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Abstract—Optimizing adder cost for the implementation 
of finite-impulse response (FIR) filter has been an area of 
active research. The prevailing algorithms for the design of 
fixed point FIR filters have decoupled the filter coefficient 
synthesis from common subexpression elimination. This paper 
presents a new algorithm for the design of low-complexity FIR 
filters with resource sharing to reduce the adder cost directly 
during the coefficient synthesis process. The original problem 
statement based on the minimization of Signed-Power-of-Two 
(SPT) terms is recast to account for the physical adder cost 
oriented Common Signed-Power-of-Two (CSPT) terms.  
Experimental results demonstrate that our algorithm is 
capable of synthesizing FIR filters with the least CSPT terms 
compared with existing filter synthesis algorithms.  

I. INTRODUCTION  
Finite Impulse Response (FIR) filters are widely used in 

modern communication systems due to its versatility, 
stability, and simplicity [1-9]. Digital implementation of 
FIR filter in transposed direct form can be optimized as a 
general Multiple Constant Multiplications (MCM) problem 
by applying common-subexpression elimination (CSE) in 
high-level synthesis transformation [7]. The filter design 
problem usually begins from a desired amplitude response 
specification and the real-valued coefficients are scaled and 
rounded to finite wordlength with minimal Signed-Power-
of-Two (SPT) terms [1, 3-6, 8] while keeping the saliency 
of the frequency response characteristics. One commonly 
used minimum representation in digital filter synthesis is the 
Canonical Signed Digit (CSD) [10] representation. CSD 
representation is unique and has the minimum number of 
non-zero digits for a constant number.  

Many algorithms have been proposed for the synthesis 
of fixed point CSD coefficients with minimize number of 
SPT terms to satisfy a given filter amplitude response 
specification [1, 3-6, 8, 9]. After the filter coefficient 
synthesis step, the implementation cost will usually be 
further optimized by exploiting the redundancy in the MCM 
block. The SPT terms in the coefficients are merged to form 
the common subexpressions and the hardware cost is no 
longer proportional to the number of SPT terms. To the best 
of our knowledge, only a few publications [1, 8, 9] have 

actually considered the integration of the synthesis step with 
the CSE step. These algorithms either restrict the 
occurrences of common subexpressions by pre-emptive 
merging of SPT terms before minimization or relying on an 
exhaustive search for the identification of common 
subexpressions. 

This paper presents a new algorithm for the design of 
low-complexity FIR filter that harmoniously blends CSE 
with the filter coefficient synthesis algorithm starting from 
the magnitude response specification. Two most frequently 
used common subexpressions, 101 and 101 have been 
considered. Common subexpressions and spare SPT terms, 
taken collectively as Common Signed-Power-of-Two 
(CSPT) terms, in each coefficient are minimized 
simultaneously. A Common Subexpressions based 
Hamming Weight Pyramid (CS-HWP) is devised to guide 
the selection of CSD coefficients. The proposed algorithm 
operates in two stages. In the first stage, a scaled and 
rounded CSD coefficient set with minimal CSPT terms is 
selected, and in the second step, quantization steps are 
added to compensate for the mismatch in frequency 
response error until the specification is met.  

This paper is organized as follows: Section 2 states the 
problem formulation and introduces the notion of CS-HWP. 
The proposed two-stage integrated approach is presented in 
Section 3. The performances of our algorithm against other 
algorithms are compared using two well-known design 
examples in Section 4. Section 5 concludes the paper. 

II. PROBLEM FORMULATION  
A FIR filter coefficient, hspt(i) can be expressed as a sum 

of SPT terms as follows [1]: 
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where { }, 1,1i ks ∈ −  is the k-th SPT term at bit position, 

{ }, 1,2, ,i kp B∈ L . It is assumed without loss of generality 
that 0 ≤ | hspt(i)| < 1 and hspt(i) has a wordlength of B bits and 
comprises Li SPT terms. By extracting common 
subexpressions, x101 = x<<2 + x and x10ī = x<<2 - x, the 
general expression for hspt(i) can be rewritten as: 
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where 101

,i kcs , 101
,i kcs ∈ {1, –1} are the signs of the common 

subexpressions 101 and 101  present in the i-th coefficient 
with its least significant digit located at positions 

,

101
i k

p  and 

,

10 1
i k

p , respectively. , {1, 1}i ks′ ∈  are isolated SPT terms (not 
belongs to any common subexpression) in the i-th coefficient 
located at digit position ,i kp′ . { }, ,, 1,2, ,i k i kp p B′ ∈ L for a B-
bit coefficient. 101,iL and 101,iL are the number of common 

subexpressions of types 101 and 101 , respectively. Li’ = Li – 
2( 101,iL + 101,iL ) is the number of SPT terms of the i-th 
coefficient that are not present in any common 
subexpression, while Li is the total number of SPT terms. 

Thus, our filter coefficient synthesis problem is 
formulated as the minimization of the combined number of 
common subexpressions and non-sharable SPT terms L′  in 
each coefficient, i. e. to minimize J given in (3)  
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subjected to the minimal normalized peak ripple magnitude 
(NPRM) constraint of the amplitude response specification. 
NPRM is defined in [4] and it signifies the relative 
attenuation between the passband and stopband. 

Asymptotically an n-bit CSD number can be broken 
down into n/18+O(1) pairs of  101  subexpression, 
n/18+O(1) pairs of 101 subexpression, and n/9+O(1) isolated 
1 or 1 . If we consider an 101  pair, or an 101 pair, or an 
isolated nonzero digit as a single CSPT term, it can be shown 
that the asymptotic expected number of CSPT terms in an n-
bit CSD number is 2(n+1)/9. This represents a 33% saving 
compared with the (3n+1)/9 SPT terms. 

In [10], we proposed a Hamming Weight Pyramid 
(HWP) to succinctly compress the information about the 
distribution of the hamming weights of CSD numbers and it 
can be served as a useful search tool for the nearest 
neighbours to a CSD number with similar or lower hamming 
weight. In order to account for the saving of one adder by 
considering 101 and 101  as common subexpressions, the 
HWP needs to be modified so that it can be useful for 
seeking nearest CSD numbers with equal or lower adder 
cost.  With common subexpression elimination, it would be 
logical to reduce the hamming weight by one for each non-
overlapping string of either 101 or 101  encountered in a 
CSD number. The resultant HWP is shown in Fig. 1 and it is 
called CS-HWP where CS is the abbreviation for common 
subexpression. For example, the CSD number of decimal 19 
is 10101 . It corresponds to the entries in row 4 column 3 of 
the HWP and the CS-HWP. Its hamming weight is 3 but 

reduces to 2 in Fig. 1 due to the presence of subexpression 
101 . The weights corresponding to those in the CS-HWP is 
the number of CSPT terms, where each non-overlapping 
string of 101 and 101  is treated as a single CSPT term. The 
number of CSPT terms in a coefficient set has a direct 
bearing on the actual adders used for its implementation. 

 Column c 
 …-10 -9 -8 -7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 8 9 10 …

0           1            
1           1            
2          1 1 1           
3         2 2 1 2 2          
4      2 2 2 2 2 1 2 2 2 2 2       
5 3 3 2 3 3 2 2 2 2 2 1 2 2 2 2 2 3 3 2 3 3  

Row
r 

… … 

Figure 1.  CS-HWP 

III. THE PROPOSED ALGORITHM 
This section presents a new algorithm for the design of low-
complexity FIR filter that considers the reusability of the 
two common subexpressions mentioned in Section II. The 
proposed algorithm comprises a CSPT coefficient allocation 
stage followed by a quantization compensation stage.  

A. CSPT Coefficient Allocation 
In [5], Lim and Parker mentioned that for a minimax 

design the optimal coefficient set is usually not the one 
obtained by rounding but the optimal CSD coefficients do lie 
near the rounded ones. The aim of this stage is therefore to 
search for a good initial CSD coefficient set with reduced 
number of CSPT terms.  

First, the real-value coefficient set {h} fulfilling the 
frequency response specification is quantized to the desired 
wordlength in CSD representation. From the rounded CSD 
coefficient set {hcsd}, new CSD coefficients are added to 
expand the candidate pool (CP) by finding the nearest CSD 
coefficients to each hcsd(i) for i = 1, 2, …, N with the number 
of CSPT terms equal to or smaller than those of hcsd(i). With 
the help of the CS-HWP, the required nearest CSD 
coefficients can be easily found by searching from both sides 
of the original coefficient location in the CS-HWT for entries 
with equal or lower number of CSPT terms. Let the 
coefficients in the CP be designated as hcspt(i)(j) for i = 1, 2, 
…, N, j = 1, 2, …, M. M = 2ncspt(i) where ncspt(i) is the 
number of CSPT terms of hcsd(i). In other words, one nearest 
CSD number with equal number of CSPT terms and two 
nearest CSD numbers with smaller number of CSPT terms 
are sought for each coefficient hcsd(i). We found from 
experimentation that this number of nearest CSD coefficients 
is adequate for most amplitude response specifications.  

Next, a preliminary minimal filter coefficient set, {hp} is 
established by setting all its coefficient values to zero. The 
initial coefficients of {hp} either remain as zero or are 
gradually substituted by the coefficients of the CP, {hcspt}, in 
an iterative process to reduce the NPRM of {hp}. Each 
iteration increments the total number of CSPT terms of {hp} 
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by one. At any iteration r, a number of coefficient sets can be 
formed by replacing an entry in the current {hp} by one from 
the CP such that the total number of CSPT terms of the 
coefficient set so formed is equal to r. The best coefficient 
set with the lowest NPRM error from among the eligible sets 
is selected to replace {hp}. At the end of each iteration, all 
candidate coefficients with the number of CSPT terms from 
the same tap as the substituting coefficient, including the 
substituting coefficient itself, are deleted from the CP. The 
process continues until the CP is exhausted.  

This search for better quality CSPT terms for each 
coefficient is in congruence with the practice of many 
popular search methods in filter synthesis [1, 8] except that 
common subexpressions have been considered and our 
approach is more elegant and efficient. Upon the termination 
of CSPT coefficient allocation stage, the coefficient set 
{hpmin} with the minimum NPRM throughout this stage will 
be used for the second stage. This stage is highly efficient 
because {hp} is small and the coefficients in the CP have 
been prudently chosen with the aid of the CS-HWT. The 
computation time is O(MN/2), which is well bounded by the 
cardinality of |hcspt|.  

It is normal that the {hpmin} obtained in the first stage 
based on the rounded CSD coefficients will not meet the 
NPRM requirement. Therefore, an adaptive quantization 
compensation is applied in the second stage based on the 
balanced NPRM budget while suppressing the growth of the 
number of CSPT terms.  

B. Quantization Compensation Stage 
In the second stage, the frequency response characteristic 

of the optimal coefficient set {hpmin} with NPRMmin is further 
improved by modifying the less significant digits of the 
coefficients until the desired NPRM has been reached. The 
optimization of frequency response shall be accomplished 
with little or no penalty to the adder cost. In fact, with the 
consideration of CSPT terms, the number of adders may 
even be reduced from the primitive set {hpmin} upon 
achieving the desired amplitude response specification.  

The filter frequency response of the compensated 
coefficient set, {hqc} is iteratively improved as discrete SPT 
terms are added to compensate for the quantization error. As 
the coefficient values change dynamically in this process, 
unrestrictive compensation can lead to the over-flow or 
under-flow of coefficient values beyond the maximum 
compensation defined by the neighborhood of the initial 
coefficient set, {hpmin}. Therefore, the range of the ith 
compensated coefficient is limited to the following upper and 
lower bounds at all time.  

hpmin(i) – 2∆qmax ≤ hqc(i) ≤ hpmin(i) + 2∆qmax (4) 

The upper and lower bounds are calculated once from 
{hpmin} of the first stage and the out-of-range coefficients are 
pruned in each iteration. The restrictive search narrows down 
the search space substantially. Therefore the computational 
time of each iteration reduces successively until 
convergence.  

The procedure for quantization compensation is detailed 
as follows. To each coefficient hpmin(i), a number of 
compensated coefficients are created by adding the discrete 
SPT terms. Compensated coefficient values fallen outside 
the range of (4) are discarded. The NPRM of every 
compensated coefficient set is evaluated from which the five 
best NPRM coefficient sets are stored as {hqc1}, {hqc2}, …, 
{hqc5}. The numbers of CSPT terms for these coefficient sets 
can be extracted from the CS-HWT and stored in a list 
{ncspt1, ncspt2, …, ncspt5}. The differences in the number of 
CSPT terms of these five best compensated coefficient sets 
from that of {hpmin} are recorded as {∆ncspt1, ∆ncspt2, …, 
∆ncspt5}. ∆ncspt is positive for an increment and negative 
for a decrement in the number of CSPT terms. The five 
compensated coefficient sets are sorted in ascending order of 
∆ncspt. If there is a tie, the sets are further sorted in 
ascending order of NPRM. The coefficient set with the 
minimum ∆ncspt is selected to replace {hpmin} as the starting 
coefficient set for the next iteration until the desired NPRM 
is fulfilled. Fig. 2 shows the trace of an iteration. 

 
Figure 2.  One iteration of quantization compensation stage 

IV. EXPERIMENTAL RESULTS   
In this section, we demonstrate the capability of our 

proposed algorithms through the implementation of two 
practical design examples. The specifications of these two 
filters are frequently used as benchmarks for evaluating the 
optimality of different digital filter coefficient synthesis 
algorithms [1, 3-6, 8]. We compare our results with the 
solutions synthesized by Chen’s algorithm [1], Li’s 
algorithm [3], Samueli’s local search algorithm [6] and Yli-
Kaakinen’s algorithm [8]. The metric used for benchmarking 
the performances of different solutions are the number of 
CSPT terms, which provides an indication of the adder cost 
and the NPRM, which provides an indication of the quality 
of fitness to the desired frequency responses. For fair 
comparison, we explicitly account for the sharing of 
common subexpressions, 101 and 10 1  for the number of 
CSPT terms of the coefficient sets generated by those 
algorithms that have not considered sharing of common 
subexpressions. 

Example 1: The halfband filter is part of a programmable 
digital decimation filter using the sharpened CIC architecture 
with the frequency response specification designed for 

hqc(0)

hqc(N-1)

Least NPRM 

hpmin hpmin 

∆ncspt min  

…
…
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wideband satellite communication systems [2]. The 
normalized passband and stopband edge frequencies are 0.2π 
and 0.8π, respectively. The coefficient wordlength is 14 bits 
and the filter length is 15. The stopband attenuation is −80 
dB. We first design an equiripple lowpass filter using Matlab 
Simulink based on the Parks-McClellan algorithm, and use 
the obtained real valued filter coefficient set as the input {h} 
to our algorithm. Our final coefficient set is given as follows. 

h(0) = h(14) = – 2−9   – 2−11       
h(1) = h(13) = 0         
h(2) = h(12) = 2−6   + 2−10   + 2−12      
h(3) = h(11) = 0         
h(4) = h(10) = – 2−4   – 2−8     – 2−10    – 2−13    
h(5) = h(9) = 0         
h(6) = h(8) = 2−2   + 2−4     – 2−7 – 2−9 + 2−11 – 2−13 

  h(7) = 2−1           

Table I gives the filter characteristics designed by 
different algorithms to attain −80 dB stopband attenuation 
with minimal possible number of CSPT or SPT terms.  

TABLE I.  SUMMARY OF DIFFERENT FILTER DESIGNS FOR EXAMPLE 1 

Algorithm NPRM (dB) NSPT NCSPT N101 N10Ī 

Kwentus [2] −74.99 31 21 5 0 
Samueli [6] −83.22 28 − − − 

Li [3] −82.35 27 − − − 
Chen [1] −85.62 23 22 1 0 
Proposed −83.63 31 19 5 1 

The coefficient set provided by Kwentus [2] and its 
results are used as reference. In Table I, NSPT, NCSPT, N101 and 
N10ī denote the number of SPT terms, the number of CSPT 
terms and the numbers of common subexpressions, 101 and 
10 1 , respectively. Unavailable data due to insufficient 
information to make deduction are marked as ‘−’. 

Example 2: The normalized passband and stopband edge 
frequencies are 0.3π and 0.5π, respectively, with equal 
weighting on the passband and stopband ripples. The 
coefficient wordlength is 12 bits and the filter length is 28. 
The stopband attenuation is −50 dB. Chen and Willson [1] 
proposed a merge-search method to reduce the number of 
carry-save adders (CSAs) for a CSA-tree based transposed 
direct form FIR filter architecture. The solutions of merging 
101 and 10 1  within the CSD coefficients before the 
optimization by MILP, called the MILP-merge, are also 
provided in [1]. We have implemented our solution based on 
the same CSA-tree based transposed direct form architecture 
and the results are shown in Table II along with the Trellis-
merge and MILP-merge algorithms from [1] for comparison.  

The solution from our algorithm is further compared with 
the solution of Yli-Kaakinen’s algorithm [8], which involves 
sharing of higher weight common subexpressions. The best 
implementation from Yli-Kaakinen is obtained with L = 30 
and B = 10. We also extracted the higher weight common 
subexpressions from our solution. Two weight-3 common 
subexpressions have been identified, which are 10 100 1  and 

100 101 . Since both weight-3 common subexpressions 
appear twice, two more adders are saved. This solution needs 
only 30 adders, which is the same as Yli-Kaakinen’s best 
solution, and it is indeed an optimum solution. 

TABLE II.  COMPARISON WITH MERGE-SEARCH ALGORITHMS FOR 
CSA-BASED TRANSPOSED DIRECT FORM FILTER 

Algorithms Limit of CSAs per coefficient N NCSA
≤ 3 28 40 Trellis-merge 
≤ 2 28 40 
≤ 3 28 49 MILP-merge 
≤ 2 29 52 

Proposed - 28 38 

V. CONCLUSION 
We have proposed an efficient algorithm for the design 

of low-complexity FIR filters by maximizing the sharing of 
adders in the synthesis of filter coefficients to meet the 
desired magnitude response specification. The proposed 
algorithm considers the reuse of two most frequently used 
subexpressions, 101 and 10 1 . We have shown, by means of 
benchmark design examples, that our proposed algorithm is 
indeed capable of synthesizing transposed direct form FIR 
filters with the least adder cost in both the CSA-tree and 
conventional adder based architectures when compared with 
the existing filter synthesis algorithms.  

REFERENCES 
[1] C. L. Chen and A. N. Willson Jr., “A trellis search algorithm for the 

design of FIR filters with signed-powers-of-two coefficients.” IEEE 
Trans. Circuits Syst. II, vol. 46, no. 1, pp.  29 –39, Jan. 1999. 

[2] A. Y. Kwentus, Z. Jiang, and A. N. Willson, Jr., "Application of filter 
sharpening to cascaded integrator-comb decimation filters," IEEE 
Trans. Signal Processing,  vol. 45, pp. 457-467, 1997. 

[3] D. Li, J. Song, and Y. C. Lim, “A polynomial-time algorithm for 
designing digital filters with power-of-two coefficients,” in Proc. 
IEEE Int. Symp. on Circuits and Systems, vol. 1, pp. 84-87, Chicago, 
May 1993. 

[4] Y. C. Lim and S. R. Parker, “FIR filter design over a discrete power-
of-two coefficient space,” IEEE Trans. on Acoust., Speech and Signal 
Processing, vol. ASSP-31, pp. 583-591, Jun. 1983.  

[5] Y. C. Lim, “Design of discrete-coefficient-value linear phase FIR 
filters with optimum normalized peak ripple magnitude,” IEEE Trans. 
on Circuits and Syst.-I, vol. 12, pp. 1480-1486, Dec. 1990.  

[6] H. Samueli, “A improved search algorithm for the design of 
multiplierless FIR filters with powers-of-two coefficients,” IEEE 
Trans. Circuits Syst., vol. 36, pp. 1044-1047, Jul. 1989. 

[7] F. Xu, C. H. Chang and C. C. Jong, “Contention resolution algorithms 
for common subexpression elimination in digital filter design,” IEEE 
Transactions on Circuits and Systems-II Express Brief, vol. 52, no. 
10, pp. 695-700, Oct., 2005. 

[8] J. Yli-Kaakinen and T. Saramaki, “A systematic algorithm for the 
design of multiplierless FIR filters,” in Proc. IEEE Int. Symp. on 
Circuits and Systems, vol. 2, pp.185-188, 2001. 

[9] O. Gustafsson and L. Wanhammar, “Design of linear-phase FIR 
filters combining subexpression sharing with MILP”, in Proc. IEEE 
Midwest Symp. on Circuits and Systems, Tulsa, OK, vol. 3, pp. 9-12, 
Aug., 2002. 

[10] F. Xu, C. H. Chang and C. C. Jong, “HWP: a new insight into 
canonical signed digit,” in Proc. IEEE Int. Symp. on Circuits and 
Systems, Vancouver, Canada, pp. 201-204, May 2004. 

604


	Main
	Welcome Messages
	Committees
	Table of Contents
	Technical Program
	Tutorials
	Keynote Talks
	Conference at a Glance
	Technical Program at a Glance
	Author Index
	Session Chair Index
	Reviewers
	CD-ROM Help
	Search
	Zoom In
	Zoom Out
	View Full Page
	Go to Previous Document

