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Frequency-Response Masking Filter
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Abstract—This paper presents a unified approach to the op-
timal design of sharp linear-phase finite-impulse-response (FIR)
digital filters synthesized using the multistage frequency-response
masking (FRM) technique. In this approach, the design of a

-stage FRM filter is achieved in a recursive manner. The min-
imax design problem arising at each step of the synthesis process
is converted into a corresponding weighted least-squares (WLS)
problem. The WLS problem is highly nonlinear with respect to
the coefficients of the filter. Consequently, it is decomposed into
several linear least-squares (LS) problems, each of which can
be solved analytically. It is then solved iteratively by using an
alternating variable approach. Numerical design examples are
included to demonstrate the effectiveness of the method.

Index Terms—Alternating variable approach, frequency-re-
sponse masking (FRM), minimax error, multistage, weighted least
squares (WLS).

I. INTRODUCTION

THE frequency-response masking (FRM) technique is one
of the most efficient techniques to synthesize linear-phase

finite-impulse-response (FIR) digital filters with sharp transition
bands [1]–[4]. This approach produces filters with very sparse
coefficients and hence reduces the number of multipliers and
adders required when compared with those produced by con-
ventional direct design methods. The basic structure of a filter
synthesized using the FRM technique is shown in Fig. 1. If
is the -transform transfer function of the system, then, from
Fig. 1

Here, , where is an even
number denoting the filter length, is the interpolated band-edge
shaping filter which can be obtained by replacing each delay
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Fig. 1. Basic structure for a filter synthesized using the FRM technique.

Fig. 2. Frequency responses of F (z ), F (z), F (z) and F (z). Here,
� and � are passband edge and stopband edge of F (z), respectively.

element of a prototype filter by delay elements. Fur-
thermore, is the complement of

and and are a pair of masking filters. If
and have the same phase delay,

the resulting frequency-response magnitude of is
shown in Fig. 2(c). The transition width of is narrower than
that of by a factor of . Obviously, a large will reduce
the complexity of , but it will increase the complexity of
the two masking filters, since the sum of their transition widths
is . Several approaches, such as those reported in [1], [2],
and [5]–[16], have been introduced to address this problem. One
of these is to generalize the FRM technique into a multistage
FRM technique (see [1] and [2]). If the order of the desired filter

is too high, the prototype filter may itself again
be synthesized using the FRM technique, since the band-edge
shaping filter in a single-stage FRM structure is the longest
among all subfilters. This produces a two-stage FRM structure.
It is demonstrated in [1] and [2] that the FRM technique can, in
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fact, be extended to a multistage FRM structure with any number
of stages. The complexity of the designed filter can be consid-
erably reduced by appropriately choosing the number of stages
and the interpolation ratios for various stages at the expense of a
slight increase in the group delay. To help filter designers, a set
of design equations for selecting the optimum interpolation ra-
tios has been given in [2] and [17] together with a design proce-
dure. However, in the synthesis technique used in these papers,
the subfilters of the system are designed separately, thereby very
likely leading to poor overall solutions. Recently, several joint
optimization approaches have been developed (see [18]–[21]).
In [18] and [19], the interpolated band-edge sharping filter and
the masking filters share the frequency response shaping role in
such a way that each takes care of its respective range of the fre-
quency region. The method has achieved considerable savings
in terms of the number of multipliers required when compared
with those methods in which the subfilters are designed sepa-
rately. However, the design process involves several cost func-
tions, due to the different subintervals which are used in each iter-
ation. The overall design, therefore, needs to minimize these cost
functions simultaneously. Obviously, the errors for the different
cost functions have to be well balanced in order to achieve the
optimality. This is, in general, computationally expensive, espe-
cially when the number of filter stages increases. In [20], an op-
timal design method based on semidefinite programming is pro-
posed. This method can be used to solve both the single and multi
stage FRM filter design problems. However, the number of dis-
crete frequency points which can be used in this method is limited
due to computational constraints. Since frequency points are also
concentrated near the transition band, this may result in parts of
the frequency region not being covered sufficiently. For the mul-
tistage FRM filters, there is no clear rule for deciding the den-
sities of the frequency points in various parts of the frequency
range. This limitation could have serious consequences for the
accuracy of the resulting filter.

This paper introduces a new approach to the optimal design of
linear-phase FIR digital filters synthesized using the multistage
FRM technique. The design of a -stage FRM filter is achieved
via the design of the corresponding -stage FRM filter and
starts with the design of a single-stage FRM filter. The minimax
problem arising at each step of the synthesis is converted into
a corresponding weighted least-squares (WLS) problem [21].
The WLS problem is highly nonlinear with respect to the co-
efficients of the filter and is therefore decomposed into several
simpler linear least squares (LS) problems. Each of these can be
solved analytically. The WLS problem is then solved iteratively
by alternately solving these linear LS problems with appropri-
ately updated weighting functions.

II. PROBLEM AND SOLUTION METHOD

The transfer function of a filter synthesized using the -stage
FRM technique is given by the following recursive formula:

(2.1)

where . Here, is the overall filter (first stage)
and , is the th-stage FRM structure im-
plemented in , is the complement of ,

Fig. 3. Two-stage FRM structure.

and and are a pair of masking filters for the
th-stage FRM structure. A two-stage FRM structure is shown

in Fig. 3.
Suppose we are given the passband and stopband edges

and and the permitted maximum passband and stopband
ripples and of a desired filter. Then the optimal stage
number and the corresponding optimal interpolation ratios

for stages , respectively, can
be estimated (for details, see [2] or [17]). The band edges

for stages , re-
spectively, can be derived using the equations in [1], [18], and
[22]. The following is a brief description of this process.

Let be the transition width of the filter to be designed, where
this is measured in terms of sampling frequency. The recom-
mended stage number should satisfy the following conditions:

(2.2)

(2.3)

The values of for are tabulated in Table I.
The corresponding optimal interpolation rates for
the various stages should be identical and equal to

(2.4)

However, the actual at each stage should be varied in the
vicinity of so as to satisfy the condition that the com-
plexities of the two masking filters and on this
stage are approximately equal. In many cases, there are several
values of near to , which satisfy the above require-
ment. Thus, may be selected so that the complexity of this
stage which can be measured using

(2.5)

is minimized. Here, , , and are the transition
widths of the filters , and , respectively,
and expressions for the function of are tabulated in Table II.

A procedure for finding the optimal stage number and the
corresponding optimal interpolation ratios can
now be formulated as follows.
Step 1) Initialize .
Step 2) Evaluate using (2.2) and (2.3) based on the set of

specifications of .
Step 3) Choose near defined in (2.4) so that the

complexities of the two masking filters and
on this stage are approximately equal and
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TABLE I
VALUES OF � (k)

TABLE II
FUNCTION OF �(�)

the complexity (2.5) of this stage is minimized. Then
. If stop; otherwise go to Step 2).

In the above algorithm, changes with , since the value of
selected may not be equal to . After selecting , it
is necessary to find a new value of which will minimize the
complexity of the next stage .

The band edges can be derived stage
by stage starting from the band edges, of the first stage,
the overall filter, using the following equations:

or

where is the largest integer less than
and is the smallest integer larger than

. One of these will yield a set of band edges
and satisfying the condition .

Therefore, the general problem of designing a linear-phase
FIR filter synthesized using the multistage FRM technique
may be formulated as follows. Given , , , , , and

, find, respectively, the lengths of the subfilters
and and their respective coeffi-

cients , and such that the following
holds.

1) The sum of the lengths of the subfilters
and is minimized.

2) is the optimal solu-
tion of

(2.6)

Here, and are a frequency weighting func-
tion and the desired response of the system, respectively.
In the passband and are equal to one. In the
stopband, is equal to and is equal to
zero. is the frequency response of the overall filter

. In the sequel, and define the same
weighting function and desired response in the frequency
region for stage , ,

respectively. , denotes the frequency
response of the th-stage filter.

3) The maximum passband and stopband ripples of the overall
filter are less than or equal to the permitted passband and
stopband ripples, and , respectively.

We start synthesizing a -stage FRM filter, , with the
design of the corresponding th-stage filter . This
is a single-stage FRM structure with its -transform given in
(2.1) by the case . It is demonstrated in [1] that the fre-
quency response ripples of at frequencies where

are mainly determined by
and . At frequencies , where differs signif-
icantly from , which occur near the transition band

, can be designed in such a way so that the
frequency-response ripples of are partially cancelled
out by the frequency response ripples of and .
The subfilters of the th-stage can thus be divided into two
groups and . The influence of
each group is largely restricted to a corresponding frequency
region. Their effects are mutually compensated only on a rel-
atively small frequency region. To design this th-stage FRM
filter, we first design the band-edge shaping filter . The
length of can be chosen so that the peak ripples of the
passband and stopband exceed the permitted peak values
and , respectively, since mutual compensation of
and will occur. From our numerical expe-
rience, they are allowed to be up to 20% above the respective
permitted peak values. We then find the lengths of
and and the corresponding coefficients , , and

to synthesize such that its peak ripples are also
allowed to be up to 20% above the permitted peak values, re-
spectively. This is because will be the interpolated
band-edge shaping filter of the th stage if we
also view the th stage as a single-stage FRM structure
with subfilters , , and . Note that the
filter is effectively designed twice in this stage. First,
the filter is designed in isolation to estimate its required
length. However, maintaining this design of would result
in a design of with relatively high orders in
order to achieve the required peak ripple for the current stage.

is therefore redesigned together with
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using a joint optimization approach. The mutual compensation
of and occurring in this joint
optimization will reduce the lengths of and .
The minimum sum of the lengths of and is
determined by an exhaustive search. For each possible pair of the
filter lengths of and , the optimization problem

(2.7)

is solved to check the satisfaction of the relaxed peak ripple re-
quirements and to find the corresponding coefficients, ,
and . The minimum sum of the lengths of the subfilters

and is then the smallest amongst all those pairs
of subfilters which satisfy the relaxed peak ripple requirements.

The synthesis process continues in the same way. At the syn-
thesis of the th stage, the th stage is predesigned and is
treated as a prototype filter of the th stage for .
The permitted peak ripples of the th stage for
are also allowed to be relaxed by 20% above the permitted peak
values, respectively, for the same reason as given above. Finally,
at the first stage, the peak ripples of the overall filter
cannot exceed the permitted peak ripples and , respec-
tively. At this stage, the solution with the minimum sum of the
lengths of and and which also satisfies the peak
ripple requirements is considered to be the optimal solution of
the overall filter. At the synthesis of the th stage for

, note that the coefficients , and
obtained at the synthesis of the previous stage should be

redesigned again together with the coefficients , of the
masking filters in this stage using joint optimization in order to
reduce the lengths of and . The minimum sum
of the lengths of and at each stage is achieved
by exhaustive search.

The above synthesis process can be summarized in the fol-
lowing steps. For simplicity, we summarize the case of .
Other cases can be described similarly.

Step 1) Find the length of and the corresponding co-
efficients such that the length of is min-
imized and the peak ripples of the passband and
stopband of the designed filter are allowed
to be up to 20% above the respective permitted peak
values.

Step 2) Using designed in Step 1) as a starting point,
find the lengths of and and the coef-
ficients , and to synthesize such
that the sum of lengths of and is
minimized and the peak ripples of the passband and
stopband of the synthesized filter are allowed
to be up to 20% above the respective permitted peak
values.

Step 3) Using designed in Step 2) as a starting point,
find the lengths of and and the co-
efficients , , , and to synthe-
size such that the sum of lengths of
and is minimized and the peak ripples of

the passband and stopband of the synthesized filter
are allowed to be up to 20% above the respec-

tive permitted peak values.
Step 4) Using designed in Step 3) as a starting point,

find the lengths of and and the coef-
ficients , , , , , and to
synthesize the overall filter such that the sum
of lengths of and is minimized and
the peak ripples of the passband and stopband of the
synthesized overall filter are less than or equal to the
respective permitted peak values.

The minimax problems arising in each step of the above syn-
thesis require further consideration. For example, the design of a
two-stage FRM filter, which includes subfilters , ,

, , and involves three levels of minimax
optimization. First, the filter should be designed alone to
decide its length. Second, should be redesigned together
with and in the second stage using a joint opti-
mization approach. Finally, , , and should
be redesigned again together with and in the
first stage, again using a joint optimization approach. Here, the
two joint minimax optimization problems require further con-
sideration. For the sake of brevity, we only consider the case
of the first stage (i.e., the overall filter ) of this two-stage
FRM filter. Other cases can be handled similarly. This problem
can be formulated as follows: given the impulse response in-
terpolation ratios and for the second stage and the first
stage, respectively, given the coefficients , and (ob-
tained in the synthesis of the second stage of this two-stage FRM
structure), and given the filter lengths of and ,
respectively, find the coefficients , , , and
to solve the optimization problem (2.6).

This minimax problem (2.6) is to be solved as a WLS
problem. More specifically, we minimize the objective function

(2.8)

where is a set of dense frequencies uniformly distributed in
, and is an error weighting function. Let

this WLS problem be referred to as Problem .

III. SOLUTION OF PROBLEM

The main difficulty in minimizing the objective function
(2.8) is its high degree of nonlinearity with respect to the
coefficients of the subfilters. By careful examination of the
objective function (2.8), it can be seen that the coefficient set

can be divided into three subsets,
namely , and . Each subset
contains the coefficients of one or two subfilters which are
connected in parallel. Consequently, the frequency-response
magnitude of the overall filter is linear with respect to
the coefficients of any one of these subsets. Moreover, as we
discussed in the previous section, the influence of each group
is largely restricted to a corresponding frequency region, and
their effects are mutually compensated only on a relatively
small frequency region. We therefore propose an alternating
variable approach based on these distinct groups of coefficients



LEE et al.: A UNIFIED APPROACH TO MULTISTAGE FRM FILTER DESIGN USING THE WLS TECHNIQUE 3463

to solve Problem . For this, let us first define the following
three optimization subproblems.

Problems , and : The coefficient sets
, , and

of the objective function (2.8) are considered to be
fixed for Problems , , and , respectively.
Thus, the objective functions for Problems , ,
and are denoted by ,

and
, respectively.

The proposed alternating variable search is then described as
follows: Data: Choose a positive integer , and a small positive
real number .

Step 1) Find initial subfilter coefficients, , , where
was obtained in the synthesis of the

second stage of this two-stage FRM structure, by
designing the subfilters and , sepa-
rately. Set the initial weighting function
and iteration number . Set .

Step 2) Minimize
with respect to . Denote the optimal coefficients
obtained as .

Step 3) Minimize
with respect to and . Denote the optimal
coefficients obtained as and .

Step 4) Minimize
with respect to and . Denote the op-
timal coefficients obtained as and . Set

. If , go to Step 5). Otherwise, go to
Step 2).

Step 5) Calculate

. If , where is a prescribed
tolerance, then stop. Otherwise, put

, where is defined below. Set
, , and go to Step 2).

Remark 3.1: The initial subfilters, and , can
be designed individually by using the Remez Exchange Algo-
rithm [23] or linear programming [24].

Remark 3.2: In Step 5) of the algorithm, the weighting func-
tion is updated every iterations. From our extensive numerical
simulation experience, we note that it is sufficient to choose
to be between 3 and 5. Note that, in Step 5), essentially de-
fines the stopping criterion for the algorithm, which should be
very much smaller than .

A. Solution of Problems , , and )

To solve Problems , , and , we form the fol-
lowing overdetermined linear system:

(3.1)

For Problem

...
...

...

(3.2)

where are appropriate trigonometric functions for
the subfilter

(3.3)

(3.4)

with

For Problem and

...
...

(3.5)

(3.6)

(3.7)

where

and

for Problem , and

and

for Problem .
Here, , , , and

are appropriate trigonometric functions for
subfilters , , , and , respectively.

The weighting matrix for Problems , and
are the same, given by

. . .

(3.8)

and is the set of dense frequencies defined in (2.8).
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The solution of Problems , and can be obtained
[25] by solving the following linear system:

(3.9)

Note that the matrix is symmetric and positive de-
fine. Consequently, it is nonsingular and has a Cholesky factor-
ization. This linear system can therefore be readily solved.

B. Error Weighting Function

The error weighting function is updated at each iteration as
given in [22]

with

(3.10)

where and is the
value of at th iteration.

In order to prevent from getting too close to zero, we
introduce a lower bound

if
otherwise

where

Our numerical experience indicates that, for numerical sta-
bility, should be close to the value of . This is especially so
for cases where the lengths of the subfilters are long.

To accelerate the convergence, can be made propor-
tional to a higher power of as suggested in [22]

Here, is the minimax weighting function as indicated
before, and is a constant which is selected to maintain a rea-
sonable dynamic range for the value of . The constant

may be selected as the average value of
over all as in [22]. The constant affects the rate of conver-
gence as discussed in [22]. We take the value of to be between
1 and 1.7 as in [22].

IV. DESIGN EXAMPLES

All computations are performed in Fortran 77 double preci-
sion on an SGI Origin 2000 (4 195 MHz R10000 Processor
with 512 MB RAM)

Fig. 4. Frequency responses of the FRM filter designed in Example 1:
(a) F (z ); (b) F (z ) (solid curve ) and F (z ) (dashed
curve); (c) F (z ); (d) F (z) (solid curve) and F (z) (dashed curve);
(e) overall filter F (z); and (f) overall filter in passband.

Example 1: This is a linear phase lowpass FIR filter with the
passband frequencies and the stopband fre-
quencies . It was considered in [20]. The
permitted maximum passband and stopband ripples and
are both equal to 0.0036. We use a two-stage FRM structure
with interpolation ratios , the same as in [20].
In the WLS objective function (2.8), is chosen to be 10 001
frequencies distributed uniformly in . Using the
proposed method, the filter lengths of , , ,

, and are found to be 33, 9, 15, 11, and 15, re-
spectively; 44 multipliers are required. At the first stage (i.e., the
overall filter), our method reduces the peak ripple to 0.00395
and 0.00343 in 5 and 38 iterations, respectively. The linear sys-
tems for Problems , , and are being solved al-
ternately four times at each iteration. The maximum peak ripple
achieved is 0.003343 in 183 iterations. By comparison, the filter
lengths of , , , , and used
in [20] are 27, 13, 27, 15, 23, respectively; 65 multipliers are
required. The maximum passband and stopband ripples of the
design in [20] are 0.00368 (0.032 dB) and 0.00364 (48.77 dB),
respectively. It can be seen that the proposed method increases
the length of by about 18% and reduces the lengths of
the masking filters , , , and by
about 27%–44% compared with the design in [20]. There is an
overall saving of 32% in the number of multipliers required. The
frequency responses of the overall filter and subfilters designed
using the proposed approach are depicted in Fig. 4.



LEE et al.: A UNIFIED APPROACH TO MULTISTAGE FRM FILTER DESIGN USING THE WLS TECHNIQUE 3465

Example 2: This is a linear phase lowpass FIR filter with
specification as in [19]. The passband and stopband frequen-
cies are and , re-
spectively. The permitted maximum passband and stopband rip-
ples are and , respectively. A two-
stage FRM structure with interpolation ratio
is used. Using the proposed method, the filter lengths of ,

, , , and obtained are 33, 29,
31, 24, and 36, respectively. The same filter lengths were also
obtained for the best design in [19]. This illustrates that the pro-
posed method to decide the filter orders can provide reasonably
good solution. In the WLS objective function (2.8), consists of
10 001 frequencies. The maximum passband and stopband rip-
ples achieved are and , respectively.
By comparison, the maximum passband and stopband ripples in
[19] are very similar at and , respectively.

Example 3: This is a linear phase lowpass FIR filter with the
passband frequencies and the stopband fre-
quencies . It was considered in [2]. The
permitted maximum passband and stopband ripples are

and , respectively. We use a five-stage de-
sign with and , the same as
in [2]. For the WLS Chebyshev solution, we use 10 001 sample
points in the frequency range for the syntheses of the stages

, , , and , and 100 001 sample points for
the synthesis of the first stage . The additional refinement
for the first stage is due to the accuracy requirement, since the
overall filter has very high order. Using the proposed method,
the filter lengths of , , , , ,

, , , , , and are
33, 15, 7, 11, 13, 11, 15, 11, 15, 13, and 15, respectively; 85
multipliers are required. The maximum passband and stopband
ripples achieved are and , respec-
tively. For comparison, the filter lengths of the subfilters ,

, , , , , , ,
, , and used in [2] to meet the require-

ments are 35, 25, 9, 19, 23, 15, 27, 17, 25, 17, and 27, respec-
tively; 125 multipliers are required. It can be seen that the pro-
posed method reduces the lengths of all the subfilters compared
with the design in [2], and it yields a total saving of 32% in
the number of multipliers required. The frequency response of
the overall filter, the various stages, and the subfilters designed
using the proposed method are depicted in Fig. 5.

As can be seen from Fig. 5, the optimized masking filters
and for the first stage remain lowpass with very

similar passband widths. However, the optimized band-edge
shaping filter , as well as the pairs of the masking filters

, , , , , , ,
and , for various subsequent stages are clearly not
lowpass filters. It would appear that such results can only be
obtained through a joint optimization of all subfilters. At each
stage, it can be seen from Fig. 5 that the peak ripple of the
magnitude response of the band-edge shaping filter is
always larger than the peak ripple of the magnitude responses
of the corresponding masking filters and .
Also, the magnitude response of the resulting filter
is largely decided by the magnitude responses of the corre-
sponding masking filters and . Consequently,

Fig. 5. Frequency responses of the FRM filter designed in Example
3: (a) F (z ); (b) F (z ) (solid) and
F (z ) (dashed); (c) F (z ); (d) F (z )
(solid) and F (z ) (dashed); (e) F (z ); (f) F (z )
(solid) and F (z ) (dashed); (g) F (z ); (h) F (z ) (solid)
and F (z ) (dashed); (i) F (z ); (j) F (z) (solid) and F (z)
(dashed); (k) overall filter F (z); and (l) overall filter in passband.

the peak ripple of the magnitude response of the band-edge
shaping filter is always larger than the peak ripple of the
magnitude response of the resulting filter . However,
the resulting filter at this stage is the band-edge shaping filter of
the next stage. Consequently, the peak ripple of the magnitude
responses of the band-edge shaping filters increases with the
stage number. The peak ripple of the magnitude response of the
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band-edge shaping filter is therefore much larger than
those of the band-edge shaping filters in the previous stages.

V. CONCLUSION

A new approach is developed for designing linear-phase FIR
filters synthesized using the multistage FRM technique. It has
several important features. First, the design of a -stage FRM
filter is achieved recursively, starting with a single-stage FRM
structure. This allows us to readily design multistage FRM fil-
ters with various stage numbers. Numerical examples show that
the method can be used to design multistage FRM filters with
any number of stages. Second, the approach provides a method
to determine the filter orders for various stages. Numerical ex-
amples show that the method yields equal to or better choices
than those obtained from existing methods. Finally, the min-
imax optimization problem arising at each step is converted
into a nonlinear WLS problem, which is decomposed into sev-
eral linear LS problems, each of which can be solved analyti-
cally. The WLS problem is then solved iteratively by alternately
solving the linear LS problems. For the WLS problem, a large
number of frequency points is used. While providing high ac-
curacy, it does not increase the size of the linear system to be
solved at each iteration. Consequently, it does not significantly
increase the complexity of the problem to be solved. Numerical
examples show that the method uses about 40–200 iterations for
convergence with the linear systems for various linear LS prob-
lems being solved alternately four times at each iteration. The
examples also show that the method produces a significant re-
duction in the effective filter length.
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