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Abstract

The smooth predictable envelope and quasi-periodicity of impulse response allows for potential ways to design ultra-

low-complexity FIR filters. By introducing an extrapolated impulse response technique, a first attempt successfully reduced

the arithmetic complexity of FIR filter from oðNÞ to oð
ffiffiffiffiffiffiffi
2N
p
Þ comparing with direct form. However, this conventional way

may suffer from the problem that the peak ripple magnitudes in stopband do not decrease or even increase further with

respect to considerable number of extrapolated side lobes. In this paper, we construct coefficient-autocorrelation-matrix of

FIR filter by side lobe vectors, and utilize its maximal eigenvector as a base side lobe for extrapolation. With findings that

the coefficient errors between prototype and extrapolated filters still yield quasi-periodicity for further extrapolation, we

present extrapolated impulse response technique using coefficient-autocorrelation-matrix decomposition, which is

applicable to various windowed filters (Hanning, Hamming, Blackman, and Kaiser). Analytical and experimental results

indicate the proposed method can synthesize extrapolated windowed filters with arbitrary length, and a typically low

arithmetic complexity of oð
ffiffiffiffiffiffiffi
8N
p
Þ is achieved. In addition, the peak ripple magnitudes in passband and stopband meet well

with the requirements from prototypes.

r 2008 Elsevier B.V. All rights reserved.
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1. Introduction

Finite impulse response (FIR) filters have many
advantages, such as guaranteed stability, exact
linear phase and low coefficient sensitivity [1]. The
major drawback is the large number of arithmetic
operations needed in sharp filters. Since the filter
length is inversely proportional to transition width,
the design of a sharp filter with low complexity is of
e front matter r 2008 Elsevier B.V. All rights reserved
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great importance. Several methods have been
proposed for reducing arithmetic complexity, such
as interpolated finite impulse response (IFIR)
design [1,2], frequency response masking (FRM)
filter design [3–15] and extrapolated impulse re-
sponse (EIR) filter design [16,17]. The IFIR
generates the sparse set of impulse response values
with every Qth sample being nonzero, and using
another filter to perform the interpolation [1]. The
FRM produces filters with very sparse coefficients,
so the resulting filter has very low arithmetic
complexity. In this technique, the complementary
.
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pair filters are masked by those of two appropriate
masking filters. The outputs of the masking filters
are combined to produce the desired sharp filter
with arbitrary bandwidth [3]. Furthermore, we can
reduce the arithmetic complexity using the multi-
stage FRM or certain optimization algorithms
[4–6,9]. FRM technique has been used very success-
fully in the synthesis of very sharp filters with very
low complexity, such as two-dimensional diamond-
shaped filters [7,8], Hilbert transformer and half-
band filters [6,10], FIR filter banks [11–14], and
active array beam-forming [15].

Besides, practical FIR filters have an impulse
response with a smooth predictable envelope. One
can remove quite a few impulse response samples
and easily find their values again with reasonably
good accuracy using some type of interpolation
scheme [1]. Such properties allow potential ways to
design ultra-low-complexity FIR filters. Lim et al.
presented a first successful attempt to reduce the
arithmetic complexity of FIR filters from oðNÞ
to oð

ffiffiffiffiffiffiffi
2N
p
Þ without extra group delays compared

to direct form by introducing EIR technique [16].
(A detailed explanation has been conducted in
Appendix.) Very recently, the FRM technique
incorporated with the EIR band-edge shaping filter
is introduced to synthesize sharp filters [17]. How-
ever, the impulse response themselves do not show
obvious periodic property, and the side lobes are
not exactly scaled. The periodicity of extrapolation
is usually observed from experience and the scaling
factors are optimized by linear programming [16].
As a result, the peak ripple magnitudes do not
decrease further or even increase when a large
number of extrapolated side lobes are used.

In this paper, we address the study of EIR
technique from the perspective of the ideal fre-
quency response systematically. First, we present
Fig. 1. The impulse response o
empirical evidence of similarity between side lobes,
and use the maximal eigenvector of coefficient-
autocorrelation-matrix of FIR filter, composed of
side lobe vectors, as the base side lobe for extrapola-
tion. We find that the coefficient errors between
extrapolated side lobes and prototype still yield quasi-
periodicity. Second, motivated by this finding, we
propose a multi-level extrapolation technique.

We generalize the EIR technique allowing for
low-complexity FIR filters with arbitrary length.
Furthermore, our improved EIR technique can
be applied to the design of windowed filters
(Hanning, Hamming, Blackman, and Kaiser). We
illustrate by using several examples, that contrast
with direct form, a saving of 30–85% on the number
of multipliers can be achieved when compared to
direct form implementation, that means a low
arithmetic complexity of oð

ffiffiffiffiffiffiffi
8N
p
Þ is acquired. (Refer

to the Appendix for details.) The performance
of synthesized filters by our improved technique is
much better than that by existing EIR techniques
published in the literatures.

This paper is organized as follows: In Section 2,
the EIR filter using coefficient-autocorrelation
decomposition, and its realization structure are
introduced. In Section 3, we present both the
simulation and analytic results about extrapolated
windowed filters, including arithmetic complexity,
and frequency responses, where an example is
shown in Appendix.

2. EIR filter design using coefficient-autocorrelation-

matrix decomposition

A typical impulse response sequence, hðnÞ, of an
FIR filter is quasi-periodic. As is shown in Fig. 1, it
consists of a center lobe with the largest amplitude
and side lobes with decreasing amplitude away from
f a typical low-pass filter.
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the center. The zero phase transfer function of hðnÞ

is written as

HðzÞ ¼ hð0Þ þ
XN

n¼1

hðnÞðzn þ z�nÞ.

Assume the duration of center lobe is 2M þ 1 and
side lobes are ½nKi

þ 1; nKiþ1
�, where Ki denotes

starting of the ith side lobe shown in Fig. 1. For
expository convenience, we assume that all lobes are
of the same duration, d, and the subsequent side
lobes are approximated as the scaled versions of the
first side lobe. Then may be approximated by a low
arithmetic complexity design

~HðzÞ � hð0Þ þ
XM
n¼1

hðnÞðzn þ z�nÞ þ
Xd

m¼1

hðM þmÞ

�
XR

k¼0

akðz
Mþmþkd þ z�ðMþmþkdÞÞ, (1)

where ak is the kth scaling factor and R is the
number of extrapolated side lobes. Eq. (1) can be
realized in three separate sections. The center
section, which consists of the first two terms, is the
direct form of FIR filter. Terms associated with

XR

k¼0

akzMþmþkd

and

XR

k¼0

akz�ðMþmþkdÞ

can be realized separately [16]. The advantage of
EIR is that a saving of d � 1 coefficients will be
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Fig. 2. Peak ripple magnitude versus filter length plot for Ha
achieved by each extrapolation operation. From
experience, the durations of side lobes may or may
not be all equal. Instead, they may be separated into
two or three groups where all the lobes in each of
the groups have equal durations. Since the impulse
response lobes of the prototype filter are not always
scalable, usage of a linear programming approach
to determine ak that minimizes the maximum error
was conducted in [16]. Very recently, the FRM
technique incorporated with the EIR band-edge
shaping filter is introduced to synthesize sharp
transition filters [17].

Obviously, only in few special cases can one obtain
exact ak such that the extrapolated filters and
prototype have the same frequency response. For
example, the SINE sequence fhðnÞ ¼ sinðwcnÞg (wc is
any arbitrary frequency) can be viewed as the impulse
response of certain bandpass filter with infinitely
narrow bandwidth. If d ¼ L� p=wc, where L is
integer and if the scaling factors are all equal to 1, the
corresponding zero phase transfer function can be
realized by an ultra-low arithmetic complexity:

HðzÞ ¼
XR

r¼0

1r
Xd

n¼1

hðnÞðzn þ z�nÞ.

Another example is the damped oscillation sequence
fhðnÞ ¼ e�an sinðwcnÞg with the zero phase transfer
function of

HðzÞ ¼
XR

r¼0

e�a dr
Xd

n¼1

hðnÞðzn þ z�nÞ,

where the scaling factor is e�a dr. However, the side
lobes in impulse response do not show exactly scaled
400 500 600
 Length

Hamming
Hanning
Blackman
Kaiser

nning, Hamming, Blackman and Kaiser (b ¼ 4) filters.
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and periodic characteristics. Fig. 2 shows the peak
ripple magnitudes in stopband from length of 51 and
thereafter extrapolated to 621 for various extrapo-
lated windowed filters designed using previously
published techniques. It can be observed that peak
ripple magnitudes for those extrapolated filters
increase with an increasing length. However, as the
length of windowed filters increases, the minimum
stopband attenuation of prototypes keeps constant.
For 621-tap filters in Fig. 2, the peak ripple
magnitudes are about 22, 30, 51 and 38dB higher
than minimum stopband attenuation of prototypes
for Hanning, Hamming, Blackman and Kaiser
(b ¼ 4) filters, respectively. To reduce the ripple
magnitude, more coefficients must be implemented
accurately but this will lead to an increased arithmetic
complexity.

Consider the impulse response of an ideal low-
pass filter truncated by rectangular window:
fhðnÞ ¼ sinðwcnÞ=ðpnÞg; n 2 ½�ðN � 1Þ=2; ðN � 1Þ=2�.
The duration of the center lobe is 2M þ 1 and the
duration of the side lobe is d ¼ Lp=oc, where oc is
an arbitrary cutoff frequency. The number of
extrapolation operations is R ¼ ½ðN � 1Þ=2�M�=
d � 1. Periodicity of SINE sequence guarantees
accurate extrapolation duration, and thus we can
rearrange the filter coefficients into a matrix by side
lobe (group) vectors
EFd�ðRþ1Þ ¼ ½hFð0Þ; hFð1Þ; . . . ; hFðRÞ� ¼

hðM þ 0� d þ 1Þ hðM þ 1� d þ 1Þ � � � hðM þ R� d þ 1Þ

hðM þ 0� d þ 2Þ hðM þ 1� d þ 2Þ � � � hðM þ R� d þ 2Þ

..

. ..
. . .

. ..
.

hðM þ 0� d þ dÞ hðM þ 1� d þ dÞ � � � hðM þ R� d þ dÞ

0
BBBBB@

1
CCCCCA
.

(2)
The maximal eigenvector g1F ¼ ½Z1F ð1Þ; Z1F ð2Þ; . . . ;
Z1F ðdÞ�

T of coefficient-autocorrelation-matrix RF ¼

EF � ET
F is used as the base side lobe (group) for

extrapolation. Define DhF ¼ ½hF ð0Þ � a0Z1F ; hF ð1Þ �
a1Z1F ;L; hF ðRÞ � aRZ1F � as coefficient-error-matrix
corresponding to prototype and extrapolated side
lobe (group) vectors. We can calculate scaling factor
ak by minimizing kDhFkF , and then the zero phase
transfer function of hðnÞ may be approximated by

~HðzÞ ¼ hð0Þ þ
XM
n¼1

hðnÞðzn þ z�nÞ

þ
XR

k¼0

ak

Xd

i¼1

Z1F ðiÞðz
Mþiþkd þ z�ðMþiþkdÞÞ.
We find that the coefficient errors are on an order of
10�3. Interestingly, it is also quasi-periodic and a
second level of extrapolation can be performed on the
coefficient errors. Similarly, we use the maximal
eigenvector g1S ¼ ½Z1Sð1Þ; Z1Sð2Þ; . . . ; Z1SðdÞ�

T of coef-
ficient-error-autocorrelation matrix RS ¼ DhF � DhT

F

as base side lobe (group) for further extrapolation. The
coefficient-vector of the kth side lobe after extrapola-
tion is rewritten as ehðkÞ ¼ akZ1F þ bkZ1S; k ¼ 0 � � �
R. The scaling factors bk of the second-level extra-
polation can be calculated by minimizing the cost

XR

k¼0

khF ðkÞ � ehðkÞk2.
The second-level extrapolation reduces the coefficient
errors to the order of 10�5 as shown in Fig. 3. The
zero phase transfer function of the EIR filter using
coefficient-autocorrelation-matrix technique is

ĤðzÞ ¼ hð0Þ þ
XM
n¼1

hðnÞðzn þ z�nÞ

þ
XR

k¼0

ak

Xd

i¼1

Z1F ðiÞðz
Mþiþkd þ z�ðMþiþkdÞÞ

þ
XR

k¼0

bk

Xd

i¼1

Z1SðiÞðz
Mþiþkd þ z�ðMþiþkdÞÞ.

(3)
Fig. 4 shows the realization structure of the EIR
filter using coefficient-autocorrelation-matrix de-
composition technique from Eq. (3). The ‘‘T’’ is a
delay unit and ‘‘dT’’ means d delay units, so does
‘‘RdT’’. The number of multipliers needed in this
structure is M þ 3þ 2d þ 2R. In specific design, it is
necessary to determine the values of duration of side
lobe d and the number of extrapolation operations
R for balancing the arithmetic complexity and
frequency response properties. Generally, the
center lobe duration related M may be extended
to the starting point of first side lobe for extrapola-
tion. It should be noted that 2M þ 1 is not
limited to center lobe duration, and its value
will play a crucial role in designing extrapolated
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Fig. 4. Realization structure of extrapolated impulse response filter using coefficient-autocorrelation-matrix decomposition.
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Fig. 3. Envelopes of impulse response from first side lobe to 14th side lobe for prototype and extrapolated FIR filter. The solid line is the

envelope for prototype filter. The dotted line is the envelope for direct extrapolated filter. The dashed line is the coefficient errors between

that of prototype filter and direct extrapolated filter. The inset shows the coefficient errors between prototype and presented extrapolated

filter by coefficient-autocorrelation-matrix decomposition technique.
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windowed filters with small peak ripple. See in next
section for details.

3. EIR windowed filters

The most straightforward approach for FIR filter
design is to obtain a finite length impulse response
by truncating an infinite-duration impulse sequence,
e.g., ideal low-pass impulse sequence. By tapering
the window smoothly to zero at each end, the height
of the side lobes can be diminished [18]. The
Hanning, Hamming, Blackman and Kaiser are the
commonly used windows. Since the almost periodi-
city of SINE sequence may guarantee accurate
extrapolation duration, the presented EIR using
coefficient-autocorrelation-matrix decomposition
technique can be applicable to various windowed
filters.

Figs. 5–8 show the frequency response perfor-
mance of synthesized windowed filters with N ¼
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2799 and passband cutoff frequency oc ¼ 0:4p. The
synthesized windowed filters by previous extrapo-
lated approach yield high peak ripples in both
passband and stopband; however, the frequency
response of extrapolated windowed filters synthe-
sized by our improved approach performs as well as
the prototypes in passband and transition band.
It can be seen from these figures that there are high
ripples in the stopband of the synthesized filters
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Fig. 5. Hanning windowed filter: frequency responses of prototype fi

(dotted lines) and extrapolated filter by coefficient-autocorrelation-matr

ðd ¼ 40;M ¼ 39Þ.
beyond the stopband cutoff frequency, but the
amplitude of peak ripple in stopband by our
improved approach is smaller than that of proto-
type at the stopband cutoff frequency; therefore, the
minimum stopband attenuations of synthesized
filters are in conformance with those of the proto-
types. This will be specified respectively.

For Hanning window, wðnÞ ¼ 0:5½1� cosð2pn=
ðN � 1ÞÞ�; 0pnpN � 1, it features by a transition
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Fig. 6. Hamming windowed filter: frequency responses of prototype filter (dashed lines), extrapolated filter by conventional approach

(dotted lines) and extrapolated filter by coefficient-autocorrelation-matrix decomposition technique (solid lines) with N ¼ 2799;oc ¼ 0:4p
(d ¼ 35;M ¼ 34).
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width of main lobe 8p=N and peak amplitude of
side lobe �31 dB. The minimum stopband attenua-
tion of Hanning windowed filter can be approxi-
mated at about �44 dB, and it gets slightly affected
by N and the cutoff frequency of the desired filter
[18]. For example, minimum stopband attenuation
will be about �58 dB for N ¼ 2799;oc ¼ 0:4p.
Fig. 5(a) shows the maximum peak ripple beyond
the stopband cutoff frequency is about �64 dB for
the synthesized filter by our improved method,
which is smaller than the ripple amplitude at cutoff
frequency of the desired filter. It can be seen from
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(dotted lines) and extrapolated filter by coefficient-autocorrelation-matrix decomposition technique (solid lines) with N ¼ 2799;oc ¼ 0:4p
ðd ¼ 40;M ¼ 79Þ.
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the subplot of Fig. 5(b) that the passband ripples of
synthesized filters by our improved approach are in
conformance with those of the prototype while the
previous extrapolated approach yields filters with
high ripples in passband which deviate a lot from
the prototype as shown in Fig. 5(b).

For Hamming, wðnÞ¼0:54�0:46 cosð2pn=ðN�1ÞÞ;
0pnpN � 1, it features by a transition width of
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main lobe 8p=N and peak amplitude of side lobe
�41 dB. The minimum stopband attenuation of
Hamming filter can be approximated as about
�54 dB [18]. Fig. 6(a) shows us a good performance
of frequency response with the peak ripple of
�65 dB in stopband by our improved approach.
Fig. 6(b) demonstrates that the passband ripples of
synthesized filter by our improved approach are
much closer to the prototype than those by previous
approach.

For Blackman, wðnÞ ¼ 0:42� 0:5 cosð2pn=ðN�
1ÞÞ þ 0:08 cosð4pn=ðN � 1ÞÞ; 0pnpN � 1, it fea-
tures by a transition width of main lobe 12p=N

and peak amplitude of side lobe �57 dB [18].
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Table 1

Arithmetic complexity and stopband attenuation of synthesized windowed filters by presented approach with various lengths

Length Extrapolated Hanning

filters

Extrapolated Hamming

filters

Extrapolated Blackman

filters

Extrapolated Kaiser filters

ðb ¼ 6:764Þ

M d Peak

ripples

(dB)

Savings

(%)

M d Peak

ripples

(dB)

Savings

(%)

M d Peak

ripples

(dB)

Savings

(%)

M d Peak

ripples

(dB)

Savings

(%)

101 5 5 �44.0 33.3 5 5 �53.7 33.3 10 5 �75.0 27.5 5 5 �69.5 33.3

201 10 10 �44.0 51.5 10 10 �54.0 51.5 5 5 �75.2 46.5 5 5 �69.9 46.5

301 10 10 �44.0 60.9 10 10 �55.3 60.9 20 10 �75.2 55.6 10 10 �70.4 60.9

401 10 10 �44.0 65.7 10 10 �58.0 65.7 20 10 �75.3 61.7 20 15 �70.5 62.7

501 10 15 �44.1 70.9 10 15 �58.0 70.1 25 15 �75.3 65.7 25 15 �70.4 57.2

601 15 15 �44.0 72.1 15 15 �59.07 72.1 30 15 �75.5 67.8 30 15 �71.0 70.4

701 10 20 �44.0 75.8 10 20 �58.4 75.8 30 20 �75.6 70.7 20 15 �70.0 72.9

801 20 20 �44.4 75.3 20 20 �58.1 75.3 25 15 �75.5 73.6 25 15 �72.1 73.6

901 10 20 �44.2 78.9 15 15 �61.1 78.9 30 20 �75.6 74.9 30 20 �72.7 74.9

1001 20 20 �44.5 78.2 20 20 �58.3 78.2 40 20 �75.8 74.7 40 20 �72.2 74.7

1201 20 20 �43.9 80.2 20 20 �58.0 80.2 30 15 �75.4 77.2 30 15 �72.2 77.2

1401 20 20 �44.0 81.6 20 20 �60.4 81.6 40 30 �75.2 79.3 25 15 �72.1 79.2

1601 20 30 �54.7 83.4 20 30 �58.0 83.4 40 20 �76.6 80.4 40 20 �72.9 80.4

1801 20 20 �44.6 83.5 20 20 �62.0 83.5 40 20 �76.0 81.5 40 20 �72.1 81.5

2001 25 25 �62.8 84.6 25 25 �62.0 84.6 40 20 �76.9 82.3 40 20 �74.8 82.3

2201 20 30 �55.3 86.1 40 20 �60.6 86.1 40 20 �76.0 83.0 40 20 �74.0 83.0

2401 30 30 �46.5 85.9 30 30 �59.2 85.9 40 20 �75.1 83.6 40 20 �73.5 83.4
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The low level of stopband attenuation for Black-
man filter, about �74 dB, results in minor coeffi-
cients errors leading to visible influences on stop-
band ripples. In this sense, we can decrease the
extrapolated error by increasing the ‘‘extended’’
main lobe duration M. For example, M ¼ 79; d ¼

40 will lead to a satisfying value of maximum
peak ripple in stopband shown in Fig. 7(a) and
a better performance in passband as displayed in
Fig. 7(b).

Kaiser has proposed a flexible family of windows
defined as wðnÞ ¼ I0½bð1� ½ðn� aÞ=a�2Þ1=2�=I0ðbÞ;
a ¼ ðN � 1Þ=2; 0pnpN � 1, which are proved
near to be optimum [18]. As shown in Fig. 8(a),
where b ¼ 6:764; d ¼ 35; M ¼ 69, the maximum
peak ripple in stopband for synthesized filter is
about �77.5 dB, which is 1.5 dB smaller than that of
the desired minimum stopband attenuation.

Table 1 lists the savings of multipliers and the
values of minimum stopband attenuation of the
synthesized windowed filters for various filter
length. In contrast to direct form, a saving of
30–85% multipliers is achieved. Compared with
previous EIR filter, the maximum peak ripple in
stopband of the presented extrapolated filter are at
least as same as those of prototypes.
4. Conclusion

By using the smooth predictable envelope of
impulse response, EIR filter design technique
provided a filter design structure with a low
arithmetic complexity without introducing extra
group delays. The characteristic that side lobes of
the impulse response are not exactly scaled may
result in that the peak ripples of synthesized filter do
not decrease or even increase further with increasing
filter length. In this paper, we propose a concise
extrapolated window filter design by coefficient-
autocorrelation-matrix decomposition. We can
synthesize FIR filters with various lengths, and
need only about Oð

ffiffiffiffiffiffiffi
8N
p
Þ multipliers. We find that

the synthesized windowed filters can approach
almost same frequency responses as those of desired
filters. In particular, our future research includes
investigating two-dimensional filters with low ar-
ithmetic complexity and active array beamforming.

Appendix

In the conventional EIR technique, suppose the
filter length equals N, the duration of center lobe is
2M þ 1, the duration of extrapolated side lobe is d,
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Table 2

Coefficients and scaling factors of the extrapolated Kaiser filter (d ¼ 35; M ¼ 69; b ¼ 6:764)

hðnÞ ZF ðnÞ ak ZSðnÞ bk

0 0.4 0.06858396668787 �0.00207194422838

1 0.30273020872997 0 0.04787159828092 0 0.00004918538297

2 0.09354833169757 0.05877699733204 0.03646483704423 �0.08968317169399 0.00064622127597

3 �0.06236505723369 0.03595673586330 0.02917047535681 �0.05030054037264 0.00081359894093

4 �0.07568074197862 �0.03559539983775 0.02406284789242 0.04536074768092 0.00083170648475

5 0 �0.05702256022209 0.02026067218194 0.06569167853701 0.00079299904981

6 0.05045221895398 0 0.01730319411928 0 0.00073287975254

7 0.02672617693057 0.05591470569562 0.01492609787158 �0.05110280825898 0.00066620926562

8 �0.02338484546705 0.03422549864778 0.01296696604609 �0.02731367742757 0.00059954874630

9 �0.03363239919514 �0.03390058821512 0.01132054268651 0.02319429490633 0.00053582606309

10 0 �0.05433718687079 0.00991564596593 0.03109685126583 0.00047628811019

11 0.02751566239517 0 0.00870241440695 0 0.00042137636538

12 0.01558790831661 0.05333735328356 0.00764486347278 �0.01889356748302 0.00037114036132

13 �0.01438826483478 0.03266431893629 0.00671634002230 �0.00809930325457 0.00032544033970

14 �0.02161686354737 �0.03237007610158 0.00589663903970 0.00464389576493 0.00028404901679

15 0 �0.05190877497704 0.00517011499669 0.00211290516283 0.00024670326549

16 0.01891294593610 0 0.00452441032929 0 0.00021313026329

17 0.01100068547286 0.05100040698859 0.00394957905613 0.00814875291534 0.00018306040234

18 �0.01038895641359 0.03124694657907 0.00343747050336 0.00804869040557 0.00015623329680

19 �0.01592402473526 �0.03097881150742 0.00298128848822 �0.01096079888248 0.00013240022071

20 0 �0.04969861596545 0.00257527146204 �0.02229050276279 0.00011132475307

21 0.01440561299624 0 0.00221445767084 0 0.00009278258136

22 0.00849788668470 0.04886850493257 0.00189451110628 0.03095554334542 0.00007656096829

23 �0.00812783004148 0.02995247487368 0.00161159158609 0.02167806107135 0.00006245814247

24 �0.01260219791396 �0.02970678363767 0.00136225729143 �0.02414130875063 0.00005028273917

25 0 �0.04767570240147 0.00114339144137 �0.04291721909261 0.00003985334372

26 0.01163094301554 0 0.00095214707759 0 0.00003099814949

27 0.00692149902765 0.04691316474587 0.00078590552661 0.05025740108513 0.00002355472239

28 �0.00667371720931 0.02876401986772 0.00064224523346 0.03321960307822 0.00001736985295

29 �0.01042499830124 �0.02853779032130 0.00051891846821 �0.03530884125882 0.00001229947373

30 0 �0.04581486514050 0.00041383399506 �0.06040264220983 0.00000820861905

31 0.00975055143774 0 0.00032504422817 0 0.00000497140560

32 0.00583726774995 0.04511115423269 0.00025073572456 0.06663461250722 0.00000247101480

33 �0.00565979405100 0.02766777747243 0.00018922211241 0.04301627732871 0.00000059966078

34 �0.00888744407245 �0.02745855445870 0.00013893874524 �0.04479150932164 �0.00000074146938

35 0 �0.04409543265869 0.00009843852303 �0.07525490163073 �0.00000164231322

36 0.00839182304089 0.00006638844133 �0.00000218407577

37 0.00504567048010 0.00004156652638 �0.00000243942249

38 �0.00491230197291

39 �0.00774351856698

40 0

41 0.00736390624550

42 0.00444219557177

43 �0.00433830040236

44 �0.00685903099033

45 0

46 0.00655892852603

47 0.00396680448395

48 �0.00388357406820

49 �0.00615456240056

50 0

51 0.00591132040384

52 0.00358255048014

53 �0.00351436634904

54 �0.00558010836891

55 0

56 0.00537893015817
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Table 2 (continued )

hðnÞ ZF ðnÞ ak ZSðnÞ bk

57 0.00326545064379

58 �0.00320856088958

59 �0.00510261520283

60 0

61 0.00493342638415

62 0.00299925853142

63 �0.00295106244725

64 �0.00469935856440

65 0

66 0.00455506302445

67 0.00277257742876

68 �0.00273121560065

69 �0.00435420095030
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then the number of side lobes is R ¼ ððN � 1Þ=
2�MÞ=d. As a result, the number of multipliers
needed is M þ d þ Rþ 1. When d approachesffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðN � 1Þ=2�M

p
, the number of multipliers de-

creases to a minimum and approaches Mþffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðN � 1Þ � 4M

p
. This is on the order of

ffiffiffiffiffiffiffi
2N
p

.
Similarly, in our improved approach, the number

of multipliers needed is M þ 3þ 2d þ 2R0, where
R0 ¼ ððN � 1Þ=2�MÞ=2� 1. When d approachesffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðN � 1Þ=2�M

p
, the number of multipliers we

need is M þ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðN � 1� 2MÞ

p
þ 1. This approx-

imates to an order of
ffiffiffiffiffiffiffi
8N
p

.
In this appendix, we show an example for

illustration of extrapolated Kaiser filter with
N ¼ 2799; d ¼ 35; M ¼ 69; b ¼ 6:764. Table 2
lists the coefficients and scaling factors, respectively.
The number of multipliers we need in total is 216,
saving 82% of the multipliers compared to those
needed in the direct form.
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