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Abstract—In this paper, an algorithm is proposed for the design
of low complexity linear phase finite impulse response (FIR) filters
with optimum discrete coefficients. The proposed algorithm,
based on mixed integer linear programming (MILP), efficiently
traverses the discrete coefficient solutions and searches for the
optimum one that results in an implementation using minimum
number of adders. During the searching process, discrete co-
efficients are dynamically synthesized based on a continuously
updated subexpression space and, most essentially, a monitoring
mechanism is introduced to enable the algorithm’s awareness of
optimality. Benchmark examples have shown that the proposed
algorithm can, in most cases, produce the optimum designs using
minimum number of adders for the given specifications. The
proposed algorithm can be simply extended for the optimum
design with the maximum adder depth constraint.

Index Terms—Linear phase FIR filters, multiple constant mul-
tiplication, dynamically expanding subexpression basis, mixed in-
teger linear programming, adder depth.

I. INTRODUCTION

L INEAR phase finite impulse response (FIR) filters are
widely used in digital signal applications such as speech

coding, image processing, multirate systems, etc. Although the
stability and linear phase is guaranteed, the complexity and
power consumption of the linear phase FIR filter are usually
much higher than that of the infinite impulse response (IIR)
filter which meets the same magnitude response specifications.
Therefore, many efforts have been dedicated to the design of
low complexity and low-power linear phase FIR filters.

A conventional filter structure, called transposed direct form,
is shown in Fig. 1(a), in which the input signal is first multiplied
by the constant filter coefficients and then goes into the delay
elements. This operation is often referred to as multiple con-
stants multiplication (MCM) problem. The constant multipliers
can be realized using multiplierless techniques where the gen-
eral multipliers are replaced by a network of shifts and adders, as
indicated in Fig. 1(b). As shown in Fig. 1, the adders can be fur-
ther classified into structural adders (SA) and multiplier block
adders (MBA). SA are used to add the temporarily stored values
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Fig. 1. (a) Transposed direct form of an FIR filter. (b) Implementation of the
multiplier block.

in the delay elements with the products of the input signal with
the filter coefficients, whereas MBA are used in the multiplier
block (MB) to generate the constant filter coefficients. Since the
shifts in the MB can be hard-wired and thus are considered cost
free and the number of delay elements cannot be reduced, the
complexity and power of an FIR filter is therefore very much
related to the adders (MBA and SA).

From the complexity point of view, the implementation cost
of an FIR filter is, apparently, proportional to the number of
adders. Continuous efforts have been made to design filters with
minimum number of adders. Unfortunately, such objective has
not been practically achieved. As the number of SA is equal
to the filter order (unless some filter coefficients are zeroes),
most studies have been focused on the reduction of MBA in MB
[1]–[13]. These algorithms are referred to as MCM algorithms
and they are applied on an FIR filter with a given discrete coef-
ficient set.

The optimality of this class of algorithms is, nevertheless,
limited by the given set of discrete coefficients. Algorithms
such as RAG- [2] may find the optimum discrete synthesis
using minimum number of adders for some given sets of dis-
crete coefficients. However, the number of adders required in
such optimum synthesis is bounded by the number of nonone
distinct coefficients1 in the set [8]. In most cases, it is possible
to find some other sets of coefficients that also meet the filter
design specifications, and more importantly, could be synthe-
sized using less number of adders. Therefore, many designers

1By “distinct coefficients” in MCM algorithm, we mean the case where all
the even and negative coefficients are transformed to positive odd numbers by
scaling the coefficient values with proper power of two factors.
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have gone back to the filter design process, trying to incorporate
the MCM techniques into the searching process for discrete
solutions [14]–[24].

In [18], a simple branch and bound (B&B) search is per-
formed for all the possible combinations of the discrete valued
coefficients within certain boundaries. By applying a certain
MCM algorithm, the set that uses the least number of adders
is then obtained. The optimality of this technique is heavily
dependent on the optimality of the MCM algorithm used. In
[19], the problem is formulated as a 0/1 integer programming
to minimize the total number of adders. Since such formula-
tion increases significantly the number of unknown variables,
only short filters with small wordlength are able to be designed.
[21] proposed a local search method, in which the normalized
peak ripple (NPR) is improved by modifying the least signif-
icant bits of the quantized filter coefficients. In [22], a B&B
mixed integer linear programming (MILP) is proposed to op-
timize the filter coefficients in subexpression space, which is
constructed on a predefined subexpression basis set. Instead of
the entire integer space, the algorithm searches for the feasible
solutions within the specified subexpression space. The reduced
searching space thus results in significant time saving compared
with the algorithms in [18] and [19]. Instead of being predefined,
the subexpression basis set in [23] is dynamically expanded and
updated during the optimization procedure. Hence, more useful
basis sets are generated automatically and better results are ob-
tained. Unlike [18] which precomputes the boundaries for all
the coefficients before checking the feasibility, the algorithm in
[24] finds the boundaries for a certain coefficient only when it
is to be quantized. This significantly reduces the range of the
boundaries for all the coefficients and thus makes the algorithm
capable of designing relatively longer filters.

The various techniques proposed in [14]–[25], however, are
not able to guarantee that the results obtained are optimum. By
“optimum” in this paper, we mean a design using minimum
number of adders. In addition, there are no mechanisms in these
algorithms that can tell whether a specific result is a global
optimum one (if these algorithms happen to find such an op-
timum result). Since for any given filter specifications, there is
no known lower bound for the total number of adders, in order
the achieve the optimum synthesis, all the feasible discrete so-
lutions must be taken into account. In this paper, we propose an
algorithm that is capable of traversing the entire discrete solu-
tions efficiently for a given wordlength. What is of more impor-
tance is that during the traverse, the optimality of the synthesis
of a set of discrete coefficients is monitored and flagged by a
“certainty,” whenever a new coefficient is discretized. In such a
manner, when the traverse is completed, the algorithm is able to
be aware of whether an optimum solution is obtained. From our
experience on the design of benchmark filters, in most cases, the
optimum solution can be claimed.

While the number of adders used to realize an FIR filter is
an important criterion of the implementation complexity, the
power consumption and circuit speed, on the other hand are
much more related to the adder depth (AD) of the filter [26],
[27]. AD is defined as the number of adders that the input signal
goes through before reaching the delay element. Obviously, low
AD is preferable for the concerns of low power consumption

and high throughput if the same number of adders are required.2

Taking this into account, our proposed algorithm is also capable
of designing FIR filters using minimum number of adders under
a maximum AD constraint.

The remaining of this paper is organized as follows. Section II
discusses the formulation of the filter design problem with re-
spect to the entire traverse of the discrete solutions. In addi-
tion, the effect of coefficient wordlength is briefly discussed.
In Section III, the basic traverse process of the proposed algo-
rithm is explained using an example while in Section IV, the
detailed quantization process for the filter coefficients during
the traverse process is explained. Also, the “optimum-aware-
ness” mechanism for determining the optimality of the discrete
solution is introduced. In Section V, three sets of examples are
designed, each showing the advantages of the proposed algo-
rithm over others from different perspectives. The results are
compared with the best published references and the superiority
of the proposed algorithm is illustrated by the reduced number
of adders, filter length, effective coefficient wordlength (EWL)
and adder depth, respectively. A brief analysis of the compu-
tational complexity is given in Section VI with two examples.
Section VII concludes the paper.

II. PROBLEM FORMULATION

In this section, we formulate the filter design problem as a
mixed integer linear programming (MILP) problem. A new ob-
jective function is proposed to accelerate the traverse procedure
when MILP is incorporated in a tree search. Furthermore, we
briefly discuss the effect of coefficient wordlength.

Before going into the details of the problem formulation, the
general steps of the filter design problem using MILP, are given
as follows:

1) formulation the filter optimization problem;
2) obtaining the continuous optimum solution;
3) choosing the effective wordlength (EWL);
4) traverse of the discrete solutions.
It should be noted that the second step is not discussed in this

paper because there exist many efficient numerical packages for
solving linear programming problems, which is not the focus of
this paper. Steps 1) and 3) are addressed in this section while
Step 4) is explained in detail in the next two sections.

A. Optimization Problem Formulation

The zero-phase frequency response of a Type I linear phase
FIR filter with an order of can be expressed as [23]:

(1)

The zero-phase frequency responses of Type II, III, and IV linear
phase FIR filters can be derived similarly. The optimization
problem can thus be formulated to find the filter coefficient

2It should also be pointed out that the direct form implementation, which is
obtained by transposing the structure in Fig. 1(a), can be implemented using
the same number of adders. However, compared with Fig. 1(a), the direct form
implementation has larger AD, resulting in more power consumption and lower
speed.
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values of for , within a given discrete
space, such that the normalized peak ripple (NPR) [28] is min-
imized.

Assume that and are the peak ripple and passband gain,
respectively. The NPR, which is defined as , is nonlinear
and therefore cannot be optimized by using linear programming
directly. In order to circumvent the problem, the optimization
problem is formulated as shown in [28]

(2)

(3)

where is the objective function to be minimized, is the ripple,
is a predefined constant, , and are the given

passband ripple, stopband ripple, passband edge, and stopband
edge, respectively. is the frequency response of the filter
given in (1). and are two constants, specifying the lower
bound and upper bound of the passband gain, respectively. For
FIR filters synthesized in binary arithmetic, the lower bound of
passband gain is unnecessary to be less than half of the upper
bound [28]. In the following of this paper, and are set as
0.7 and 1.4, respectively, when the gain is floating in the course
of optimization.

The above optimization formulation does not directly pro-
duce the optimum NPR. Therefore, it is shown in [28] that by
using a recursive replacement technique, a discrete solution
that gives the optimum NPR can be obtained after several MILP
runs.

The algorithm introduced in [28] is targeted to minimize the
NPR. However, to design a filter using minimum number of
adders, it is not necessary to minimize the NPR, i.e., finding a so-
lution with NPR less than the specification is sufficient. There-
fore, a new objective function

(4)

is proposed. This is because the NPR in (4) can be expressed as

(5)

Therefore, as long as , we have , which means
that the NPR satisfies the passband ripple requirement. Hence,
the optimization problem is formulated as

(6)

(7)

Thus, if the objective function is larger than 0 after the
running of MILP, it means that no feasible solution satisfying
the NPR requirement is available. The recursive replacement
is reduced to a single MILP run. In this way, the optimization is
accelerated without optimality compromise. In addition,
can be used as a criterion to terminate a path in the traverse of the
discrete solution; further traverse along the path will not produce
any solution satisfying the NPR requirement.

Fig. 2. An example of the traverse process.

B. Choosing the EWL

After the continuous optimum solution for the problem (6),
(7) is obtained, all the filter coefficients are scaled up to be
within a certain effective wordlength (EWL). These scaled
coefficients are then to be fixed to discrete values during the
traverse later. Obviously, longer EWL results in less quantiza-
tion error and hence better frequency response. However, from
the perspective of low complexity, low power consumption,
and high-speed implementation, large EWL is usually undesir-
able. Therefore, in this paper, we choose the EWL as small as
possible provided that feasible discrete solutions can be found
within it. This is clearly illustrated in the design examples in
Section V. Furthermore, EWL is much related to the compu-
tational complexity of the proposed algorithm as discussed in
Section VI.

III. TRAVERSE OF THE DISCRETE SOLUTIONS

In this section, we explain roughly the traverse process of the
algorithm. Before commencing the traverse, it is beneficial to
know the lower bound and upper bound of coefficient

, for . These bounds can be found by
solving the following linear programming problem:

(8)

The above optimization finds the lower bound of coefficient
, denoted as . To find the upper bound , simply set the

objective function to . Therefore, for coefficients,
there are totally runs of linear programming for finding the
bounds. The main purpose of finding the bounds of the filter
coefficients is explained in Section IV-D.

The traverse process is then performed using MILP to find the
optimum discrete solution. Basically, the traverse is a depth-first
width-recursive search [29]. Filter coefficients are quantized to
certain integers one by one according to the rules explained
in detail in Section IV. When a filter coefficient is quantized,
the remaining unquantized ones are reoptimized to compensate
for the loss in frequency response. For example, as shown in
Fig. 2, starting with the optimum continuous design , coef-
ficient is quantized to , then the rest of the coefficients
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( to ) are reoptimized. Then, is further quan-
tized to 9 and the coefficients (from to ) are re-
optimized. The process continues, as indicated in Fig. 2, until
the last coefficient is quantized to 984. In this case, a
discrete solution is obtained along Path 1 and the optimality of
it will be checked, which is discussed in Section IV. After fin-
ishing the traverse along Path 1, the program goes back to quan-
tize to other integers in the range one
by one and the optimality of these solutions are also checked.
Thereafter, the search is traced back to and
is then fixed to another integer in the range . With
the new fixed value of , the process of search forwards
to reoptimize and the quantization of to
discrete values is repeated.

In such a way, the traverse (containing back tracing,
switching to new fixed values, searching forward, and checking
optimality) is repeated until all solutions which has the possi-
bility of yielding a feasible discrete solution using less adders
are searched. The search along any path may be terminated at
some node as shown in Fig. 2, where Path is terminated at
node when it is quantized to 29. This termination can be
due to two criteria, which are addressed in Section IV.

Apparently, the maximum depth of such a tree is and
the total number of paths to be traversed is proportional to

. However, due to the criteria for terminating
the nodes, the actual number of paths to be traversed is much
smaller.

IV. DETAILED QUANTIZATION PROCESS

In this section, we explain in detail the quantization process of
filter coefficients during the traverse of discrete solutions which
is discussed in Section III. First, the concept of dynamically ex-
panding subexpression basis set is reviewed. Secondly, the de-
tailed quantization process of filter coefficients is explained, in
which an “optimum-awareness” mechanism measured by “cer-
tainty” is introduced to monitor the optimality of discrete so-
lutions. Finally, some remarks are made about the manner of
selecting discrete values and optimality of the solution.

A. Dynamically Expanding Subexpression Basis Set

A subexpression basis set is defined as a set that contains zero
and odd-valued integers [22]. The order of a subexpression basis
set is defined as the number of adders that is required to realize
the elements in the set. For instance, the order of the subexpres-
sion basis set is 3. Here, it is assumed that
if a positive odd number is realized, its negative value is au-
tomatically realized and the elements 0 and are always in-
cluded. Therefore, for expository convenience, we omit the neg-
ative values and 0. Thus, the above subexpressions basis set is
simplified as . The concept of dynamically expanding
subexpression basis set is introduced in [23], where the subex-
pression basis set is initialized to contain only 0 and 1. During
the traverse process of the algorithm, each node is associated
with a subexpression basis set, and the subexpression basis sets
are updated dynamically. When the traverse searches forward
along a path with more and more coefficients being quantized to
integers, the subexpression basis set expands, while the search

is traced back to a coefficient, the original basis set of that co-
efficient is recovered.

B. The Quantization Process of a Certain Coefficient

Fig. 3 shows the basic operations that a coefficient is
to be quantized during the traverse of discrete solutions. In this
scenario, has been quantized to a discrete value. The
rest unquantized coefficients (including ) are reoptimized.

is of continuous value and therefore needs to be fixed to
certain integer. The detailed descriptions of the operations are
as follows.

1) If all the coefficients have been fixed (recall Path 1 in
Fig. 2), a discrete solution has been found. The optimality
of the solution needs to be checked while the solution is
to be recorded; the right branch of the diagram in Fig. 3 is
taken. Let be the total
number of adders required to realize the filter, where
is the order of the filter, is the number of zero coeffi-
cients in the discrete solution and is the order of the
corresponding subexpression basis set (which is equivalent
to the number of multiplier block adder adders used to syn-
thesize this discrete solution). The term included
in the computation of is because a 0 coefficient in a
linear phase FIR filter results in 2 SA reduction. Also, let

be the current best result. If for this discrete so-
lution is “certain” and is updated to

. However, it may happen that is “uncertain.”
In that case, this solution is simply recorded without up-
dating . The “certain” and “uncertain” of a is
the mechanism introduced to monitor the optimality of a
solution and is explained in Section IV-C. Since all coeffi-
cients have been discrete values, the program goes back to
the quantization process of .

2) If not all the coefficients are fixed, as indicated in Fig. 3,
the left branch of the diagram is taken. is to be fixed
to some integral value, say . The adder cost for re-
alizing is estimated based on the current subexpres-
sion basis set of the path (which is inherited from the quan-
tization process of coefficient ). The details of
adder cost estimation is discussed in Section IV-C and the
manner to select the integer values of is presented in
Section IV-D.

3) If realizing results in , the program
goes on to check the feasibility of fixing to .
Otherwise, the path to with discrete value is
terminated and other possible integral values of are
to be checked, i.e., is the first criterion to
terminate a path. If no more integers of results in an
adder cost , the program goes back to the
quantization process of .

4) Assume that fixing to results in an adder cost
lower than , the objective function in (6) is then
minimized by reoptimizing the rest of the coefficients that
are not fixed to integers yet. If , it means that fixing

to will not produce any feasible solution and
the path is therefore terminated, i.e., is the second
criterion for terminating a node.
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Fig. 3. Diagram of the quantization process of coefficient ����.

5) If , it means that the solution so far still meets the
filter specifications. The program then goes to the quanti-
zation process of which has the current subex-
pression basis set inherited. The quantization process of

is the same as that of indicated in Fig. 3.
When no more discrete values are available for
to fix, the algorithm is traced back from the quantization
process of to that of with subexpression basis
set recovered; is fixed to other integers. The same loop
is gone through again.

C. Adder Cost Estimation

In this subsection, the adder cost estimation block is ex-
plained by using an instance listed in Table I, where the

initial subexpression basis set is always . The subex-
pression basis set expands with more and more coefficients

are fixed. Assume that the order of
the filter is 10, i.e., and the current best result

. Since is a fixed value, in the following
discussion, we shall only focus on the term .

As shown in Table I, when is fixed to , the adder cost
is estimated based on basis set 1. Since 25 cannot be realized
from the elements in the set using only one adder and thus the
cost for realizing it must be equal to or greater than 2. The adder
cost is thus assumed to be 2 temporarily with marked over
the number to represent the uncertainty of the adder cost. With
more and more numbers added into the subexpression basis set,
it is likely to realize 25 using only one adder based on those
numbers added later. Therefore, in our technique, at the current
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TABLE I
AN EXAMPLE OF ADDER COST ESTIMATION WITH THE CURRENT BEST RESULT

� � ��

stage we assume that the number of adders required to construct
25 is two and 25 is thus added to the subexpression basis set.
Apparently, at the current stage, the actual number of adders
used to synthesize the coefficients is “uncertain” because of 25.
After the quantization of , is then fixed to 96 which
can be expressed as . Clearly, 3 can be realized using
only one adder based on the current basis
set and 3 is thus added to the set. The adder cost for
realizing 3 is 1. After adding 3 to the set, the program tries to
synthesize 25 again with the new added number 3. It turns out
that 25 can be realized using only one adder .
Therefore, the is removed and the order of this subexpression
basis set becomes “certain.” For and , one more adder
is required to synthesize . However, with 37 is
added, is equal to the best obtained result

. Therefore, the test in Fig. 3 returns NO.

D. Discrete Values Selection

In this subsection, the manner to select the discrete values of
coefficient is presented. The important roles played by ini-
tial boundaries (obtained in Section III) are revealed meanwhile.

In order to facilitate the searching process, coefficients whose
boundaries include 0 should be fixed at first place. The reason
is as follows. Coefficients that may be fixed to 0 result in the
reduction of structural adders (SA) and hence affect

. It is clear from the ongoing discus-
sion that the first criterion for terminating a node is under the
assumption that does not decrease with more and more
coefficients are fixed. Therefore, it is required that all the co-
efficients whose initial boundaries include 0 should be fixed at
first so that does not vary later on. Furthermore, assume
that the number of coefficients that may be fixed to 0 is
is thus initialized to . As these coefficients are quantized one
by one, decreases accordingly in a monotonous manner
along each path until all of them are fixed at the very early stages
during the searching process.

Thereafter, the discrete values of are selected in the fol-
lowing manner. Let and be the floor and ceiling func-
tions, respectively. Integers
towards the lower bound or

towards the upper bound are to be enumerated.
In other words, our proposed algorithm quantizes in one
direction towards the initial bound or until and then
switches to the opposite direction.

It should be noted that the actual boundary of is much
narrower than the initial one with more and
more coefficients quantized. However, from the computational
complexity point of view, extra loops of adder cost estimation

TABLE II
SPECIFICATIONS OF DESIGN EXAMPLES

TABLE III
SPECIFICATIONS OF ��. THE FILTER LENGTH IS 36

is preferred rather than two more MILP runs to specify the ac-
tual lower bound and upper bound of . Furthermore, in our
proposed algorithm, the adder cost checking ( in
Fig. 3) is executed before the NPR checking ( in Fig. 3).
Thus, if the first criterion is not satisfied, the
execution of MILP for the second criterion is saved. From our
design experience, the first criterion for ter-
minating a node is met more often than the second one as better
and better is obtained. Hence, many unnecessary MILP
runs can be eliminated. However, once a MILP is run and is
larger than 0, fixing to integer values beyond the current
fixed value will not produce any solution with . is
then fixed to the other integer values (if any) in the opposite
direction.

E. Optimality of the Solution

The optimality of the discrete solution is very much related
to the “certainty” of the corresponding subexpression basis set.
If the discrete solution with smallest lies in the set of dis-
crete solutions whose corresponding subexpression basis sets
are “certain,” the optimum solution with is
found. Through the “certainty” of the best solution’s subexpres-
sion basis, the proposed algorithm is aware of the optimality if
an optimum solution is obtained. However, it could happen that
the discrete solution with smallest lies in the set of dis-
crete solutions whose certainty is not specified. In this case, the
optimality of the discrete solution with is not
certain, but the optimum solution will use at most adders
to synthesize; the optimum solution may lie in those uncertain
discrete solutions with .

For the “uncertain” discrete solutions, extra elements should
be inserted into the subexpression basis set to determine the ac-
tual . Many algorithms have been proposed to deal with
this case [10], [11]. The reason that we do not include those
algorithms during the adder cost estimation block is because:
1) this kind of problem is NP hard and increases the computation
time of the algorithm; 2) the optimality of the element inserted is
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TABLE IV
RESULTS AND COMPARISON OF EXAMPLE A

not guaranteed and the insertion of such elements spoils the al-
gorithms’s awareness of optimality; 3) from our experience, it is
very often that all the elements in the subexpression basis set of
the optimum solution can be synthesized using only one adder
when more and more coefficients are quantized. Therefore, in
our proposed algorithm, if there are such uncertain solutions,
we simply record them and compare them with the best certain
ones ever found after the program ends. If such situation hap-
pens, the optimality of the final results is not assured. However,
in most cases, the proposed algorithm generates the best result
with “certainty” and thus optimality is assured.

V. DESIGN EXAMPLES

In this section, three sets of design examples are given to il-
lustrate the superiority of the proposed algorithm. In Example
A, nine benchmark filters are designed using the proposed al-
gorithm in transposed direct form. The results are compared
with those of the best published ones. In Example B, one of the
benchmark filters is further designed using the proposed algo-
rithm in a residue compensated extrapolated impulse response
filter structure [25] (instead of the traditional transposed direct
form). In Example C, the constraint of MAD is also incorpo-
rated in the algorithm so that the algorithm is able to design
optimum filters with low MAD requirement. All the examples
are designed using a Pentium 2.4-GHz desktop PC.

A. Example A

The specifications for the nine benchmark filters are listed in
Tables II and III, respectively. Filters and are the second
and third examples from [30] while and are the first and
second examples from [15], respectively. and are the
first two examples in [18]. is the first example in [19] and

is the example filter marked as “Filter ” in [24]. is the
first example given in [21]. In Table II, and are
the passband edge, stopband edge, passband ripple and stopband
ripple, respectively. In Table III, and are the upper bound
and lower bound of the passband gain, respectively.

The design results of the proposed algorithm and the best re-
sults from literature are listed in Table IV for comparison. EWL
is the effective wordlength of the coefficients excluding the sign
bit. It should be noted that in this particular example, the pro-
posed algorithm successfully finds the optimum solutions for
all the filters (except ) and every benchmark filter is first de-
signed using the shortest EWL (for low complexity and high
throughput concern). However, for easy comparison, some of
them are further designed using longer EWL so that the total

number of adders of the corresponding optimum solutions could
be compared with those in the references.

It can be seen from Table IV that for filters
and , our proposed algorithm can produce designs with
shorter EWL and less total number of adders. For filter ,
although the total number of adders is the same as given in the
reference, our design has shorter EWL. For and , the
optimum solutions have the same total number of adders and
EWL, which means that the solutions given in [23] and [19] are
also optimum for and , respectively.

For filter , the proposed algorithm does not find a certain
best solution after the traverse of the tree. Instead, three “uncer-
tain” solutions are recorded. Therefore, by using the algorithm
in [10], an extra element 3 is inserted into one of the solutions
and it turns out that this “uncertain” solution is the optimum
one. The coefficients of is listed separately in Table VIII.
The total number of adders required to realize this filter is 13,
which is better than the one reported in [21]. Furthermore, the
EWL is also shorter.

The total runtime for all the filters using the proposed algo-
rithm is listed in the last two rows of Table IV. The runtime for
the corresponding best results, if available, is also listed. It can
be seen that the proposed algorithm is faster than that in [23], but
slower than those in [22] and [24]. It is mainly because that the
algorithms in [22] and [24] only search in much smaller spaces
and therefore are not capable of finding the optimum solution,
nor are they aware of the optimality if optimum solutions happen
to be obtained.

Furthermore for [22], generally speaking, multiple runs
should be carried out with different predefined subexpression
basis sets so the actual runtime of the algorithm in [22] for
finding a decent solution could be much longer than that listed
in Table IV. Multiple runs are also required in [24] to choose a
proper number of integers to be searched from the “mid-point”
such that the search could generate a favored solution, while the
runtime is still acceptable. In addition, it is noted from Table IV
that the EWL has a significant effect on the total runtime in our
proposed algorithm. For instance, increasing the EWL of
by 1 results in almost 335 times increase in the runtime. An
analysis of the significant effect of EWL on the total runtime is
given in Section VI.

The coefficients of the optimum designs and their corre-
sponding subexpression basis sets are selectively listed in
Tables V (for the example in the next subsection), VI, and VII,
respectively. For simplicity, all the 1s in subexpression basis
sets are omitted. The frequency responses of these benchmark
filters can be evaluated using the coefficients in these two
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TABLE V
IMPULSE RESPONSE OF DESIGN EXAMPLE �� IN RESIDUAL COMPENSATED

EXTRAPOLATED IMPULSE RESPONSE STRUCTURE. COEFFICIENTS FROM �����
TO ����� ARE CHOSEN AS THE PROTOTYPE LOBE. RESIDUALS FROM � ���

TO � ���� AND COEFFICIENTS FROM ����� TO ����� ARE REALIZED IN THE

MULTIPLIER BLOCK. ���� � � ��� 	 � ���	 ��� FOR � � �� �� 
 
 
 � ��,
WHERE � � ��

tables. It should be pointed out that the length of the optimum
solution of given in Table VII is actually four less than the
design specifications in Table II.

B. Example B

In this example, the proposed algorithm is further applied in
a residual compensated extrapolated impulse response structure
proposed in [13]. Different from the conventional transposed
direct form, the frequency response of the structure in [13] is
expressed as

(9)

where for is the filter
coefficient that is the same as that in the conventional structure;

for is the prefixed scaling factor and
; and for

is the residual used to improve the precision of the filter coef-
ficients. The total number of variables to be optimized is equal
to the number of the original filter coefficients. Detailed expla-
nation and structures can be found in [13] while in this paper,
we only demonstrate that the proposed algorithm can be used
to design filters in such a structure. The optimization problem
can be formulated simply by replacing the frequency response

in (3) with in (9).
Here, benchmark filter is designed again using this

residual compensated extrapolated impulse response structure.

TABLE VI
IMPULSE RESPONSES AND SUBEXPRESSION BASIS SETS OF DESIGN EXAMPLES

��� ��� �� AND ��

The proposed algorithm produces an optimum solution which
requires 70 adders in total (56 SA, 12 MBA and 2 extrapolation
adders [13]). Compared with the result in Table VI, three more
adders are reduced. The coefficients of the impulse response of
the resultant filter is listed in Table V.

C. Example C

As discussed in the Introduction, the power consumption of
FIR filters is very much related to the adder depth (AD). There-
fore, it is worthwhile to include AD control in the proposed algo-
rithm. This can be easily done by checking the maximum adder
depth (MAD) of the current discrete solution before updating
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TABLE VII
IMPULSE RESPONSES AND SUBEXPRESSION BASIS SETS OF DESIGN EXAMPLES

� �� � �� �� AND ��

TABLE VIII
IMPULSE RESPONSE AND SUBEXPRESSION BASIS SET OF DESIGN EXAMPLES

��

the best result as indicated in Fig. 3. If the MAD of
the current discrete solution exceeds the requirement, this solu-
tion is discarded. However, it may happen that the order of the
subexpression basis set of the currently discrete solution is un-
certain. As a result, the MAD of this discrete solution is uncer-
tain too. In this case, as discussed in Section IV-E, it is assumed
that the .

Hence, our proposed algorithm is modified to take into
account the MAD constraint and the benchmark filter in
Section V-A is designed with the requirement that MAD is

TABLE IX
IMPULSE RESPONSE AND SUBEXPRESSION BASIS SET OF DESIGN EXAMPLES

�� WITH ��� � �

less than or equal to 2 and using . The proposed
algorithm successfully produces the optimum design using 28
adders. Obviously, the prices paid for the low MAD is 5 more
adders used than the design without MAD constraints. The
coefficients are listed in Table IX.

VI. COMPUTATIONAL COMPLEXITY

In this section, we briefly discuss the computational com-
plexity of the proposed algorithm. Let and be the
number of filter coefficients to be optimized and the effective
wordlength (EWL), respectively. Apparently, after scaling,
the dynamic range of every coefficient is within .
Therefore, for coefficients, the number of discrete solutions
to be investigated is proportional to . Also, let the average
run time of a linear program problem be . Therefore, the com-
putation time of our proposed algorithm for an optimization
problem with coefficients and is

(10)

where is a factor influenced by many “cutoff” mechanisms
such as the criteria for terminating a branch discussed in Sec-
tion IV-B. From our experience, decent cutoff mechanisms may
reduce the computation time by more than 100 times. However,
it is clear that the dominant part of (10) is the number of coef-
ficients and . Therefore, for high-ordered filters or longer
EWL, the computational complexity can be too high to be ac-
ceptable because of the exponential relationship.

The computation time of benchmark filter with different
filter orders and benchmark filter with different EWL is
shown in Figs. 4 and 5, respectively. It can be seen from Fig. 4
that as the filter order increases, the computation time increase
dramatically. On the other hand, it is observed from Fig. 5 that
increasing EWL results in a much more boost of computation
time than the filter order does. Moreover, for the test bench filter

, increasing the EWL beyond 13 results in a manual termi-
nation after several days.

From the above discussion, it seems that the EWL has more
impact on the computation time than the number of coefficients

does. This can be inferred from (10), in which the magnitude
of is usually larger than that of . Assume that there is an in-
crease of in either value, i.e., or . The resultant
product of the two values would be or .
Since , we have . Therefore, from the per-
spective of computational complexity, it is recommended to in-
crease the filter order rather than the EWL to achieve better fre-
quency performance if both are feasible.
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Fig. 4. Computation time of �� with different filter orders and ��� � �.

Fig. 5. Computation time of �� with different EWL. The filter order is 15.

VII. CONCLUSION

In this paper, a novel algorithm is proposed for the design
of low complexity and low power linear phase FIR filters.
The algorithm is based on mixed integer linear programming
which traverses through a given integer space, searching for
the optimum discrete solution that requires minimum number
of adders. An “optimum-awareness” mechanism for checking
the optimality of the discrete solutions is introduced into the
traverse process with dynamically expanding subexpression
spaces. Design examples have shown that the proposed algo-
rithm can produce the optimum discrete solution in most cases.
Maximum adder depth constraint can be incorporated into the
algorithm and optimum solution is also achievable.
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