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A Multimode Mean Field Annealing Technique to Design
Recursive Digital Filters

Per Persson, Sven Nordebo, and Ingvar Claesson

Abstract—The multi-mode mean field annealing (MM-MFA) approach
to combinatorial optimization is introduced as a tool to design recursive
infinite-impulse response (IIR) digital filters with discrete coefficients. As
an application example demonstrating the potential of the method we con-
sider the design of structurally passive IIR digital filters realized as the sum
of two all-pass functions. The new design technique facilitates the solution
of nontrivial filter design problems such as satisfying a general frequency
specification by solving a combinatorial optimization problem over discrete
coefficients and a max-norm cost. The final solution is not guaranteed to
be a globally optimal solution but the convergence time is short enough to
allow interactive design even for large problems.

Index Terms—Combinatorial optimization, hardware constraints, IIR
filter, quantized coefficients.

I. INTRODUCTION

The problem of designing digital infinite-impulse response (IIR) fil-
ters with a general specification, quantized coefficients and hardware
constraints is very computationally intensive. This brief discusses a
new method that has the potential to solve some of the above problems
in a time short enough to allow interactive design of digital filters.

The theoretical foundation of the multi-mode mean field annealing
(MM-MFA) algorithm originates from thermodynamics and statistical
mechanics which states that the probability distribution of states (or
configurations) in a physical system (or optimization problem) in
thermal equilibrium is given by the Boltzmann distribution [1]. At
high temperature the states are disordered and are all equally probable,
but when the temperature is close to zero the states are highly ordered
and optimum or near optimum states (or solutions) have the highest
probability.

Simulated annealing (SA) is a well-known [1] optimization algo-
rithm that relies on the above facts to find a good solution to hard prob-
lems and the MFA algorithm [2]–[4] is a close relative of SA. By ap-
plying a technique known as the mean field approximation [5] the mean
value of binary decision variables are analytically estimated directly
from the Boltzmann distribution as opposed to SA where the values of
the decision variables changes randomly.

In this brief, we introduce the MM-MFA algorithm for combinatorial
optimization applied to the design of structurally passive digital filters
[6], [7]. The MM-MFA algorithm can be regarded as a generalization
of the MFA procedure in the sense that the MM-MFA handles deci-
sion variables with general multiple levels whereas the MFA is usually
described using binary decisions such asf�1;+1g or {0, 1}. Further-
more, the novelty of the MM-MFA algorithm described herein is also
the deduction using the concept of conditional expectations. This con-
cept makes it very straightforward to extend the algorithm to combi-
natorial optimization problems over any discrete (and finite) variable
space. However, for practical implementations, the number of levels of
each decision variable should be reasonably low. The total number of
states, or possible combinations, can be very large.
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In order to demonstrate the potential of the new method we con-
sider the design of recursive (IIR) digital filters realized as the sum of
two all-pass functions [6], [7]. This filter structure can be viewed as a
variant of the celebrated wave lattice digital filters [8].

Digital filters realized as the sum of two all-pass functions possesses
a number of attractive features such as: A minimum of multipliers is re-
quired, low-sensitivity with respect to coefficient quantization, simple
stability requirements, simple signal scaling, low round-off noise and
robustness with respect to limit cycles [6]. Since the structurally pas-
sive IIR digital filter implementation is stable regardless of the values of
the filter parameters provided that these parameters are restricted to the
range (�1, 1) or (�1, 0], we emphasize that this all-pass filter structure
is particularly well-suited for combinatorial optimization over discrete
coefficients with binary fixed point precision.

We also emphasize that the new MM-MFA design procedure facil-
itates a technique to solve nontrivial IIR digital filter design problems
such as satisfying a general frequency specification. This is accom-
plished by solving a combinatorial optimization problem over discrete
coefficients and a max-norm cost. With real (infinite precision) parame-
ters, this design problem corresponds to a global nonconvex optimiza-
tion problem which in general is very hard to solve. A two-step ap-
proach where the infinite precision problem is first solved and then
quantized has been proposed by several authors [9], [10].

II. PROBLEM FORMULATION

In order to make the design examples realistic, we will consider the
low-sensitivity IIR digital filter implementation described in [6] to-
gether with a max-norm cost corresponding to a general magnitude re-
sponse specification.

A. Structurally Passive Digital Filters

Consider the recursive filtersH(z) defined as the sum of the two
all-pass filtersA1(z) andA2(z) according to

H(z) =
1

2
(A1(z) + A2(z)) (1)

where

A1(z) =
s0 + z�1

1 + s0z�1

m

i=1

s2i�1 + s2i(1 + s2i�1)z
�1 + z�2

1 + s2i(1 + s2i�1)z�1 + s2i�1z�2
(2)

A2(z) =

m+n

i=m+1

s2i�1 + s2i(1 + s2i�1)z
�1 + z�2

1 + s2i(1 + s2i�1)z�1 + s2i�1z�2
(3)

wherem = (M � 1)=2 andn = N=2.
As an example, we consider a low-pass filterH(z) of odd orderL,

obtained as the sum of two all-pass functions as in (1), (2), and (3)
of orderM (odd) andN (even), respectively. For strictly stable filters
with jz0j < 1, we conclude that�1 < si < 1 for i = 0; 2; 4; . . . and
�1 < si � 0 for i = 1; 3; 5; . . ..

As a discrete coefficient space we consider a set of signed, fixed
point digits with a resolution of2�b. Hence

si 2 N � n � 2�b j � 2b < n < 2b ; i even (4)

si 2 N� � n � 2�b j � 2b < n � 0 ; i odd (5)

wheren denotes an integer.

B. Optimization Formulation

As an example, we assume thatH(z) = (A1(z) + A2(z))=2 is a
low-pass filter of odd orderL; other cases are similar.
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Consider the general magnitude response specification

Hl(!) �jH(ej!)j � 1; ! 2 
p � [0; �] (6)

0 �jH(ej!)j � Hu(!); ! 2 
s � [0; �] (7)

where 
p and 
s denote the passband and stopband regions, re-
spectively,Hl(!) is a lower magnitude bound (in the passband),
0 < Hl(!) < 1 andHu(!) is an upper magnitude bound (in the
stopband),0 < Hu(!) < 1. It is assumed that the passband and
stopband regions
p and
s are disjoint and closed subsets of the
interval [0,�].

Defining the desired magnitude response

Hd(!) =
1; ! 2 
p

0; ! 2 
s
(8)

and the weighting function

w(!) =

1

1�Hl(!)
; ! 2 
p

1

Hu(!)
; ! 2 
s

(9)

it is straightforward to show that the specifications (6) and (7) are equiv-
alent to the requirement

w(!) � kH(ej!)j �Hd(!)j � 1; ! 2 
 (10)

where
 = 
p [ 
s.
The cost functionE(s) is now defined as

E(s) = max
!2


w(!) � kH(ej!)j �Hd(!)j (11)

wheres is anL � 1 vector of variablessi.
It is concluded that the specification (6) and (7), or equivalently (10),

is satisfied iffE(s) � 1. The filter design problem can thus be regarded
as an optimization problem where the objective is to minimize the cost
functionE(s).

III. MM-MFA A LGORITHM

Now, the MM-MFA algorithm is introduced for combinatorial opti-
mization applied to the design of structurally passive digital filters as
described above.

Consider the state-spaceS consisting of all vectorss with elements
si, i = 0; . . . ; L� 1 defined as in (4) and (5). Consider also the global
costE(s) connected with each state as defined by (11).

The idea behind the proposed algorithm is to put the problem into
a statistical mechanics framework and then apply some powerful re-
sults originating from that discipline. From the theory of statistical me-
chanics it is well-known that for a (physical) system in (thermal) equi-
librium with respect to an external control parameter (temperature)c

the probability of a particular states is given by the Boltzmann distri-
bution

P (s) =
e�E(s)=c

S e
�E(s)=c

(12)

and the mean of the variablesi, denotedhsii, is given by

hsii = S sie
�E(s)=c

S e
�E(s)=c

: (13)

Under the condition that the system is kept in equilibrium at all times,
from (12) we have

lim
c!1

P (sopt) = 1 (14)

wheresopt is a state corresponding to an optimal solution.
The mean value of the variablesi for a system in equilibrium is given

by (13). For most practical problems the sums in (13) are impossible to
compute in a reasonable amount of time. However, a good approxima-
tion can be found by first rewriting (13) using a conditional expectation
of the variablesi as

hsii =

S e
�E(s)=c

s e

e

S e
�E(s)=c

(15)

or

hsii =
s sie

� E(s)j

s e� E(s)j
(16)

where the sums oversi above extends over all possible outcomes ofsi

and then approximating (16) by applying the expectation operatorh�i
inside the argument ofE(�) as follows:

hsii �
s sie

�(1=c)E(hsi)j

s e�(1=c)E(hsi)j
: (17)

By introducing the vectorv, with elementsvi 2 (�1; 1), for i =
0; 2; 4; . . . andvi 2 (�1; 0] correspondingly fori = 1; 3; 5; . . . and by
defining the cost functionE(v) consistent with the definition in (11)
we may then formulate the approximation in (17) as the following real
valued fixed point equation:

vi =
s sie

�(1=c)E(v)j

s e�(1=c)E(v)j
(18)

wherevi = hsii andv = hsi.
It is noted that the fixed point (18) forms an update rule for the vari-

ablesvi and thereby constitutes the core of the MM-MFA algorithm.
The actual values forsi are given by a suitably selected subset, or pos-
sibly all, of N andN� for even and oddi, respectively. One useful
subset,N̂ , would be, e.g., all coefficients,̂si, that can be represented
using two signed power-of-two terms

ŝi = d12
�p + d22

�p (19)

whered1;2 = f�1; 0;+1g andp1;2 = f0; . . . ; bg.
Starting with a high value ofc and iterating the update rule (18) while

decreasingc will force thevi ! si 2 N . For infinitec the trivial fixed
points are

vi =
1

jN j
s 2N

si (20)

wherejN j denotes the size of setN . As the control parameterc de-
creases andc! 0 the properties of the Boltzmann distribution (12) en-
sure that a solution with a cost close to the global minimum is reached,
provided that the approximation error in (17) is sufficiently small.

The MM-MFA algorithm can be described as:

1) set initialvi and initial value ofc;
2) calculatevi from (18);
3) decrease the control parameterc geometrically;
4) repeat steps 2 and 3 until allvi are close to ansi 2 N .
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Fig. 1. The filter specification is a channel filter in a mobile communications
system with a passband0 � !=2� � 0:15 and stopband0:15 < !=2� �
0:5. H denotes the maximum ripple in the passband andH the minimum
attenuation in the stopband.

IV. DESIGN EXAMPLES

As a design example using the MM-MFA algorithm, we consider the
design of a structurally passive digital filter as described in Section II.
The example specification is taken as the channel filter in a mobile
communications system.1

The filter is intended for multiplierless very large scale integration-
implementation and in order to conserve chip-area and reduce power
consumption, while still allowing high sampling frequencies the coef-
ficients are limited to a precision of 2�b.

The example parameters are as follows: The filter order isL = 5,
the number of bits isb = 4, and the filter specification is given in Fig. 1
where the different levels correspond to a passband ripple of 0.3 and
0.9 dB and a stopband attenuation of 0.9, 20, and 49 dB.

The MM-MFA solution was obtained inK = 36 iterations with a
starting control parameter ofc = 800 and a geometric decay factor
� = 0:8. The control parameter as a function of iteration index was
thus given by

c(k) = 800 � �
k�1

: (21)

Fig. 3 shows the MM-MFA variablesvi as a function of iteration index
k.

The solution found by the MM-MFA algorithm with the above pa-
rameters iss = 2�4 � [10;�14; 9;�9; 12], E(s) = 0:963 and the
corresponding magnitude response 20log jH(!)j is shown in Fig. 2
together with the filter specification 20logHu(!) and 20logHl(!).

The computing time� is proportional to the total number of cost
function evaluations and to the size of the setN

� � KLjN j: (22)

In practice, to solve the problem using Matlab, 280 Mflops were per-
formed in 20 s which means that the algorithm coded in e.g., C using
optimized math libraries would execute in just a few CPU seconds. As a
rule, combinatorial optimization methods require a large computational
effort and e.g., the problem in [9] requires a CPU-hour to quantize the
infinite precision solution.

From these test results we make the following conclusions. Despite
its relation to the stochastic simulated annealing algorithm, the
MM-MFA algorithm is deterministic and capable of reliably giving
a good, reproducible solution in a very short time. In general, the
obtained solution is suboptimal, which is due to the approximation in

1The example specification is obtained by Ericsson Mobile Communications
AB, mobile phones, Lund, Sweden.

Fig. 2. The magnitude response 20log jH(!)j corresponding to the solution
found by the MM-MFA algorithm together with the filter specification
20logH (!) and 20 logH (!). The lower plot shows a zoom of the
passband.

Fig. 3. The MM-MFA variablesv as a function of iteration index,k.

(17) where accuracy was traded for for speed, but that is not a problem
if the filter fulfills the specification.

The MM-MFA algorithm should therefore be regarded as a comple-
ment rather than a replacement for other more time-consuming algo-
rithms. The MM-MFA algorithm could be used to interactively investi-
gate the effect of changing the problem parameters and, if neccessary,
other methods requiring a large computational effort could be used to
further improve the solution once the problem parameters are set.

V. SUMMARY AND CONCLUSIONS

A new MM-MFA technique is proposed for combinatorial optimiza-
tion with applications to IIR digital filter design. The iterative algorithm
is deterministic and deduced directly from the Boltzmann distribution.
The MM-MFA algorithm shows very good potential for solving non-
trivial IIR digital filter design problems such as satisfying a general fre-
quency specification by solving a combinatorial optimization problem
over discrete coefficients and a max-norm cost.

Generally, the MM-MFA technique is very fast and delivers a near
optimal solution which makes the MM-MFA technique well suited as
an interactive design tool.
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