 ≤ µ ≤ 0, the phase delay closely approxi-
mates N + µ. We state the following optimization problem:

Optimization problem: Given N , P , and Ωp, find the adjustable
parameter vector Φ as given by

Φ = [c01, c02, . . . , c0N , c11, c12, . . . ,

c1N , . . . , cP1, cP2, . . . , cPN ]
(6)

2This is because the phase response of a stable N th-order all-pass filter

decreases monotonously from 0 to −Nπ as ω increases from 0 to π [10].

to minimize the maximum absolute value of the phase delay error
as given by

δp = max
−1≤µ≤0

[max
ω∈Ωp

|τA(Φ, ω, µ) − (N + µ)|] (7)

subject to the constraint that the resulting filter is stable for all the
values of µ within −1 ≤ µ ≤ 0.

4. PROPOSED TWO-STEP DESIGN SCHEME

This section describes the proposed two-step technique for optimiz-
ing adjustable FD all-pass filters.

4.1. Optimization Algorithm

In order to solve the optimization problem stated in the previous
section we discretize the passband region into the frequency points
ωi ∈ [0, ωp], i = 1, 2, . . . , I and the range −1 ≤ µ ≤ 0 into the
points µj ∈ [−1, 0], j = 1, 2, . . . , J . In many cases, I = 10N
and J = 10 are good selections to arrive at a very accurate solution.
The resulting discrete minimax problem is to find the adjustable pa-
rameter vector Φ to minimize

ε = max
1≤i≤I
1≤j≤J

|τA(Φ, ωi, µj) − (N + µj)| (8)

subject to the condition that the roots of A(z, µj) are inside the unit
circle for µj ∈ [−1, 0] for j = 1, 2, . . . , J .

The above problem can be solved using a constrained nonlinear
optimization algorithm. For this purpose, the function fminimax
from the optimization toolbox provided by MathWorks, Inc. [11]
has been used. When using this function, the user has to provide a
function that evaluates the objective function, that is, the error func-
tion to be minimized at the given frequency points as well as the
gradients of the objective function with respect to the adjustable pa-
rameters. In addition, a function evaluating the constraints as well
as the gradients of these constraints is required.

4.2. Algorithm for Finding an Initial Filter

The convergence of the above algorithm to the optimal solution im-
plies a rather good initial solution for the adjustable parameters. An
initial solution for further optimization can be derived by slightly
modifying the optimization algorithm proposed by Laakso et al. in
[2]. In this algorithm, the weighted least-squares phase delay error
to be minimized is defined as

εls =
1

π

Z ωp

0

W (ω)

ω2
|∆Θ(ω)|2 dω, (9)

where W (ω) is a positive weighting function and ∆Θ(ω) is the
difference between the desired phase response and the actual phase
response. The above error is minimized for a set of µj ’s and based
on the resulting coefficient sets a polynomial approximation is de-
rived for each of the coefficients.

The convergence of this algorithm is not guaranteed for high
values of N . However, in these cases, the optimal solution can be
conveniently achieved by first optimizing the filter for a lower fil-
ter order M . The second step is to optimize the filter for the order
M +1. A good starting-point filter is obtained by selecting cpn = 0
for p = 1, 2, . . . , P and n = M + 1, whereas for the other un-
knowns the optimized values obtained for M th-order filter are used.
Then, the optimization is performed in a same manner for M + 2.
After that, the process is repeated by gradually increasing the filter
order by one until this order becomes equal to the desired order.
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4.3. Practical Considerations

In order to guarantee that the resulting filter is stable, it is required
that the poles of the transfer function are inside the unit circle for all
µj ’s. The transfer function under consideration cannot be parame-
terized in such a form for which the stability can be easily verified,
e.g., as a cascade of first- and second-order sections. Therefore, we
have used the Schür-Cohn stability test [10], [12]. This test gives
for a N th-order denominator polynomial the stability test parame-
ters ki for i = 1, 2, . . . , N − 1. For the stability, it is required that
the maximum absolute value of the ki’s is smaller than unity. It has
turned out that for the structure of Fig. 1, the largest pole radius is
achieved when µ = −1. Therefore, the filter stability is guaran-
teed by requiring that for the corresponding denominator polyno-
mial A(z, −1) [cf. Eq. (3a)], the stability test parameters satisfy
the condition |ki|< 1 for i = 1, 2, . . . , N − 1.

The number of adders and multipliers required to implement the
overall filter shown in Fig. 1 are N(P + 2) and N(P + 1), respec-

tively.3 However, it has been observed that the coefficients cpn for
p = 0 and n = 1, 2, . . . , N have a very small effect on the phase
delay error of the overall system. Therefore, it is beneficial to fix
the values of these coefficients to be zero. For example, for a filter
satisfying the specifications to be considered later on in Example 1
for N = 4 and P = 2, the phase delay error is 0.00685 if these
coefficients are included in the optimization, whereas the phase de-
lay error equal to 0.00894 is achieved if cpn = 0 for p = 0 and
n = 1, 2, . . . , N . In this case, the number of adders and multi-
plier reduces to N(P + 1) and NP , respectively. In the sequel, in
all the filter designs as well as in the roundoff-noise analysis, these
coefficients values are restricted to be zero.

The transfer function from the filter input to each multiplier cpn

for p = 1, 2, ... , P and n = 1, 2, ... , N is a difference of two all-
pass functions, which is a transfer function with a maximum gain of
two, whereas the maximum absolute values of the transfer functions
to the µj ’s are less than two for the stable filter. Therefore, the peak
scaling requires an initial scale factor of 1/2 at the filter input, and
a compensating gain of two at the filter output.

The roundoff noise transfer functions from the quantization
points to the filter output are the all-pole transfer functions corre-
sponding to Eq. (3a) multiplied by the compensating gain factor.
Hence, the noise gain, that is, the normalized roundoff noise vari-
ance at the filter output can be expressed as

σ2
tot = (N + 1)P

∞X
n=0

|g(n, µ)|2, (10)

where g(n, µ) is the impulse response of the noise transfer func-
tion. In the above equation, it is assumed that the quantization
is performed after each coefficient. The noise gain of the direct-
form structures is highly related to the radius of the outermost pole.
Therefore, the noise gain can be reduced by minimizing the outer-
most pole radius in such a manner that the filter still meets the given
criteria, as will be illustrated in Section 5.

5. NUMERICAL EXAMPLES

This section illustrates, by means of an example, the flexibility and
effectiveness of the proposed optimization scheme. It also gives
some guidelines on how to select N and P in a proper manner. Fur-
ther, the complexity of the all-pass FD filters is compared with that
of the FIR FD filters implemented using the modified Farrow struc-
ture.

3The number of multipliers required to implement the multiplications

by µp for p = 1, 2, ... , P are not included in this figure.
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Fig. 2 Phase delay responses for the optimized adjustable FD all-pass fil-
ter of Example 1 for µ = 0,−0.1,−0.2, . . . ,−1 (Ωp = [0, 0.75π],
N = 4, and P = 2).

Table 1 Optimized coefficient values for the adjustable FD all-pass filter
in Example 1 (N = 4 and P = 2).

c11 = −0.92460 c12 = 0.36268 c13 = −0.10800 c14 = 0.02171
c21 = 0.06555 c22 = 0.35922 c23 = −0.10741 c24 = 0.02164

5.1. Example 1

It is required that Ωp = [0, 0.75π] and δp ≤ 0.01. The given
specifications are met by N = 4 and P = 2, that is, the number of
multipliers required to implement the filter coefficients is only eight.
For this filter, the maximum phase delay error is 0.00894 whereas
the radius of the outermost pole is 0.99430 when µ = −1. The op-
timized coefficients cpn for n = 1, 2, 3, 4 and p = 1, 2 are shown in
Table 1. The phase delay responses for µ = 0,−0.1,−0.2, . . . ,−1
are depicted in Fig. 2.

The phase delay errors as functions of the passband edge fre-
quency for N = 4, 5, . . . , 8 and P = 2, 3, 4 are shown in Fig. 3.
As can be seen from this figure, the slopes of these curves for
P = 2, 3, 4 are approximately the same for each N after certain
phase delay error levels that are approximately 9 · 10−3 , 7 · 10−4 ,
and 4 · 10−5 for P = 2, 3, 4, respectively. It should be pointed
out that this figure is slightly misleading due to the reason that the
radius of the outermost pole has only been restricted to be smaller
than unity and, hence, these filters may be asymptotically unstable
in finite-wordlength implementations and also the roundoff noise
may be impractically large. However, as can be seen from Fig. 4,
which shows the phase delay errors as functions of the maximum al-
lowable radius of the outermost pole for N = 4; P = 2, N = 4;
P = 3, and N = 5; P = 3 when µ = −1, the phase delay error
is quite insensitive with respect to the radius of the outermost pole.
For example, for the N = 4 and P = 2 case, the filter still meets
the given specifications with rmax = 0.94. The noise gains as func-
tions of the outermost pole radius for µ = −1 are also depicted in
Fig. 4. As can be seen from this figure, the noise gain in the N = 4
and P = 2 case is 35.4 dB for µ = −1 with a limitation that the
outermost pole radius is smaller than unity, whereas the noise gain
is 26.0 dB for rmax = 0.94.

5.2. Comparisons with Adjustable FD FIR Filters

Table 2 compares the performance and the complexity of the ad-
justable FD all-pass filter with those of the adjustable FD FIR filters
implemented using the modified Farrow structure [4], [13]. In this
table, δa denotes the maximum deviation of the magnitude response
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Fig. 4 Phase delay errors as well as noise gains as functions of the max-
imum allowable radius of the outermost pole for Ωp = [0, 0.75π] and
N = 4; P = 2 (solid line), N = 4; P = 3 (dashed line), and N = 5;
P = 3 (dot-dashed line). The first three curves with the highest values near
rmax = 0.98 give the noise gains, whereas the three remaining graphs
give the corresponding phase delay errors.

from the unity on Ωp for the FD FIR filters, whereas NM, NA, and
ND denote the number of multipliers, adders, and delays, respec-
tively. Also, CPU times required for optimizing the FD all-pass
filters with I = 75 and J = 10 by a MATLAB program running on
a 500 MHz AlphaServer are included in this table. As can be seen
from this table, the number of multipliers, adders, and delays is con-
siderably smaller for the adjustable FD all-pass filters than for the
adjustable FD FIR filters even in the cases where the FIR filter is al-
lowed to have a relatively large amplitude error. However, it should
be pointed out that the complexity of the modified Farrow structure
can be reduced by optimizing the filter coefficients in a proper man-
ner as proposed by Yli-Kaakinen and Saramäki in [14].

6. CONCLUSIONS

In this contribution, an effective algorithm for optimizing adjustable
FD all-pass filters was proposed. It was shown that the complex-

Table 2 Summary of filter designs in Example 1.

Structure δp δa rmax N P NM NA ND CPU

All-pass 0.0089 0 0.9943 4 2 8 12 8 5 s

All-pass 0.0083 0 0.9184 5 2 10 15 10 7 s

All-pass 0.0081 0 0.8854 6 2 12 18 12 7 s

All-pass 0.0040 0 0.9781 4 3 12 16 12 9 s

All-pass 0.0015 0 0.9794 5 3 15 20 15 14 s

Farrow 0.0040 0.0235 – 8 3 19 26 24 –

Farrow 0.0018 0.0095 – 10 3 23 34 32 –

ity for these filters is considerably smaller than for the adjustable
FD FIR filters implemented using the modified Farrow structure.
Future work is devoted to generating an algorithm for finding the
multiplierless coefficient representations for adjustable FD all-pass
filters such that the given criteria are still met.
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[2] T. I. Laakso, V. Välimäki, M. Karjalainen, and U. K. Laine, “Split-

ting the unit delay,” IEEE Signal Processing Mag., vol. 13, no. 1, pp.

30–60, Jan. 1996.
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and allpass filter structures,” Electron. Lett., vol. 37, no. 6, pp. 344–

345, Mar. 2001.
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