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In this paper, an iterative weighted least-squares (LS) method is proposed for the design of

allpass variable fractional-delay (VFD) digital filters, so that the maximum absolute phase

error can be minimized. Meanwhile, it is found that the range of variable parameter will

affect overall performance of the designed filter, which will be analyzed and discussed in

this paper through several examples designed by least-squares and iterative weighted

least-squares methods. And the stability of the designed filters and the effectiveness of the

proposed iterative method are also revealed by these presented examples.

& 2009 Elsevier B.V. All rights reserved.
1. Introduction

For the past decade, variable filter design became one
of the most important branches in digital signal proces-
sing because the self-adjustable ability of a variable filter
online by tuning the variable parameter. Especially,
among variable filters, variable fractional-delay (VFD)
digital filters are widely used in various signal processing
applications such as sampling rate conversion, time delay
estimation, timing adjustment in digital receivers and
comb filter design etc., so they have received considerable
attention [1–21]. Among the presented structures for VFD
digital filters, the hybrid of IIR allpass structure and
Farrow structure [10–14,16–18,21] seems to be a good
choice because its unit magnitude gain is just coincident
with the nature of VFD filters.

In this paper, we will focus on the design of allpass VFD
filters. For IIR allpass filter design, the issue in stability is
ll rights reserved.
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).
the dominant problem to be overcome. Fortunately, from
previous works [22–26], there exists a necessary and
sufficient condition for positive-valued group delay t(o)
of the designed allpass filter with order N as below:Z 2p

0
tðoÞdo ¼ 2pN. (1)

It is also pointed out in [22] that if the allpass filter design
has a phase approximating error less than p at o ¼ p it
must be stable. However, the phase characteristic of VFD
filters is perfectly satisfied if the variable parameter can be
tuned properly. For the minimization of maximum
absolute phase error, which is different from the minimax
in delay error [14,21], an iterative weighted least-squares
(LS) method is proposed, which is also used successfully
to design VFD FIR digital filters [8] and variable fractional-
order FIR differintegrators [27] in minimax sense. In this
paper, it is also found that the range of variable parameter
will affect the overall performance of the designed filter,
which has been revealed in [9] and will be shown later.

This paper is organized as follows. In Section 2, a least-
squares method is proposed for the design of allpass VFD
filters with different ranges of variable parameter. Then,
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an iterative weighted least-squares method, modified
from [28], is used for minimax phase error design of
allpass VFD filters in Section 3. Design examples and
comparisons will be given to illustrate the effectiveness
of the proposed method. Finally, the conclusions are given
in Section 4.
Fig. 1. Farrow structure of an allpass VFD digital filter (N ¼ 5, M ¼ 4).
2. Least-squares design of allpass VFD digital filters

For the design of an allpass VFD digital filter, the
desired response can be characterized by

Hdðo; pÞ ¼ e�jðNþpÞo; jojpop (2)

where N is the order of the designed allpass filter and p is
a variable parameter which is used to tune the desired
fractional delay. Generally, pA[�0.5,0.5] as in [16,21]. But,
different choices of p may result in better performance,
which will be shown later, so the range of p in this paper is
denoted by [p1,p1+1].

To approximate (2), the used transfer function is
given by

Hðz; pÞ ¼ z�N Aðz�1; pÞ

Aðz; pÞ
(3)

where

Aðz; pÞ ¼ 1þ
XN

n¼1

anðpÞz
�n (4)

in which the coefficients an(p) are expressed as the
polynomials of p

anðpÞ ¼
XM
m¼1

aðn;mÞpm (5)

hence (3) becomes

Hðz; pÞ ¼ z�N 1þ
PN

n¼1

PM
m¼1aðn;mÞpmzn

1þ
PN

n¼1

PM
m¼1aðn;mÞpmz�n

(6)

which can be implemented by the hybrid of IIR allpass
structure and Farrow structure [1] shown in Fig. 1. The
frequency response of (6) can be represented by

Hðejo; pÞ ¼ e�jNo Aðe�jo; pÞ

Aðejo; pÞ

¼ e�jNo 1þ
PN

n¼1

PM
m¼1aðn;mÞpmejno

1þ
PN

n¼1

PM
m¼1aðn;mÞpme�jno

(7)

and due to the unit magnitude gain for allpass filters, the
design problem is focused on the phase approximation, i.e.
the phase of (7)

argðHðejo; pÞÞ ¼ �No� 2 argðAðejo; pÞÞ (8)

will approximate the phase of (2)

argðHdðo; pÞÞ ¼ �No� po (9)

as much as possible over 0popop, p1pppp1+1. So the
phase design of H(z, p) is equivalent to that of A(z, p), and
the design problem can be expressed by

� tan�1

PN
n¼1

PM
m¼1aðn;mÞpm sinðnoÞ

1þ
PN

n¼1

PM
m¼1aðn;mÞpm cosðnoÞ

!
po
2
; 0popop,

p1pppp1 þ 1 (10)

where ‘‘-’’ means ‘‘approximate’’. However, the direct
approximation of (10) is highly nonlinear, and it can be
converted into

�

PN
n¼1

PM
m¼1aðn;mÞpm sinðnoÞ

1þ
PN

n¼1

PM
m¼1aðn;mÞpm cosðnoÞ

! tan
po
2

� �

¼

sin
po
2

� �
cos

po
2

� �,

0popop; p1pppp1 þ 1 (11)

which can be further formulated into

sin
po
2

� �
þ
XN

n¼1

XM
m¼1

aðn;mÞpm cosðnoÞ sin
po
2

� �

þ
XN

n¼1

XM
m¼1

aðn;mÞpm sinðnoÞ cos
po
2

� �
! 0,

0popop; p1pppp1 þ 1. (12)

Hence, the objective error function for LS design of an
allpass VFD filter can be represented by

eðaÞ ¼

Z p1þ1

p1

Z op

0
sin

po
2

� ����
þ
XN

n¼1

XM
m¼1

aðn;mÞpm cosðnoÞ sin
po
2

� �h

þ sinðnoÞ cos
po
2

� �i���2dodp

¼

Z p1þ1

p1

Z op

0
sin

po
2

� �
þ aT cðo; pÞ

��� ���2dodp

¼ sþ rT aþ aT Qa (13)
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Table 2
The error energy e(a), the maximum absolute delay error et, the

maximum absolute phase error ep and the largest of maximum pole

radius rmax for LS design of an N ¼ 30, M ¼ 5, op ¼ 0.9p allpass VFD filter

with different values of p1.

p1 e(a) et ep rmax

0 1.0518�10�7 0.56715 4.2995�10�3 0.86286

�0.05 6.2803�10�8 0.48831 3.6589�10�3 0.85986

�0.1 3.844�10�8 0.41891 3.1093�10�3 0.85677

�0.15 2.327�10�8 0.35697 2.6195�10�3 0.85358

�0.2 1.3918�10�8 0.30272 2.1987�10�3 0.8558

�0.25 8.2151�10�9 0.25553 1.8413�10�3 0.87164

�0.3 4.7768�10�9 0.21428 1.5318�10�3 0.88407

�0.35 2.7308�10�9 0.17826 1.2641�10�3 0.89537

�0.4 1.5317�10�9 0.14712 1.0374�10�3 0.90661

�0.45 8.4087�10�10 0.12033 8.4595�10�4 0.91752

�0.5 4.5026�10�10 0.097343 6.8185�10�4 0.92769

�0.55 2.3407�10�10 0.077814 5.4203�10�4 0.93702

�0.6 1.1756�10�10 0.06151 4.2668�10�4 0.9456

�0.65 5.6912�10�11 0.04813 3.36�10�4 0.9534

�0.7 2.6607�10�11 0.037071 2.6387�10�4 0.96038

�0.75 1.2061�10�11 0.027559 2.0045�10�4 0.9671

�0.8 5.3829�10�12 0.019501 1.4366�10�4 0.97422

�0.85 2.7854�10�12 0.013378 1.0042�10�4 0.98103

�0.9 2.0774�10�12 0.0097575 8.2405�10�5 0.98658

�0.95 1.5824�10�12 0.0057956 6.1628�10�5 0.99201

�1 1.7067�10�12 0.0053282 5.3413�10�5 0.99698

Table 1
Normalized truncation errors for s, r and Q.

K es er eQ

1 0.71226927 4.34581876 1.85675394

2 0.24329545 1.89036326 1.04396935

3 0.05009255 0.46248478 0.30169851

4 0.00693822 0.07313336 0.05379430

5 0.00069228 0.00811764 0.00654801

6 0.00005219 0.00066847 0.00058060

7 0.00000308 0.00004250 0.00003924

8 0.00000015 0.00000215 0.00000209

9 0.00000001 0.00000008 0.00000009

10 0.00000000 0.00000000 0.00000000

y yyyyy yyyyy yyyyy
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where the superscript T denotes the transpose operator,

a ¼ ½að1;1Þ; � � � ; aðN;1Þ; � � � ; að1;MÞ; � � � ; aðN;MÞ�T

(14a)

cðo; pÞ ¼ p cosðoÞ sin
po
2

� �
þ sinðoÞ cos

po
2

� �� �
; . . . ;

h
p cosðNoÞ sin

po
2

� �
þ sinðNoÞ cos

po
2

� �� �
; . . . ,

pM cosðoÞ sin
po
2

� �
þ sinðoÞ cos

po
2

� �� �
; . . . ,

pM cosðNoÞ sin
po
2

� �
þ sinðNoÞ cos

po
2

� �� �iT

(14b)

and

s ¼

Z p1þ1

p1

Z op

p1

sin2 po
2

� �
dodp, (15a)

r ¼ 2

Z p1þ1

p1

Z op

0
sin

po
2

� �
cðo; pÞdodp, (15b)

Q ¼
Z p1þ1

p1

Z op

0
cðo; pÞcT ðo; pÞdodp. (15c)

Thus the LS solution can be obtained by differentiating
(13) with respect to a and setting the result to zero, which
leads to

a ¼ �
1

2
Q�1r. (16)

By applying Taylor series expansions of cosðpo=2Þ and
sinðpo=2Þ,

s ¼ �
1

2

X1
k¼1

ð�1Þk

ð2kÞ!

ðp1 þ 1Þ2kþ1
� p2kþ1

1

2kþ 1

o2kþ1
p

2kþ 1
(17a)

and the elements of r and Q are given by

rðiÞ ¼ �
X1
k¼1

ð�1Þk

ð2kÞ!

ðp1 þ 1Þmþ2kþ1
� pmþ2kþ1

1

mþ 2kþ 1

�

Z op

0
o2k cosðnoÞdo

þ
X1
k¼0

ð�1Þk

ð2kþ 1Þ!

ðp1 þ 1Þmþ2kþ2
� pmþ2kþ2

1

mþ 2kþ 2

�

Z op

0
o2kþ1 sinðnoÞdo,

0pipNM � 1 (17b)

Q ði; lÞ ¼
1

2

ðp1 þ 1Þmþm̂þ1
� pmþm̂þ1

1

mþ m̂þ 1

sinððn� n̂ÞopÞ

n� n̂

�
1

2

X1
k¼0

ð�1Þk

ð2kÞ!

ðp1 þ 1Þmþm̂þ2kþ1
� pmþm̂þ2kþ1

1

mþ m̂þ 2kþ 1

�

Z op

0
o2k cosððnþ n̂ÞoÞdo

þ
1

2

X1
k¼0

ð�1Þk

ð2kþ 1Þ!

ðp1 þ 1Þmþm̂þ2kþ2
� pmþm̂þ2kþ2

1

mþ m̂þ 2kþ 2

�

Z op

0
o2kþ1 sinððnþ n̂ÞoÞdo,

0pi; lpNM � 1. (17c)
In (17b) and (17c), n ¼ modði;NÞ þ 1;m ¼ i
N

� �
þ 1; n̂ ¼

modðl;NÞ þ 1 and m̂ ¼ l
N

� �
þ 1 where modðx; yÞ denotes

the remainder when the integer x is divided by the integer
y, and bzc denotes the largest integer less than or equal to
the real number z. To compute (17), s, r and Q are
approximated by sK, rK and QK, respectively, where

sK ¼ �
1

2

XK

k¼1

ð�1Þk

ð2kÞ!

ðp1 þ 1Þ2kþ1
� p2kþ1

1

2kþ 1

o2kþ1
p

2kþ 1
(18a)

and the elements of rK and QK are given by

rK ðiÞ ¼ �
XK

k¼1

ð�1Þk

ð2kÞ!

ðp1 þ 1Þmþ2kþ1
� pmþ2kþ1

1

mþ 2kþ 1

Z op

0
o2k cosðnoÞdo

þ
XK

k¼0

ð�1Þk

ð2kþ 1Þ!

ðp1 þ 1Þmþ2kþ2
� pmþ2kþ2

1

mþ 2kþ 2

�

Z op

0
o2kþ1 sin noð Þdo; 0pipNM � 1 (18b)
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Q K ði; lÞ ¼
1

2

ðp1 þ 1Þmþm̂þ1
� pmþm̂þ1

1

mþ m̂þ 1

sinððn� n̂ÞopÞ

n� n̂

�
1

2

XK

k¼0

ð�1Þk

ð2kÞ!

ðp1 þ 1Þmþm̂þ2kþ1
� pmþm̂þ2kþ1

1

mþ m̂þ 2kþ 1

�

Z op

0
o2k cosððnþ n̂ÞoÞdo

þ
1

2

XK

k¼0

ð�1Þk

ð2kþ 1Þ!

ðp1 þ 1Þmþm̂þ2kþ2
� pmþm̂þ2kþ2

1

mþ m̂þ 2kþ 2

�

Z op

0
o2kþ1 sinððnþ n̂ÞoÞdo,

0pi; lpNM � 1. (18c)

To determine the value of K in (18), Table 1 lists the
normalized truncation errors of sK, rK and QK defined by

�s ¼
js� sK j

jsj
(19a)

�r ¼
jjr� rK jj

jjrjj
(19b)

�Q ¼
jjQ � Q K jj

jjQ jj
(19c)

when, for example, N ¼ 30, M ¼ 5, op ¼ 0.9p and
p1 ¼ �0.5. It can be found that the normalized truncation
errors approach zero when K ¼ 10, hence K ¼ 10 is used in
this paper.

To evaluate the performance, the maximum absolute
delay error and the maximum absolute phase error are
defined by

�t ¼ maxfjN þ p� tðo; pÞj; 0popop; p1pppp1 þ 1g,

(20a)

and

�p ¼maxfj � No� po� argðHðejo; pÞÞj; 0popop

p1pppp1 þ 1g (20b)

respectively, where tðo; pÞ is the actual group delay of
Hðz; pÞ. To compute (20), o and p are uniformly sampled in
step sizes op/200 and 1/60, respectively.

Example 1. To show the significant discrepancy when
different ranges of p are chosen, the results for the design
of an N ¼ 30, M ¼ 5, op ¼ 0.9p allpass VFD filter are
tabulated in Table 2, including the error energy e(a), et, ep

and the largest of maximum pole radius rmax over pA[p1,
p1+1]. Evidently, the performance for smaller p1 is much
better than that for larger p1. However, it is not
recommended to choose p1p�0.9 because the corre-
sponding rmax approaches 1 too closely. For the stability of
the designed allpass VFD filters, although there is no
theoretical proof, it can be found that the designed allpass
VFD filter is usually stable when mean delay of the desired
response is equal to the order of the designed allpass filter
and �1pp1p0.
Fig. 2. Minimax phase error design of an N ¼ 30, M ¼ 5, op ¼ 0.9p, p1 ¼ �0.5 a

errors (left: LS design, right: minimax design), (c) absolute phase errors (left: LS

design, solid line: minimax design), (e) maximum pole radius and (f) trace of t
3. Minimax phase error design of allpass VFD digital
filters

In this section, an iterative weighted least-squares
method is proposed for minimax phase error design of
allpass VFD filters, such that the maximum absolute phase
error can be minimized. Now, the objective error function
becomes

eðaÞ ¼

Z p1þ1

p1

Z op

0
WðoÞ sin

po
2

� �
þ aT cðo; pÞ

��� ���2dodp (21)

where W(o) is a positive-valued weighting function. Also,
the error function can be represented in

eðaÞ ¼ sþ rT aþ aT Qa (22)

where

s ¼

Z p1þ1

p1

Z op

0
WðoÞ sin2 po

2

� �
dodp (23a)

r ¼ 2

Z p1þ1

p1

Z op

0
WðoÞ sin

po
2

� �
cðo; pÞdodp (23b)

and

Q ¼

Z p1þ1

p1

Z op

0
WðoÞcðo; pÞcT ðo; pÞdodp. (23c)

Before describing the proposed iterative method, some
notations are defined as below:

Ep(o, p): the absolute phase error function defined by
Epðo; pÞ ¼ argðAðejo; pÞÞ � po

2

�� ��,
pm: the variable p where the maximum of Ep(o, p)
occurs for the first iteration,
gi: the ith absolute error ripple of Ep(o, pm) with ripple
interval (oi�1, oi] (except that the first ripple interval
is [0, o1]),
d: max{gi},
r: min{gi},
dr: the relative peak error ratio defined by dr ¼ d� r=d.

The proposed iterative method is processed as follows:
Step 1: Initiate the weighting function

WðoÞ ¼ 1; 0popop. (24)

Step 2: Find the coefficient vector by a ¼ �ð1=2ÞQ�1r.
Step 3: Find pm for the first iteration only, and search

for gi, d and r for all iterations.
Step 4: Check whether the absolute phase error Ep(o,

pm) is nearly equiripple by checking if

drp� (25)

where e is a preassigned very small positive constant. If
the condition is satisfied, stop the process; otherwise go to
the next step.
llpass VFD filters: (a) variable group-delay responses, (b) absolute delay

design, right: minimax design), (d) error curves Ep(o, pm) (dotted line: LS

he relative peak error ratio.
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Table 3
Comparisons of the designed results between LS design and minimax phase error design of an N ¼ 30, M ¼ 5, op ¼ 0.9p allpass VFD filter for e ¼ 0.001

and different values of p1.

p1 LS design Minimax phase error design

et ep et ep Iteration number rmax

�0.5 0.097343 6.8185�10�4 0.05055 1.8542�10�4 6 0.92924

�0.55 0.077814 5.4203�10�4 0.039353 1.4124�10�4 6 0.93866

�0.6 0.06151 4.2668�10�4 0.030182 1.0594�10�4 6 0.94748

�0.65 0.04813 3.36�10�4 0.022712 7.8024�10�5 6 0.95583

�0.7 0.037071 2.6387�10�4 0.016649 5.6014�10�5 7 0.96357

�0.75 0.027559 2.0045�10�4 0.011831 3.8908�10�5 8 0.97076

�0.8 0.019501 1.4366�10�4 0.0081482 2.6918�10�5 8 0.97787

�0.85 0.013378 1.0042�10�4 0.0041759 2.2247�10�5 8 0.98583

J.-J. Shyu et al. / Signal Processing 89 (2009) 1774–1781 1779
Step 5: Compute the unnormalized weighting function

ŴðoÞ ¼
WðoÞg2

i ; i ¼ 1; 0popo1;

WðoÞg2
i ; 2pipI; oi�1oopoi

(
(26)

where I is the number of ripples in [0, op] and find its
maximum value

dW ¼ maxfŴðoÞ; 0popopg. (27)

Then update the weighting function by

WðoÞ ¼ ŴðoÞ
dW

; 0popop (28)

and go to Step 2.

Example 2. This example deals with minimax phase error
design of an N ¼ 30, M ¼ 5, op ¼ 0.9p, p1 ¼ �0.5 allpass
VFD filter. In the first iteration,

eðaÞ ¼ 4:5026� 10�10

�t ¼ 0:097343

�p ¼ 6:8185� 10�4.

If e ¼ 0.001 is used, the design takes 6 iterations and

eðaÞ ¼ 9:1267� 10�10

�t ¼ 0:05055

�p ¼ 1:8542� 10�4.

Obviously, the maximum absolute phase error is much
smaller than that in the first iteration, and the maximum
absolute delay error is also improved significantly.
Fig. 2(a) presents the variable group-delay responses
while the absolute delay errors and the absolute phase
errors are illustrated in Fig. 2(b) and (c), respectively. For
comparison, the errors for LS design are also given
simultaneously. To clearly show the difference between
the results of the first and the sixth iterations, the error
curves Ep(o, pm) are illustrated in Fig. 2(d). Also, to
illustrate the stability of the designed filter, Fig. 2(e)
depicts the maximum pole radius for pA[�0.5,0.5]. For the
convergence of the proposed method, the trace of relative
peak error ratio is presented in Fig. 2(f) in which the
relative peak error ratio is reduced quickly and varies
around 5�10�6 after the eighth iteration.
Example 3. As in Section 2 for LS design, the choice of
range of p will affect the overall performance for minimax
phase error design. For example, an N ¼ 30, M ¼ 5,
op ¼ 0.9p allpass VFD filter is designed with different
values of p1, and the results are tabulated in Table 3. Also,
the performance for smaller p1 is better than that for
larger p1 for minimax design. By the presented examples,
it seems to be a good choice to select p1 around �0.85.

Example 4. In [14], an algorithm for minimax phase-
delay error design of allpass VFD filters is proposed, which
can be modified to design allpass VFD filters with
minimax phase error. But the convergence of the modified
method is not guaranteed for high values of N and M,
which also occurs in [14]. For comparison, an N ¼ 4,
M ¼ 2, op ¼ 0.75p, p1 ¼ �0.5 allpass VFD filter is designed
by the proposed method and the method in [14]. The
obtained absolute phase errors are shown in Fig. 3, and
the maximum absolute phase errors are 0.07026849 and
0.07028372 for the proposed method and the method of
[14], respectively, which show that the performance of the
proposed method is comparable with the method in [14]
for lower-order allpass VFD filter design.

Example 5. For further comparison with the existing
methods, for example the two-stage approach in [18]
which is applied to design allpass-like VFD IIR filters in LS
sense, an N ¼ 35;M ¼ 5;op ¼ 0:9p; p1 ¼ �0:5 allpass VFD
filter is designed in this example. The obtained errors are
given as below:
Proposed method:
 Zhao-Kwan’s method [18]:
et ¼ 0.01429198
 et ¼ 0.02883632
ep ¼ 3.9767222�10�5
 ep ¼ 1.49829157�10�4
em ¼ �88.00949492 dB
 em ¼ �76.48804495 dB
erms ¼ 0.00081906%
 erms ¼ 0.000623%
where em and erms are defined by

�m ¼maxfjHdðo; pÞ � Hðejo;pÞj; 0popop; p1pppp1 þ 1g

(29a)

and

�rms ¼

R p1þ1
p1

Rop

0 jHdðo; pÞ � Hðejo; pÞj2 dodpR p1þ1
p1

Rop

0 jHdðo;pÞj2 dodp

2
4

3
5

0:5

� 100%

(29b)
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Fig. 3. Absolute phase errors of an N ¼ 4, M ¼ 2, op ¼ 0.75p, p1 ¼ �0.5 allpass VFD filter designed by: (a) the proposed method and (b) Yli-Kaakinen and

Saramäki’s method [14].

J.-J. Shyu et al. / Signal Processing 89 (2009) 1774–17811780
respectively. It can be observed that et, ep and em of the
proposed method are much smaller than those of Zhao-
Kwan’s method under the cost of larger value of erms.

4. Conclusions

In this paper, it has been shown that the range of
variable p will influence deeply the performance for the
design of allpass VFD filters, and the stability of the
designed system can be guaranteed by properly assigning
the range of variable parameter p. Also, an effective
iterative method has been proposed for the design of
allpass VFD filters with minimax phase error. From these
presented experiments for both LS design and minimax
phase error design, the selection of p1 around�0.85 seems
to be a good choice.
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