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ABSTRACT [7] the mean values of the decision variables are analytically 

The mean field annealing (MFA) algorithm is presented as 
an efficient tool to design digital filters with discrete coeffi- 
cients and hardware constraints. As an application example 
the algorithm is used to design a finite wordlength digital 
tilter with a simple hardware constraint. The ability of the 
deterministic MFA algorithm to approximate the mean be- 
havior of the stochastic simulated annealing algorithm is in- 
dicated by numerical results. 

1. INTRODUCTION 

When designing digital filters of finite wordlength it would 
be beneticial if hardware realization aspects could be taken 
into account and optimized at the same time. Such a co- 
design process is by its nature a combinatorial problem and 
very time consuming due to the inherent complexity ofcom- 
binatorial optimization. 

A digital filter design can be considered as a search over 
a binary-valued statc spacc consisting of all outcomes of 
b x IV binary variables where A: is the number of filter co- 
efficients and b is the coefficient wordlength. The goal is 
to find the state corresponding to the minimum global cost, 
consisting of two parts, one associated with the filter speci- 
fication and the other with the hardware constraints. 

Several approaches to this problem have been proposed, 
among them simulated annealing (SA) and genetic (evolu- 
tionary) algorithms [ S .  2. I O ,  31. Simulated annealing in 
particular is known to provide good results. but is vcry time- 
consuming due to its stochastic search for thermal equilib- 
rium at each annealing step 1 I ] .  

The mean field annealing (MFA) algorithm [4,9.6] is a 
de/c'r/i7inistic. rinnetrling method capable of handling large 
combinatorial optimization problems with a minimum of 
computational effort. It can bc regarded as approximating 
the mean bchavior of the simulated annealing algorithm but 
without the need for a stochastic sampling of states. By ap- 
plying a techniquc known a s  the mean field approximation 

estimated directly from the Boltzmann distribution instead 
of iterating a stochastic perturbation rule a large number of 
times as with SA. The MFA approach proves to be signifi- 
cantly faster and still yields a solution with a quality equal 
to that of a highly tuned SA algorithm. 

2. PROBLEM FORMULATION 

As a design example for the MFA algorithm we choose an 
FIR-filter with a minimum number of ones in its binary cod- 
ing. Such a design is simple enough not to draw attention 
from the optimization algorithm while still representing a 
hard combinatorial problem. 

Consider the design of a linear phase nonrecursive (FIR) 
filter with impulse response h(n),  even symmetry h(n) = 
h ( N  - 1 - n), and odd length N .  The frequency response 
is given by [SI 

where A(&>) is the gain function, A1 = (A' - 1)/2,  a is 
an ( A I  + 1) x 1 vector of coefficients a,, = h(AI  - m), 
and is an ( A I  + 1) x 1 vector of basis functions 
o,,(d) where oo(d) = 1 and o,,~(wI) = 2cos(md) for 

A simplc coding of the filter coefficients is the two's 
172 = 1,. . . , A I .  

complemcnt form 

h-1 

where thc new binary variables s, 6 (0 ,  l} have been intro- 
duced and b is the coefficient wordlength. Hence. i n  terms 
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of the binary variables the response A(d)  can be written 

A(&) = sT+(u) (4) 

where s is an L x 1, L = ( A I  + 1)b vector of variables sz, 
+(U) = +(d) @ d and d = [-1 2-1 . . . 2-b+1]T. 

We consider the following quadratic design criterion 
whose cost function is defined by 

L 

k=l  z = 1  
\ Y 

/ + 
filter design cost constraint 

where A a ( ~ k )  is the desired response defined on a set of 
frequency points Cdk E [O ,  7r] for k = 1, . . . , I<, w k  is a stop- 
band weighting and n is a positive parameter used to trade 
off the filter design cost (first term above) for the hardware 
cost defined in terms of the total number of binary ones (sec- 
ond term above). The choice of cost function is not critical 
to the algorithm and e.g. a minimax filter specification with 
the hardware constraints given by the maximum hamming 
distance would be treated similarly. 

By employing (4) we may now rewrite the cost function 
in (5) as the following quadratic form 

We emphasize that the type 1 linear phase FIR filter 
structure 181 and the quadratic design criterion chosen above 
are used merely as an example to demonstrate the potential 
of the new algorithm; other filter structures, design criteria 
and hardware costs may be treated similarly. 

3. THE MEAN FIELD ANNEALING ALGORITHM 

By mapping the filter design problem and the correspond- 
ing hardware constraints onto the set of binary variables, s,, 
it can be solved using a mean field annealing (MFA) tech- 
nique. Consider the set of states S defined by 

s = { s  I s, E {0, l},i = 1,. . . , L }  (10) 

and the global cost, E(s) .  connected with each state. From 
statistical mechanics it  is well known that for a system in 

thermal equilibrium at temperature T the probability of a 
particular state s is given by the Boltzmann distribution 

and that the expectation value of variable si. denoted by 
( s t ) .  will be 

Under the condition that the system is kept in thermal equi 
librium, it is easy to show [ I ]  that ( 1  1 ) gives 

where is the state with E'(so"*) < E(s  # s o p t ) .  

For most problems (12) is  impossible to compute in a 
reasonable amount of time but a good approximation known 
as the mean field approximation 16. 71 is derived by rewrit- 
ing (12) using conditional expectations overs, = (0, l} as 

c sze-+w*< 
cs e--E(s)/T :3,=0J 

-y e-+E(s) l>,  

Now. (14) can be expressed as 

where 
AEi(S) = E(S)l,:,=l - E(s)l,,=o (16) 

and the following identity is established: 

(17) 

The approximation consists of moving the expectation op- 
erator (.) in the right hand side of (17) inside the argument 
of AE, (.), 

(18) 

By introducing the set of cfontinuous variables V = {v I 
U, E [0,1] , i  = 1,. . . , L }  where U ,  = (s,). the approxima- 
tion in (18) can be Jormulated as a continuous-valued fixed 
point equation 

1 
( S Z h  ;= 1 + & € A ( S ) ) / T .  

= 1+" 1 

and the corresponding cost function to minimize becomes 

E ( v )  = v1 (R + a . I)v - 2p'v + c. (20) 
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Figure 1: The sigmoid function f(x) = 1/(1 + 
plotted for T = 5 (dash-dotted), T = 2 (dashed) and T = 
0.1 (solid). 

The shape of the sigmoid function ( 1  9) for various temper- 
atures is shown in Fig. 1 .  

Starting from a high value of T and iterating the update 
rule (19) while decreasing T will accomplish two things. 
For infinite T the trivial fixed point is vz = 0.5, but as 
T --f 0, U ,  --f (0,l) .  At the same time the properties of 
the Boltzmann distribution as T -+ 0 (13) ensure that a 
state with a cost close to the global minimum is reached at 
TGO.  

The MFA algorithm can be described as 

1 Set v, = 0.5 and set initial temperature. T 

2 Calculate U? from (19) 

3 Repeat step 2 until v, are stable 

4 Decrease the temperature geometrically 

5 Repeat steps 2-4 until all v, are close to (0, l} 

4. NUMERICAL EXAMPLES 

The MFA-algorithm was used to design an 1%' = 17 tap lin- 
ear phase lowpass FIR-filter with coefficients quantized to 
b = S bits which was then compared to a filter designed 
straightforwardly by quantizing the coefficients of the infi- 
nite precision LS-solution, referred to as QLS below. The 
weighting parameter 7 4 .  was set to 1 in the passband and 2 
in the stopband. The tradeoff between filter characteristics 
and hardware constraints is imposed in a soft manner using 
a 2 0. 

0 0.2 0.4 0.6 0.8 1 
Normalized frequency 

m 21 I 

0.1 0.2 0.3 0.4 
Normalized frequency 

-" 0 

Figure 2: The magnitude response of the filters. The quan- 
tized LS-solution (solid) and the MFA-solutions for a = 
0.01 (dashed), Q = 0.1 (dash-dotted) and a = 0.5 (dotted) 
are drawn. The lower plot shows the passband only. 

The results with respect to the quality of the filter de- 
fined by E,,,,, = E(s)),=, and the corresponding number 
of ones used in the implementation are listed in Table I and 
the magnitude response of the filters are shown in Fig. 2 .  

I a 1 no of Is I E,,i,, 
QLS I - I 34 0.0520 

2.1 338 

Table 1 : Comparison between the quantized LS-solution 
and the MFA-solutions with their respective hardware cost 
expressed as the number of ones needed. 

Note that the response of the MFA-solution with c\ = 
0.01 (dashed) is better than the one obtained simply by quan- 
tizing thc LS-solution. When CI = 0.5 (dotted) the hardware 
constraints start degrading the filter performance. 

The validity or the MFA-approximation employed in 
( 18) and the use of continuous variables to track the mean 
behavior of a corrcsponding siniulatcd annealing pi-ocedurc 
are illustrated in Fig. 3 where both SA and MFA were ap- 
plied to the same problem of size A- = 7 and b = S .  It 
is clear that the behavior or closely follows that of ( s i ) .  
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as was expected. Thus, instead of the time-consuming pro- 
cess of obtaining thermal equilibrium by a stochastic search. 
the mean field approximation provides thermal equilibrium 
conditions through a deterministic fixed point equation. 

10 20 30 40 50 60 70 
Annealing step 

10 20 30 40 50 60 70 
Annealing step 

Figure 3: A comparison of the convergence properties of SA 
and MFA. The upper plot shows how ( s t ) ,  computed by SA, 
evolve over the annealing course while the lower plot shows 
U ,  when computed by MFA. At each annealing step each s, 
was iterated 400 times while each U, on average needed less 
than 2 iterations to converge. 

5. SUMMARY AND CONCLUSIONS 

Thc mean field annealing (MFA) algorithm is presented as a 
means for designing digital filters with hardware constraints. 
The MFA approach is viewed as an analytical analogy to the 
well known simulated annealing algorithm and MFA turns 
out to be less time-consuming while still rendering high 
quality solutions. Examples are given for a simple linear 
phase FIR-filter with increasing demands on the hardware 
aspect. The tradeoff between filter characteristics and hard- 
ware constraints is governed by a single parameter, a. 

The strength of the MFA algorithm in digital tilter de- 
sign is thc fact that it operates directly on the bitlevel of 
the filter, which means that hardware constraints can be 
smoothly incorporated in the design. and that it does away 
with the stochastic sampling of states needed in e.g. simu- 
lated annealing. 

Even though the examples given are for linear phase 
FIR-filters the algorithm is clearly not limited to such cases. 
It  is our opinion that it  can be turned into a useful tool to 
design general digital filters. with or without hardware con- 
straints, for which no general method exists today. 
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