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Abstract—Conventionally, variable fractional-delay finite-im-
pulse-response digital filters are generally designed by minimizing
the root-mean-square error of variable frequency response. In
this paper, a new criterion concerning the minimization of the
root-mean-square error of variable group-delay response is pro-
posed. However, minimization is a highly nonlinear problem, so
an iterative method is proposed in this paper to overcome it. To
further reduce the maximum absolute group-delay error in the
least squares design, an iterative weighting-updated technique is
also proposed, which constitutes the outer loop of the overall iter-
ative process while the iteration stated earlier makes up the inner
loop. Several design examples will be presented to demonstrate
the effectiveness of the proposed method.

Index Terms—Finite-impulse-response (FIR) filter, iterative
weighted least squares (LS) method, totally equiripple design,
variable fractional-delay (VFD) filter.

I. INTRODUCTION

F OR the past decade, the design of variable fractional-delay
(VFD) digital filters has received considerable attention

due to its wide applications in signal processing and communi-
cation systems [1]–[6]. VFD filters belong to a branch of vari-
able digital filters that are applied in applications in which the
frequency characteristics need to be adjustable online without
redesigning a new filter. Since the Farrow structure was pro-
posed in 1988 [7], several techniques have been submitted for
the related design [8]–[31].

Conventionally, most works concerning the design of VFD
filters are focused on the minimization of the root-mean-square
error of variable frequency response, and the objective error
function can be generally represented by
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where represents the designed region; and
are the desired and actual frequency responses,

respectively; and is a weighting function. However, in
image processing, it has been shown that the lost information of
magnitude response can be recovered from phase response, and
group delay is another way to observe the phase distortion [32].
Also, the group-delay function is useful in speech processing
[33]. Moreover, for some applications such as discrete-time
signal interpolation and time-delay estimation [1]–[3], timing
plays an important role, so it is desirable to have a smaller
group-delay error for the design of VFD filters. In this paper,
a new delay-oriented criterion is proposed to minimize the
root-mean-square error of variable group-delay response for
the design of VFD finite-impulse-response (FIR) digital filters,
and the objective error function becomes

(2)

where and are the desired and actual group-
delay responses of the designed system, respectively. However,
when the error in (2) is minimized, it is possible that the actual
variable frequency response will deviate from the desired one
too much, so the error function in (2) is replaced by

(3)

in this paper, where is a relative weighting constant that must
be large enough to preserve the approximation of variable fre-
quency response while the root-mean-square error of variable
group-delay response can be minimized as much as possible.
However, the minimization of (3) is a highly nonlinear problem,
so an iterative method is proposed to overcome it. Furthermore,
to reduce the maximum absolute group-delay error in the least
squares (LS) design of (3), i.e., , a weighting-updated
technique is also proposed in this paper.

This paper is organized as follows. In Section II, the design of
VFD FIR digital filters by a conventional LS method is reviewed
for the purpose of comparison and the use of other sections. In
Section III, the new delay-oriented criterion is proposed, and
the nonlinear problem to minimize the error in (3) is converted
into an iterative quadratic problem by replacing some elements
in (3) with the results in the previous iteration. Several design
examples will be presented to demonstrate the effectiveness of
the proposed method. Then, an iterative weighted LS method
is proposed in Section IV to further reduce the maximum ab-
solute group-delay error obtained in Section III. In this paper,
a new target error function whose peak error is what we want
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to minimize is proposed for the design of VFD FIR digital fil-
ters. Although we cannot make sure if the maximum absolute
group-delay error is minimized, the presented example reveals
that it will be reduced drastically. Finally, the conclusions will
be given in Section V.

II. REVIEW OF CONVENTIONAL LS DESIGN OF VFD FIR
DIGITAL FILTERS

For the purpose of comparison and the use of the following
sections, the conventional LS design of VFD FIR digital filters
is reviewed in this section. The desired response of a VFD FIR
filter is given by

(4)

where is a prescribed mean group delay and is the parameter
used to adjust the group delay of a filter online. The used transfer
function is characterized by

(5)

where coefficients are expressed as the polynomials of
by

(6)

hence

(7)

where subfilters are represented by

(8)

Obviously, (7) can be implemented by the Farrow structure [7],
[15].

Equation (4) can be further represented by

(9)
for sufficiently large . Comparing (7) and (9), it can be found
that the frequency response of is used inherently to ap-
proximate for . Therefore,

it is reasonable to choose the coefficients of to be sym-
metric for even and antisymmetric for odd , and obviously,

. In this paper, only even is used, and the case for
odd can be extended in a similar manner. Notice that the
first subfilter is designed to approximate , so

. Hence, the frequency response of (7)
can be written as

(10)

where (11a)–(11c) are shown at the bottom of the page. Defining

(12a)

(12b)

(12c)

(12d)

Equation (10) can be represented by

(13)

where the superscript denotes the transpose operator.
The conventional objective error function for designing a

VFD FIR filter is given by

: even
: odd

(11a)

;
;

(11b)

(11c)
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(14)

where is a weighting function

(15a)

(15b)

in which

(16a)

(16b)

(16c)

(16d)

(16e)

(16f)

For LS design and by applying the technique in [22],
the elements in , , , and can be represented in closed
form as (17a) and (17b), shown at the bottom of the page, where

denotes the remainder when integer is divided by
integer , and denotes the largest integer that is less than or
equal to real number . In (17), must be chosen large enough
as in [22], and is used in this paper.

Once , , , and are obtained, the optimal solutions
in the LS sense can be achieved by differentiating (14) with
respect to and , respectively, and then setting the results to
zero as follows:

(18a)

(18b)

which yield

(19a)

(19b)

III. PROPOSED NEW CRITERION FOR DESIGNING VFD FIR
DIGITAL FILTERS IN THE LS SENSE

In Section II, the VFD FIR filter is designed such that the
root-mean-square error of variable frequency response can be
minimized. In this section, delay-oriented minimization is pro-
posed so that the root-mean-square group-delay error can be
minimized as much as possible while the desired variable fre-
quency response can be preserved to a certain extent.

The desired group-delay response of a VFD FIR filter can be
derived from (4)

(20)

(17a)

(17b)



SHYU et al.: NEW CRITERION FOR THE DESIGN OF VARIABLE FRACTIONAL-DELAY FIR DIGITAL FILTERS 371

and the actual group-delay response of the designed system is
given by (21), shown at the bottom of the page, where de-
notes the argument of a complex number

(22a)

(22b)

The objective error function of the proposed method is given by

(23)

where is a relative weighting constant, has been de-
fined in (14), and is shown in (24), shown at the bottom
of the page. Obviously, minimization of (23) is a highly non-
linear problem, and an iterative method is proposed in this paper
to replace it.

The objective error function in the th iteration for the pro-
posed iterative method is represented by

(25)

where the coefficient vectors denoted by subscript are to be
determined in the th iteration and the functions denoted by

subscript are the results of the previous iteration, which
are defined by

(26a)

(26b)

(26c)

Thus, the original nonlinear problem can be converted into an
iterative quadratic problem whose error function can be formu-
lated into

(27)

where

(28a)

(28b)

(28c)

(28d)

(28e)

(28f)

(21)

(24)
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Fig. 1. Flowchart of the iterative method for the proposed criterion (LS sense).

In the th iteration, solutions and can be obtained by
differentiating (27) with respect to and , respectively, and
then setting the results to zero

(29a)

(29b)

which lead to

(30a)

(30b)

Substituting (30b) and (30a) into (29a) and (29b), respectively,
we can obtain

(31a)

(31b)

Notice that because the related matrices, whose inverses are to
be determined in (19) and (31), are symmetric and positive def-
inite, the technique of Cholesky factorization can be applied
to solve the ill-conditioning problem. To terminate the iterative
process, the relative norms are defined by

(32a)

(32b)

When both and are small enough, e.g., smaller than
, where is a preassigned very small positive constant,

the iterative process can stop. In this paper, is
used. For simplicity, only the case for the LS design, i.e., ,
is considered in this section, and the case for the weighted LS
design will be presented in Section IV.

The iterative procedures are shown in Fig. 1 and described in
detail as follows.
Step 1) Given , , , and and setting iterative counter

, find the initial coefficient vectors and
by (19).

Step 2) Increase iterative counter by one and calculate
, , , , ,

, , and .
Step 3) Find coefficient vectors and by (31).
Step 4) Check whether both relative norms and are

small enough by

(33a)

(33b)

If the condition is satisfied, stop the process; other-
wise, go to Step 2).

To evaluate the performance, the normalized root-mean-
square error of variable frequency response, the maximum
absolute error of variable frequency response, the normalized
root-mean-square error of variable group-delay response, and
the maximum absolute group-delay error are defined, respec-
tively, by

(34a)

(34b)
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Fig. 2. Design of an � � ��, � � �, and � � ���� VFD FIR filter. (a)
Group-delay response of the proposed method. (b) Absolute error of variable
frequency response [(top) conventional method; (bottom) proposed method)].
(c) Absolute delay error [(top) conventional method; (bottom) proposed
method)].

(34c)

(34d)

Fig. 3. (a) Curves of (solid line) � and (dash line) � and (b) curves of (solid
line) � and (dash line) � when � varies from 1 to 40 for the proposed
method.

To compute the errors in (34b)–(34d), frequency and param-
eter are uniformly sampled at step sizes and 1/60, re-
spectively, in this section.

1) Example 1: An , , and VFD
FIR filter is designed in this example. When the conventional
method in Section II is used, Fig. 2(b) and (c) shows the abso-
lute error of variable frequency response and the absolute group-
delay error, respectively. The first problem that we face for the
proposed method is the choice of relative weighting constant
in (23). Fig. 3(a) shows the curves of and , and those of

and are shown in Fig. 3(b), when varies from 1 to
40. Obviously, there exists a tradeoff relationship between
and , as well as and . Thus, it is reasonable to choose
the largest integer such that the maximum absolute error of
variable frequency response is less than that of the conven-
tional method. In this example, is the choice, and the
design took three iterations. The obtained variable group-delay
response is shown in Fig. 2(a), while Fig. 2(b) and (c) shows
the absolute error of variable frequency response and the abso-
lute group-delay error, respectively, accompanying with those
of the conventional method for comparison. The errors in (34)
are listed as follows:
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TABLE I
NORMALIZED ROOT-MEAN-SQUARE ERROR OF VARIABLE FREQUENCY RESPONSE � , THE MAXIMUM ABSOLUTE ERROR OF VARIABLE FREQUENCY

RESPONSE� , THE NORMALIZED ROOT-MEAN-SQUARE ERROR OF VARIABLE GROUP-DELAY RESPONSE � , AND THE MAXIMUM ABSOLUTE GROUP-DELAY

ERROR � FOR THE DESIGN OF � � � AND � � ���� VFD FIR FILTERS WITH DIFFERENT FILTER ORDER � ’s BY THE CONVENTIONAL AND PROPOSED

METHODS

Fig. 4. Trace of the sum � � � .

From Fig. 2(c) and the aforementioned data, the group-delay
performance of the proposed method is much better than that
of the conventional method under the cost of larger . To
investigate the convergence of the iterative method, the trace of

is shown in Fig. 4, in which the sum reduces to
in the third iteration.

2) Example 2: To illustrate the advantages of the proposed
method, Table I presents more results for different filter orders

’s when and . Also, for each design, the
largest integer is selected such that the maximum absolute
error of variable frequency response is less than that of the con-

ventional method. The improved ratio shown in Table I is de-
fined, e.g., for by (35), shown at the bottom of the page, and
that for is also defined in the same manner. It is found that
the improved ratios for both and become more significant
for larger .

IV. TOTALLY EQUIRIPPLE DESIGN OF VFD FIR DIGITAL

FILTERS IN GROUP-DELAY RESPONSE

To further reduce the maximum absolute group-delay error
, the modification of the weighting-updated technique in [34]

is applied in this section. Peering the absolute group-delay error
of the proposed method and the absolute error of variable fre-
quency response of the conventional method, which are shown
in Fig. 2(c) (bottom) and Fig. 2(b) (top), respectively, it can be
found that the former is not so regular as the latter. Therefore,
the method in [31] cannot be applied here to obtain a minimax
design in group-delay response.

In this section, the target error function whose peak error we
want to minimize is given by

(36)

which is the integration of the absolute group-delay error along
the -axis, so we name the algorithm by “Totally equiripple de-
sign.” Minimization of the peak error in (36) is achieved by an

(35)
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Fig. 5. Flowchart of the totally equiripple design of VFD FIR digital filters in
group-delay response.

iterative weighting-updated method, which constitutes the outer
loop of the overall process while the iteration in Section III
makes up the inner loop. The overall iterative process is shown
in Fig. 5 and described in detail as follows.
Step 1) Given , , , and , find the initial coefficient

vectors and by (19).
Step 2) Set the inner iterative counter .
Step 3) Increase the inner iterative counter by one and

calculate , , ,
, , , , and .

Step 4) Find coefficient vectors and by (31).
Step 5) Check whether both relative norms and are

small enough by

(37a)

(37b)

If the condition is satisfied, go to the next step; oth-
erwise, go to Step 3).

Step 6) Find the absolute error ripples of in (36), and
denote the th ripple with ripple interval
by , , where is the number of ripples in

. Then, search the maximum value and the
minimum value of , .

Fig. 6. (a) Absolute error of variable frequency response and (b) absolute
group-delay error in Example 3.

Step 7) Check whether error function is nearly
equiripple by

(38)

where is the relative peak error ratio and
is a preassigned very small positive constant. If the
condition is satisfied, stop the process; otherwise, go
to the next step.

Step 8) Compute the unnormalized weighting function

(39)

and find its maximum value

(40)

Then, update the weighting function by

(41)

Step 9) Calculate , , , and in (16), and replace
and by and , respectively. Then, go to Step
2).

1) Example 3: The design in Example 1 is continued so that
the maximum absolute group-delay error in Section III can be
reduced as much as possible. In this example, frequency and
parameter are uniformly sampled at step sizes and
1/120, respectively. If is used, 12 outer iterations
are needed, and the respective inner iterations are four, three,
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Fig. 7. (a) Total error functions���� of the (dash line) first outer iteration and
the (solid line) fourth outer iteration. (b) Trace of relative peak error ratio � .

three, two, two, three, one, two, two, one, one, and one, respec-
tively, and that would mean 20-five inner iterations are required.
The obtained absolute error of variable frequency response and
the absolute group-delay error are shown in Fig. 6(a) and (b),
respectively, and the errors in (34) are listed as follows:

Once more the maximum absolute group-delay error is
much smaller than those in Example 1, the sacrifice is that
and will become larger. The error functions of the
first outer iteration and the twelfth outer iteration are shown in
Fig. 7(a), and the trace of relative peak error ratio is shown
in Fig. 7(b), which show that the convergence of the proposed
iterative method is satisfactory.

V. CONCLUSION

In this paper, a new criterion concerning the minimization
of the root-mean-square error of variable group-delay response
has been proposed for the design of VFD FIR digital filters.
To overcome the nonlinear optimization for minimization, the
proposed iterative method has been successfully used, and the
experimental results show that the performance in group-delay
response and the convergence of the iterative method are sat-
isfactory. Moreover, an iterative weighting-updated technique
has also been proposed such that the maximum absolute group-
delay error can be further reduced drastically.

It is noted that the mean group delay in (4) is set as
such that all subfilters , , in (8) can be im-
plemented by symmetric/antisymmetric coefficient FIR filters.
However, if a small is desirable, it is difficult to get a high-per-
formance VFD FIR filter, and maybe, the IIR-type VFD filter
can be considered, which will be the target of related research
in the future.
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