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Design of 1-D Stable Variable
Fractional Delay IIR Filters

Hui Zhao and Hon Keung Kwan

Abstract—In this brief, a two-stage approach for the design of
1-D stable variable fractional delay infinite-impulse response (IIR)
digital filters is proposed. In the first stage, a set of fixed delay stable
IIR filters are designed by minimizing a quadratic objective func-
tion, which is defined by integrating error criterion with IIR filter
stability constraint condition. Then, the final design is determined
by fitting each of the fixed delay filter coefficients as a 1-D polyno-
mial. Two design examples are given to show the effectiveness of
the proposed design method.

Index Terms—Digital filters, infinite-impulse response (IIR) fil-
ters, variable fractional delay (VFD) filters.

I. INTRODUCTION

VARIABLE fractional delay (VFD) digital filter design has
received increasing attention in recent years. Although ad-

vances have been made on the design of finite-impulse response
(FIR) and allpass types of VFD filters, for examples [1]–[8], it
will be of interest to investigate approaches for the design of
VFD infinite-impulse response (IIR) filters, since this type of
filters can improve computation efficiency and reduce system
delay compared to what can be achieved by FIR filters. For the
purpose of reducing the computational complexity for the de-
sign of variable digital filters, a two-stage approach, i.e., de-
signing a set of fixed-coefficient filters, and then fitting each of
the coefficients by a polynomial function, has been proposed in
the literatures [9], [10]. In [11], we have presented an efficient
two-stage approach for the design of 1-D VFD FIR filters.

In this brief, a two-stage approach for the design of 1-D VFD
IIR filters is presented. In Section II, we introduce the design
problem. Then in Section III, the design method is formulated
and the computational complexity is evaluated. In Section IV,
two design examples, together with their comparisons with
other 1-D VFD allpass filters, are given to illustrate the effec-
tiveness of the proposed design method.

II. DESIGN PROBLEM

Let the frequency response of the desired 1-D VFD filter be
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where is the mean delay, is the adjustable parameter
representing the variable fractional delay on [ 0.5, 0.5], and

is the filter cutoff frequency. The design task is to find a
stable and variable IIR filter with finite coefficients

and , whose frequency re-
sponse

(2)

approximates to . Moreover, it is well known that to
guarantee the filter designed to be stable, constraint must be im-
posed on the coefficients . The sufficient stability condition
is given in [12] as

(3)

For the variable coefficients and being continuous
functions of , we assume, like those in other papers, that
and are polynomial functions of with the degree , i.e.

(4a)

(4b)

Therefore, the design task can be expressed as the following
constrained optimization problem.

Find coefficients and
while ap-

proximates to , subject to , for all
and .

III. DESIGN METHOD

In this brief, a two-stage approach is employed to solve the
1-D VFD IIR filter design problem.

A. First Stage

First of all, we sample uniformly fractional delay
points on
to form ideal fixed fractional delay filters with frequency
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response for . We define
error functions as

(5)

When reaches its global minimum, the designed co-
efficients and
of the fixed delay IIR filter, such that the corresponding

approximates to , can be obtained.
Furthermore, from (3), we have

(6)
We now define a quadratic function for the stability constraint
as

(7)

It can be shown that if is less than 0.5, the stability con-
straint condition (3) is satisfied for all . Now, by com-
bining (5) and (7), we define the objective function as

(8)

where is an adjustable positive number and shall be
called stability control parameter in this brief. Therefore, the
task to design a stable fixed delay IIR filter is to minimize

. It is observed that to facilitate the design of a stable
filter, must be taken big enough during minimizing .
From (8), it is clear that the objective function will go
to its minimum when

(9a)

(9b)

Since the cutoff frequency is always taken as in
practical designing process, it can be proved that (9) have such
a unique solution

(10a)

(10b)

where

(11a)

(11b)

In (10), and are, respectively, and
unit matrices. The matrices or vectors , , ,

and are, respectively, of dimensions ,
, , and , with their

elements defined by

(12a)

(12b)

(12c)

(12d)

(12e)

Solving (10) for , the coefficients
and such that approximating

can be obtained. If the stability control parameter
is taken big enough, the corresponding fixed delay

IIR filters obtained are usually stable.

B. Second Stage

Based on the above obtained coefficients and
, the polynomial fitting

error functions are defined by

(13a)

(13b)

By minimizing and , we can obtain the op-
timal fitting coefficients and

. To solve this problem, we
make and for

, and then arrive at the following unique solu-
tions:

(14a)

(14b)

where

(15a)

(15b)
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, and , are respectively, ,
and matrices or vectors which can be expressed

as

(16a)

(16b)

(16c)

Finally, by solving (14a) for and (14b) for
, optimal fitting coefficients

and can be obtained.

C. Remarks

Based on the above formulation the following are true.
1) The design of 1-D stable VFD IIR filters is performed by

solving in tandem the matrix equations (10) and (14). And,
the filter obtained is stable, if the stability control parameter

is taken big enough in the design.
2) From (1) and (4), the ideal frequency responses ,

the filter coefficients and are all continuous
functions of the fractional delay . So theoretically
speaking, can fit the ideal response
well, provided the sampling scale is taken large enough
and the polynomial degree is also taken high enough.

3) From (10) and (14), the major computa-
tion involves calculating the inverse matrices

,

and
, with matrix dimensions, respectively, ,

and . It is
known that an inverse matrix can be obtained
using floating-point operations (flops). Therefore, the
computational complexity of the proposed method is

flops.
4) It is known that the error function is not true mean-

squared error (MSE) function, which should be

(17)
To reduce the design complexity, we ignore the denomi-
nator . In fact, this simplification yields group
delay response that fits the desired ones well enough. Al-
though it can not strictly control the magnitude response,
but as shown in the following design examples, it can still
obtain satisfactory design results.

IV. DESIGN EXAMPLES

In this section, we will present two examples simulated using
MATLAB on a PC to show the effectiveness of the proposed
approach for designing 1-D stable VFD IIR filters.

To evaluate the performance, the frequency response error
, maximum frequency response error , normalized

Fig. 1. Maximum modulus of filter poles of Example 1.

root mean square (rms) error , fractional group delay error
and maximum fractional delay error are defined,

as those adopted in [7], by

(18)

(19)

(20)

(21)

(22)

In (21), and are the actual and desired fractional
group delay responses.

Example 1: In [5]–[8], the filter numerator and denominator
polynomials must be of equal order for the design of fractional
delay allpass filters. In this brief, no such constraint is required.
The design specifications are chosen as , ,

, , , . From Section III, it is
known that the stability control parameter has to be chosen
carefully. It is found in our design process that if is larger
than about , the filter obtained will be stable. As
shown in Fig. 1 (dashed), when , the max-
imum modulus of filter poles for is 0.9967,
hence the VFD IIR filter obtained is stable. Moreover, different

will yield different filter performance. Fig. 2 shows de-
creases as increases from to . It can
be seen that will reach its minimum if is bigger than
about , i.e., does not change when increases
beyond .

Now, we show the performances of the 1-D stable VFD IIR
filter designed by the proposed method, when the stability con-
trol parameter is taken as . Figs. 3–5 show,
respectively, the frequency response error , fractional
group delay response and fractional group delay error
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Fig. 2. Different W yields different e in Example 1.

Fig. 3. Frequency response error in decibels of Example 1.

at the frequency range . The maximum mod-
ulus of filter poles for is also shown in Fig. 1
(solid line). Because the maximum is 0.4289, the designed filter
is stable.

From Table I, the normalized rms error is larger than
those of [6], [7], but the maximum fractional delay error
is smaller than that of [6]. Although the designed filter has

coefficients which is two times of those of the two
allpass filters of [6], [7], it achieves the lowest mean delay.

Example 2: Adopting the same order of 35 as the allpass fil-
ters [6], [7], we select the design specifications as ,

, , , , . It is found
in our design process that even when the stability control pa-
rameter is taken zero the filter obtained is still stable. The
corresponding magnitude response and fractional group delay
response are obtained as shown in Figs. 6 and 7. It can be seen
that the filter has produced a better approximation to the all-
pass character. The maximum modulus of filter poles for

is 0.9285. Hence, the filter is stable. Therefore, a
1-D allpass-like VFD IIR filter can be designed by using the

Fig. 4. Fractional group delay response of Example 1.

Fig. 5. Fractional group delay error of Example 1.

TABLE I
DESIGN RESULTS COMPARED WITH THOSE OF [6] AND [7]

proposed approach with equal orders of numerator and denom-
inator polynomials.

The performances are also listed in Table I. It can be found
that the filter designed, which can approximate well an allpass
filter, has performances better than those of [6] and comparable
with those of [7].

It should be noted that all of the performance indexes in
Table I are computed under the same condition as: 201 discrete
normalized frequency points on and 61 fractional
normalized delay points on . And, to design the
above two filters, the proposed approach needs less than 0.4
and 0.5 seconds CPU time, respectively, on a PC (Pentium IV,
1.8 GHz).
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Fig. 6. Magnitude response of Example 2.

Fig. 7. Fractional group delay response of Example 2.

V. CONCLUSION

In this brief, a two-stage approach for the design of 1-D stable
VFD IIR filters has been proposed. The proposed method em-
ploys in tandem two designing steps. Firstly, a set of fixed delay

stable IIR filters are designed by minimizing a quadratic ob-
jective function formulated in this brief. The design tasks are
accomplished by solving a set of linear matrix equations. And
then, the final design result is determined by fitting the fixed
delay filter coefficients as 1-D polynomials. In the proposed
method, the objective function is defined in terms of the ap-
proximating error criterion and the IIR filter stability constraint.
Therefore, the filter designed is guaranteed to be stable while
the computational complexity is reduced. To show its effective-
ness, two design examples, together with their comparisons with
other design methods for 1-D VFD allpass filters have been pre-
sented.
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