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Abstract

 This paper introduces algorithm for the design of FIR filter. This algorithm simultaneously minimizes the error
present in the magnitude and group delay. This method is used to generate non-inferior solution under
interactive environment. To generate the non-inferior solution, weighing method is used in which multiobjective
optimization is converted into scalar optimization problem. The scalar is solved with the help of Hooke-Jeeves
method. The use of optimization in filter designing allows the filter design with multi error criteria for both the
pass band and stop band.

Key words : FIR filters, multi objective optimization, simultaneously optimization of group delay and
amplitude.

1. Introduction

The basic component of all signal processing and
telecommunication system is filter. A digital filter is
basically a mathematical procedure which converts
the one form of the given sequence in the required
form whose properties are more desirable than
previous one. To design a filter we simply have to
decide the particular parameters and then convert
them in the form required for particular application.
The finite impulse response digital filter are useful in
a wide range of applications where high selectivity
and efficient processing of discrete signal are
desirable. The main problem in the design of non-
recursive digital filter is to meet the specified
characterstics simultaneously. The filter can be
designed using window method, frequency sampled
method, least squares or the chebyshev polynomial
approximation. M.H. [1] Savoji have designed the
FIR filter using LMS method, in this method he
modified the LMS adaptive algorithm to include the

constraints on the filter coefficients. Y-D. Jou[2] used
the conventional WLS method to find the
coefficients of filter by performing a matrix inverse
operation. W.R.Lee[3] uses frequency response
masking technique in which the power of two
coefficients and scaling parameters of sub filters are
taken as decision variables and peak weighted ripples
are taken. C. Sidney Burrus[4] uses  Newton's
method to give excellent robust initial convergence
and quadratic final convergence. Sai Mohan Kilambi
[5] has proposed the optimization of the constituent
multiplier coefficients using genetic algorithms can
reduce the complexity by constantly evolving from
generation to generation based on the minimization
of an objective. Juha Yli-Kaakinen [6] introduces a
technique which reduces the number of  multipliers
and adders in narrow transition-band linear-phase
finite-impulse response digital filters, to use the one-
stage or multistage frequency-response masking
(FRM) approach. Qiu-zhong Wu [7] an integrated
computer aided design (CAD) tool for the ASIC
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implementation of multiplier less FIR digital filters
with common sub-expression elimination (CSE)
optimization. Jean R Paul [8] has introduces a novel
approach to adaptive channel equalization with
recurrent neural network (RNN) for a QSPK signal
constellation. Wei Fang [9] focuses on employing
the proposed Quantum-behaved Particle Swarm
Optimization (QPSO) to design FIR digital filters.
The methods are available on minimization of both
magnitude and group delay. Another approach for
the design of filter is multi objective optimization
method. In this we are trying to have the optimal
solution for both the magnitude and group delay of
the FIR filter.

2. Multiobjective Optimization

 When we try to design a system many conflicts
comes in front of us and the solution of one error
or conflicts results in error of another. To minimize
the conflicts present in system we use multiobjective
optimization method. Here this method is used to
prevent the conflicts present in the designing of
digital filters. To design a filter which minimizes multi
conflicts such as magnitude, group error etc.
simultaneously is a mathematical procedure where
as a filter used to minimize a single parameter i.e.
either magnitude or group delay is entirely different
from previous one.

The multi objective problem can be represented
by the following equations.

min F(X)=[f1(X),f2(X),... ... ... ... ... ...fi(X)]        (1)

where X=(x1,x2,... ... ... ... ... ... ...,xn)
T

X∈Rn

where Rn is region that satisfies all the constraints

Where f1(X),f2(X),... ... ... ... ... ... ... fi(X) are the i
objective functions, (x1, x2,... ... ... ... ... ... ... , xn)
are the n optimization parameters, and X is the
solution of parameters space. Obtainable objective
vectors F(X) are denoted by W, so the x is mapped
by F onto W. W is usually referred to as the criteria
space. For a general design problem, F is non- linear
and multi-modal and X might be defined as non linear
constraints and may contain both continuous and

discrete member variables.  If any one of the above
varies then the whole system value will also vary.
The non linearity of any constraints means for the
improvement of one variable & the value of other
variable will degrade. Now in general case we can
say that if any one parameter of above vary the
overall value of system also varies and non realities
of any constraint means , the improvement of one
variable results in the degradation of the other
parameter. So to avoid this degradation of any
parameter we use multiobjective optimization. It
only find out the value of parameter where all the
constraints have the minimum or affordable errors.

3. Problem Formulation

An non recursive filters can be represented by
the following transfer function

1 2K z z
o i 1

H(Z) H 1 pk qk
− −

=
= + +∑                         (2)

Where z = ejw

H(ejw)=M(x,w) ejθ(x,w)                                               (3)

M( ,w)=IH(ejw) is the amplitude of filter        (4)
θ( ,w)=arg H(ejw)is the phase shift of the filter(5)

where = [ p1,q1,.. ... ... ... ... ... pk,qk,ho]
T              (6)

In the effect , x is a (2k+1) dimensional column
vector containing the adjustable parameters. The
group delay of the filter is given by the following
equation

                                           (7)

K
o ki 1

M(x,w) H N
=

= ∑                                         (8)

                                            (9)

where

d (xw)
(x,w)

dw
θ

Φ = −

K k
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= + + + +2 2
kkkk k kZ (w,x) p 2q p (1 3q )cos w 2q cos(2w) (10)

= + + + + +2 2
kkkk k kN 1 p q 2p (1 q )cos w 2q cos(2w) (11)

Ideal digital filters should satisfy the following
conditions for amplitude and group delay. Amplitude
of ideal non recursive filter is represented by the
following equation.

                           (12)

Where wp the union of pass band and ws is the union
of stop band regions. Group delays for ideal non
recursive filter are represented by the following
equation.

Φ( x ,w)=Φ,  for w∈wp                                 (13)

where Φ is a constant. For the constant group delay
is equalised exactly for all the frequencies of pass
band region

Amplitude approximation

Minimization of the weighted error function
between practical amplitude response of filter and
ideal response with respect to filter coefficient is
amplitude approximation problem.

                                                (14)

ϕ = − IH(x) W(w) M(x,w) M (W)                      (15)

w=wp U Ws                                                                                                         (16)

 where W(w) is a positive weighting function.

Group delay approximation

The second function to be approximated is
group delay i.e. to be minimize weighted error
function between the deviation of the group delay
function from a constant value Φ ( a variable)

{ }ϕ = Φ −Φ0T (x) (x,w)                                    (17)

−= ΦT
x 0x                                                      (18)

where Φ and Φ0 are the group delays of designed
and ideal filters.

The multi objective optimization problem is
solved to find the value of x that minimizes both ϕΗ

and ϕΤ simultaneously.

4. Solution Methodology

Various steps used for the designing of non
recursive digital filters are as

i. Magnitude and group delay error are specified
as in equs. (15) & (17).

ii. The desired magnitude M(x ,w) and delay  ϕ(x
,w) characteristics are specified at discrete set of
frequencies w1, w2 ................. wn in the range

π
=w n.

N

iii. The multi objective problem of minimizing the
amplitude and group delay is converted into a scalar
problem by constructing a weighted sum of the
objectives to generate non-inferior solutions. The
non-inferior solutions for different simulated
weighted combinations are generated considering
all objectives simultaneously. To simulate different
weight combinations , weights, wi =1,2, ... ... ... ...,
L are varied from 0.1 to1.0, so that their sum is
1.0

       (19)

The weighing coefficients w1 and w2 are used
to select the effect of error on magnitude and group
delay. For the equally weighted between magnitude

∈
∈

= = 
p

s

1, for w w
I 0,for w wM(x,w) M (w)

{ }ϕminimize
x H(x)

]

∂ Φ = −

 Φ
+ −Φ



Tot 0 1 1

2 0

(x, ) w [W(w) M(x,w) M (w) ]

(x,w)
W V(w)
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and delay w1 and w2 are equal to 0.5. Similarly, the
weighted factors in frequency W(w)and V(w) to
place the relative emphasis on the errors as a
function of frequency.

Eq. (19) can be written as

Tot 0 1 H 2 T(x, ) w W∂ Φ = ϕ + ϕ                                (20)

Where ϕH and ϕT are the root mean squares of
magnitude and group delay error.

iv. The scalar optimization problem mentioned
above is solved using Hooke-Jeeves unconstrained
optimization algorithm. In the Hooke- Jeeves
method a combination of exploratory move and
pattern move is made iteratively  to search out the
optimum solution for the problem. An exploratory
move, the current point is perturbed in positive
and negative directions along each variable (weight
here) one at a time and the best point is recorded.
The current point is changed to the best point at
the end of each variable perturbation. The
exploratory move is a success if the perturbed point
is different from the starting point, otherwise the
exploratory move is a failure. In case, the exploratory
move fails, then perturbation factor is reduced to
continue the process. If the exploratory move is
success, then two successive best points are used
to perform the pattern move. In case of better
results, pattern move is repeated. This process is
repeated till some termination criterion is met.

5. Algorithms

The scalar optimization problem mentioned in
section (4) is solved using Hooke-Jeeves search
method. The various steps involved in the
generation of non-inferior algorithm are explained
in this section.

5.1 Generation of Non-Inferior Solutions

Step1. Simulate weight by varying with step 0.1 such
that their sum remains 1.0

Step2. Set the counter for Non-Inferior solution,
j=0
Step3. Increment the counter, j=j+1
Step4. Select jth combination of weights
Step5. Find non-inferior solutions corresponding to
jth set of weights using Hooke-Jeeves method to solve
scalar optimization problem stated by Eq. 20
Step6. All weight combinations are exhausted, j≥m
           If 'Yes' then Stop
           Else GOTO 3 and repeat.

5.2 Hooke-Jeeves Method

Step1. Choose a starting weight point xi
(0), i = 1,2,

... ... ... ... , N where N equal to number of variables,
weight increment ∆=0.5 a step reduction factor
α=1.4 and a termination parameter, ε=
0.0000000001. Set iteration counter k=0. Let
xi

(0)=xi
o. Find out F(xi

(0))=w1ϕH+w2 ϕT and set

Step2. Set i=1 and perform an exploratory move
as follows:-

2.1 Find out function outcome,
(k ) (k ) (k )
i i if f(x ), f f(x ), f f(x )+ −= = + ∆ = − ∆

2.2 Find fmin=min (f,f+,f-). Set xi corresponding to
fmin.
2.3 If i ≠Ν, set i=i+1 and GOTO 2.1;
      Else xi is result and GOTO 2.4
2.4 If xi ≠ xi

c, then exploratory move is a success.
Set xi

(k+1)=xi; i= 1, 2, ... ... ..., N and GOTO 4;
Else GOTO 3.

Else set ∆=∆/α and GOTO 2.

Step 4 Set k=k+1 and perform the pattern move
as follows:-

(c)
min min

(c)
min min

Step3.If f f , then GOTO7.

If , then GOTO7.

Set f f

− ≤∈

∆ 〈∈

=
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(k 1) k k (k i)
ip i i ix x (x x )−+ = + −

Step 5 Perform another exploratory move using
(k 1)
ipx + as the base point. Let the result be ;i=1,2

... ... ... ... ..., N.

Step 6. If f ( )< f( ), then GOTO 4.

      Else GOTO 3

Step 7 Stop.

6. Results and Discussion

The design of low pass non recursive digital filter
in multiobjective optimization framework is

achieved for different values of pass band and stop
band frequencies. The values of group delay and
magnitude error are taken from the algorithm
written above. The values are taken with respect
to frequency. Here the variable p &q represents
the coefficients of filters. The data taken for the
design of second order low pass filter is as follows:

The method is used for the designing of low pass
filter. In this we simultaneously minimizing both
magnitude and group delay error. Figs.1 & 2 show
the variation of magnitude and group delay with
respect to frequency for the second order FIR Filter.
The minimum and maximum values of magnitude
and group delay error are as follows:ϕhmin =.034677;
ϕhmax =.043197;ϕTmin=.256688;ϕTmax=.116761;

Table 1
Variation in magnitude error, group delay error, Transfer function coefficients, gain constant and group

delay for second order digital filter for the different values of weighing function

w1 w2 τTot ϕH ϕ T p1 q1 H0 ϕ 0

0 1 .024921 .045641 .024921 1.245235 .889105 .486647 1.200000
0.1 0.9 .026544 .041145 .024921 1.245235 .889105 .461647 1.200000
0.2 0.8 .028134 .040222 .025112 1.200000 .889105 .461647 1.200000
0.3 0.7 .028316 .030809 .027247 1.319344 .832084 .355250 1.200000
0.4 0.6 .028672 .030809 .027247 1.319344 .832084 .355250 1.200000
0.5 0.5 .029028 .030809 .027247 1.319344 .832084 .355250 1.200000
0.6 0.4 .029385 .030809 .027247 1.319344 .832084 .355250 1.200000
0.7 0.3 .029741 .030809 .027247 1.319344 .832084 .355250 1.200000
0.8 0.2 .030097 .030809 .027247 1.319344 .832084 .355250 1.200000
0.9 0.1 .030453 .030809 .027247 1.319344 .832084 .355250 1.200000
1 0 .030618 .030618 .223758 1.404001 .903144 .338986 3.240502

Fig. 1. Shows the variation of group delay with respect to frequency for the second order FIR filter

(k 1)
ipx +

(k 1)
ix + (k )

ix
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From the above plot it is clear that the response is
flat up to 0.5 i.e. for the pass band and after that
frequency ripples appears in the graph. It is clear
from the graph that the algorithm gives the optimal
solution for both the magnitude and group delay.
The algorithm does not effect the coefficients of
filter. It simply gives the values where minimum
values of group delay and magnitude are available.
The above two graphs shows the responses of
magnitude and group delay for the second order
FIR filter.

The  method is also implemented on the higher
order FIR filter.

7. Conclusion

   In this paper we are just dealing with the two
parameters i.e. magnitude and group delay value of
FIR filter. This method we are trying to minimize
the error present in the value of the group delay as
well as magnitude as we aware of the fact that the
error can't be zero but it can have the minimum
value. In this method we have successfully minimizes
both the magnitude and group delay  While designing
a filter many factors affect the response of the filter
here we have derived a method to minimize only
two factors many other factors can also be
minimized using this technique.
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