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Abstract— A genetic algorithm (GA) based optimization ap-
proach for the design of tunable fractional-delay (FD) digital
filters is presented. In the proposed approach, the FD filter
is designed by using the allpass IIR based Farrow structure
(FS). The approach exploits the advantages of a global search
technique to determine the coefficients of the allpass IIR FS. It
involves a binary encoding scheme for chromosome construction
and the optimization is carried out by minimizing an objective
function based on the phase delay error. Experimental results
show that the GA based approach leads to an improved delay
characteristic relative to that achieved by using a least-squares
approach.

I. INTRODUCTION

Fractional-delay digital filters with a tunable delay are often
needed to compensate for fractional delays introduced in many
applications such as speech coding and synthesis, sampling-
rate conversion, time-delay estimation, and analog-to-digital
conversion [1]. In general, it is desirable that the fractional
delay (FD) be tunable online without redesigning the filter and
the structure used should be suitable for real-time applications.
A computationally efficient filter structure of this type is the
Farrow structure (FS) which consists of several parallel fixed
FIR subfilters [2]-[3]. An attractive alternative to the FIR FS
is the allpass IIR FS (AIFS) [1]. There are three advantages
in using an allpass IIR instead of an FIR FS as follows:
(1) the amplitude response is unity in the entire baseband,
(2) the overall delay for the same maximum delay error is
considerably smaller [4], and (3) the number of multipliers,
adders, and unit delays required to implement the FS is
significantly smaller.

In the past several years a number of methods have been
proposed for the design of allpass IIR FD filters. An allpass
IIR FD filter with a specific fractional delay can be designed
by using a closed-form formula introduced by Thiran [1].
Several methods have been proposed for the design of allpass
IIR-based FD filters with tunable delays which include an
analytic method reported in [5], optimization based methods
such as least-squares (LS) [1], weighted LS [6], and minimax
optimization methods [7]. In these methods, the filter coeffi-
cients are expressed in terms of polynomials of the FD control
parameter. A design method for AIFS similar to the LS design
of FIR FSs was suggested in [1].

Like many other optimization problems, problems for the
design of AIFS filters are nonlinear multimodal optimization

problems. Classical gradient-based optimization algorithms
tend to zoom to a solution in the locale of the initialization
point and this renders these algorithms unbeatable for convex
or concave problems. However, in multimodal problems, the
solution obtained is initialization-dependent and is often unsat-
isfactory. On the other hand, GAs can explore multiple regions
of the parameter space simultaneously and having located local
suboptimal solutions, they can discard them in favour of better
subsequent local solutions [8], [9]. As a consequence, GAs
are more likely to yield a better solution for the optimization
problem under consideration.

In this paper, a GA-based optimization approach for the de-
sign of AIFS filters is described. An FS comprising a number
of parallel subfilters of the same order is optimized to achieve
a fractional delay that is tunable over a desired frequency
range. Chromosomes are constructed in matrix form with each
column representing the coefficients of each of the allpass
subfilters in the FS. The filter coefficients are encoded as
binary strings and, as a consequence, a quantization-error-free
hardware implementation is assured. The algorithm developed
entails a concurrent optimization approach for all subfilter
coefficients instead of a sequential approach, which leads to
improved efficiency. The subfilter coefficients are optimized by
minimizing an objective function based on the overall phase
delay error. The paper is organized as follows. In Section II,
the problem formulation is presented. The details regarding
the methodology of the proposed GA are described in Section
III. Design examples and results are presented in Section IV,
and conclusions are drawn in Section V.

II. PROBLEM FORMULATION

Ideally, an FD filter is required to have a constant amplitude
response of unity and a phase response that is linear with
respect to some frequency band of interest, 0 ≤ ω ≤ ωc, where
ωc is the band edge. Furthermore, the fractional delay realized
should be adjustable without changing the filter coefficients.
An AIFS is based on a parallel connection of P + 1 allpass
IIR subfilters, each of order N . Its transfer function is given
by

H(z, µ) = z−N A(z−1, µ)
A(z, µ)

(1)

where denominator A(z, µ) assumes the form
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A(z, µ) = 1 +
P∑

k=0

µkCk(z) (2)

with

Ck(z) =
N∑

n=1

ckn z−n (3)

Hence
A(z, µ) = 1 +

P∑
k=0

µk
N∑

n=1

ckn z−n

= 1 +
N∑

n=1

(
P∑

k=0

µk ckn

)
z−n

or

A(z, µ) = 1 +
N∑

n=1

aµ(n)z−n (4)

where

aµ(n) =
P∑

k=0

ckn µk

Due to the mirror symmetric property between numerator and
denominator in (1), the phase delay of the allpass FS can be
deduced as

τ(ω, µ) = − N − 2θA(ω, µ)
ω

(5)

where θA(ω, µ) is the phase angle of the denominator A(z, µ),
which is given by

θA(ω, µ) = arctan

( ∑N
n=1 aµ(n) sin nω

1 +
∑N

n=1 aµ(n) cos nω

)

An AIFS filter can be designed by optimizing coefficients
ckn such that the phase delay of the filter, τ(ω, µ), approaches
the desired phase delay τd (µ) in the frequency range 0 ≤ ω ≤
ωc. Assuming an idealized frequency response

Hd(ejω, µ) = e−jω(D+µ) for 0 ≤ ω ≤ ωc

for the filter, where

D = N and µ ∈ [−µ̂, 0]
are a fixed delay and the required fractional delay, respectively,
and µ̂ is a fraction in the range in the range 0 to 1, the desired
phase delay can be expressed as

τd (µ) = D + µ (6)

This problem has been solved in the past by minimizing an
objective function based on the L2 norm using an LS approach
[1]. In the present paper, an objective function based on the
L∞ norm is formulated whose minimization yields a minimax
solution. An important merit of minimax solutions is that the
optimization error tends to become uniform with respect to
the frequency range of interest as the solution is approached
[4]. From (5) and (6), the peak error in the phase delay can
be expressed as

δd = max
0≤ω≤ωc, −µ̂≤µ≤0

|τ(ω, µ) − τd(µ)| (7)

In a discretized version of the optimization problem at hand,
uniformly distributed values of µ are chosen in the range −µ̂ ≤
µ ≤ 0. The approximation error is computed for each value
of µ and it is then sampled at frequency points ωk for k =
1, ...,K and 0 ≤ ωk ≤ ωc. By minimizing δd an allpass IIR
FS can be obtained.

III. THE GA APPROACH

In this section, we describe a GA that can be used to
design AIFS filters by minimizing the delay error δd in (7).
Coefficient matrix

C =




c01 c11 · · · cP1

c02 c12 · · · cP2

...
...

. . .
...

c0N c1N · · · cPN


 (8)

where each column represents the coefficient vector of a sub-
filter, defines the structure of a chromosome, i.e., the candidate
solution for the optimization process. A set of chromosomes
is called population. The GA creates new generations by
applying certain genetic operators to the individuals of a
population. In effect, a scheme that resembles natural selection
is adopted through the GA process to optimize the Farrow
coefficients.

The chromosomes are encoded in binary form which would
allow the GA to use its full strength through the classical re-
combination process. The solution evolves from generation to
generation through the creation of offsprings by applying ge-
netic operators such as crossover and mutation. In a crossover
operation, two complementary offspring chromosomes are
generated from two randomly selected parent chromosomes
by randomly selecting some parts from Parent X and some
parts from Parent Y using a random crossover mask. The
crossover mask is constructed by assigning a 1 or 0 to each
location on a random basis. If there is a 1 (0) in a given
location of the random mask, the chromosome parts from
Parents X and Y are inherited by Offsprings A (2) and B (1),
respectively. In a mutation operation, the value(s) of particular
gene(s) are changed by applying random bit inversions. Each
individual generated by the crossover undergoes a mutation.
The crossover and mutation operations are illustrated in Fig.
1.

In the proposed GA, the frequencies of crossovers and
mutations are controlled by probabilities Px and Pm. In each
case, a random number is generated in the range 0 to 1 and if
it is less than Px or Pm, as appropriate, crossover or mutation
is applied; otherwise, crossover or mutation is not applied.
For the problem at hand, mutation is treated as a supporting
operator for the purpose of restoring lost genetic material and
to avoid pre-matured convergence. On the other hand, a higher
mutation frequency can cause the algorithm to become random
to an undesirable extent and, furthermore, mutations are less
effective in reducing the objective function. To avoid these
problems, the frequency of mutations is kept fairly low by
using a low value for Pm. Initially, the values of Px and Pm
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(a)

1 1 0 1 0 1
1 0 0 0 1 1
0 1 1 0 1 0

1 1 0 1 1 1
1 0 0 0 1 1
0 1 0 0 1 0

Parent X Mutated Offspring

(b)
Fig. 1. (a) Uniform crossover and (b) mutation applied to the chromosomes.

are set to 0.75 and 0.05, respectively, and if no improvement
in the solution is achieved after a number of generations, say,
K, the values of Px and Pm are increased until specified upper
limits, say, P̂x and P̂m are reached. The increased frequencies
of crossovers and mutations used enable the GA to explore
new solutions in the event where progress towards a solution
is slow.

In the selection process, chromosomes are ranked on the
basis of their fitness. The total population that competes for
survival comprises the parents as well as the offsprings created
during crossovers and mutations. The algorithm then records
a small number of top-ranked solutions as elite solutions and
selects a fixed number of best-fit chromosomes as potential
parents for the next generation. The best fitness value in a
generation is defined as the minimum of all fitness values for
a population and can be expressed as

Ψ = min (∆i) for i = 1, ..., Np

where Np is the size of the population. If the reduction in Ψ in
a given generation is less than ε, where ε is a small constant,
the generation is deemed to be an ‘unproductive generation’.

The algorithm is initialized by designing an AIFS filter
using the LS technique [1] which is then used as seed to create
the initial population. Half of the population is generated
from neighborhood points of that seed and the remaining is
generated randomly to maintain diversity in the solutions under
exploitation. In each successive generation, two-thirds of the
solutions are taken from the best-fits of the previous gener-
ation, and one-third are generated randomly. The coefficients
are encoded in binary form.

Typically, GAs are stopped when new crossovers and muta-
tions cease to improve the solution, and this situation can best
be checked by allowing the GA to run over a prespecified
number of unproductive generations. In the proposed GA, we
use a two-phase stopping criterion. During the early stages
of the algorithm when the current solution point is far from
the optimum point, the GA is allowed to continue for L
unproductive generations but when a maximum number of
prespecified generations, say, G, is exceeded, the number
of sequential unproductive generations allowed is reduced
to L/2 since improvements of the solution are less likely
during the later stages of the algorithm. When the number of
unproductive generations or a predefined maximum number of
generations, say, Ĝ, is exceeded, the GA stops and the best
chromosome is selected as the desired solution.

Based on our experience with the proposed GA, suitable
values for parameters Np, P̂x, P̂m, G, Ĝ, K, L, and ε for the
problem at hand are 48, 0.9, 0.1, 100, 60, 7, 10, and 10−2,
respectively.

IV. DESIGN EXAMPLES AND RESULTS

The proposed GA was used to design several AIFS filters and
the results obtained are encouraging. The desired specifications
of two of these filters are listed in rows 1 to 3 of Table I.
The filter coefficients were encoded as 16-bit binary strings
with initial crossover and mutation probabilities set to 0.75
and 0.05, respectively, and the population size was 48. The
designs obtained with the GA approach are compared with
the LS designs in rows 4 to 8.

TABLE I

RESULTS OF DESIGN EXAMPLES

Example 1 Example 2

ωc 0.5π 0.8π
Number of subfilters 3 3

subfilter order 2 5
δd, LS method 1.8605 × 10−2 1.458 × 10−2

δd, GA method 1.370 × 10−2 0.980 × 10−2

Number of generations, GA 77 61
Computation time, LS 0.25 sec 1.95 sec
Computation time, GA 137.64 sec 128.55 sec

The coefficients obtained using the LS method were quan-
tized to the same precision as the binary GA coefficients for
the sake of a fair comparison. Fig. 2 shows the phase delay
of the designed AIFS filters and the maximum values of the
delay errors for various values of µ are plotted in Fig. 3. Table
I shows that the GA approach leads to improvements over the
LS designs by providing lower delay errors. Reductions in the
maximum delay errors of 26.4% and 32.8% were achieved in
examples 1 and 2, respectively. Table I also gives the CPU time
required by the two approaches to obtain the designs. As can
be seen, the GA approach requires much more computation
than the LS approach as is usually the case with GA’s in
general. Fig. 4 shows the evolution of the objective function
through successive generations for example 1.

V. CONCLUSIONS

A GA for the design of fractional delay filters based on
AIFS filters that leads to quantization-error-free designs has
been proposed. This search based approach works in conjunc-
tion with an LS initial design. By removing the constraint on
the amplitude response with the use of the allpass structure,
flexibility is introduced in the optimization process. Experi-
mental results have shown that the proposed algorithm leads
to reductions in the largest maximum delay errors relative to
those achieved with the design based on the LS method. For
example, delay errors in the range 26.4 - 32.8% were achieved
in the AIFS filters included in this paper. Therefore, the new
GA is a useful tool for the design of allpass IIR based tunable
FD filters although it should be mentioned that, in common
with other GAs, it requires a large amount of computation.
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Fig. 2. Phase delay achieved using the GA in: (a) Expl. 1 and (b) Expl. 2.

However this is not an important demerit since the design of
the FD filters does not need to be carried out in real time.
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Fig. 3. Maximum delay error as a function of the fractional delay (comparison
between GA and LS methods): (a) Expl. 1 and (b) Expl. 2.
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