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Abstract-Tbis paper presents a method for the design of low- 
cost Field Programmable Gate Array (FPGA) based Finite 
duration Impulse Response (FIR) digital filters. A discrete 
Lagrangian local search is used to minimize the hardware cast 
(the total number of required FPGA logic elements) subject to 
constraints on the Passband to Stopband energy Ratio (PSR) 
and on the maximum passband and stophand ripple Previous 
discrete Lagrangian local search methods do not produce 
minimum hardware cart d e s i p  and may not even converge on 
a solution for this design problem. 

I. INTRODU~ION 
any real hme applications, such as communications and 
audio signal processing, require small and inexpensive 

implementations of Finite duration Impulse Response (FIR) 
digital filters. Methods for the design of floating-point digital 
filters are widespread but floating-point digital filters require 
substantial amounts of hardware to implement [l]. Fixed- 
point arithmetic can be used and is much more cost effective 
because only fixed-point adders, subtractors, and shifters are 
used in the filter implementation [l]. Fixed-point digital filter 
design methods p-61 that simultaneously conaider the filter 
hardware cost (the total amount of hardware required to 
implement the digital filter) and frequency response can be 
useful for obtaining low-cost digital filters that satisfy the 
h-equency response specifications. 

The minimum stopband attenuation and passband ripple 
are controlled in methods [2-6]. However, the Passband to 
Stopband energy Ratio [7] (PSR) is an imporrant frequency 
response performance measure that is neglected in [3-61. 
Digital filters with a high PSR value are effective at 
minimizing the energy of signals in the stopband [71. The 
PSR is equivalent to a signal-to-noise ratio in decimation 
applications [71 because any signal energy in the stopband is 
aliased and contaminates the desired signal. Consequently, 
increasing the PSR is beneficial. 

Very little research has been presented on digital filter 
design methods that simultaneously control the filter 
hardware cost, passband ripple, stopband ripple, and PSR. 
The method presented in [2,8] can be used to control these 
performance measures. However, this method does not 
produce minimum hardware cost designs. Also this method 
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does not consistently converge for near equiripple digital 
filter designs. In contrast, the method presented in this paper 
consistently wnverges. can be used to design very 
inexpensive digital filters, and can be used to obtain 
equiripple digital filters. Fixed-point least squares and Peak 
Constrained Least Squares (PCrS) [7] digital filters can also 
be obtained using the proposed design method. 

The hardware cost is measured as the total number of 
Logic Elements (LE) required to implement the digital filter 
on a Xilinx Virtex Field Programmable Gate Array (FPGA). 
An LE consists of a single four-input lwk-up table and a 
single D-type flip-flop [9]. A bit-serial FIR filter architecture 
presented in [8] is used to further reduce hardware cost. 

E. PROBLEM STATEMENT AND FORMULATION 
This section presents a problem formulation for the design 

of low-cost fixed-point lowpass FIR filters. We desire a low- 
cost FIR filter that approximates an ideal lowpass brickwall 
frequency response H,(e'") with S, maximum passband 

ripple and 8, maximum stopband ripple. A discrete 
constrained optimization problem can be formulated as 
follows: 

Minimize 
Hardwarecost (h )  

Subject to 
PSR(h) - PSR, 2 0 
IH(e'") -H,(e'")l 5 3, for W E  LO, U,,] 

IH(e'")-H,(e'")l 1 3 ,  for W E  [oJ , ,~ ]  

(3) 

(4) 

whereHardwareCost(h) is a function that yields the total 
number of LEs'required to implement the bit-serial FIR filter 
on a Xilinx Virtex FPGA. . 

In. ENHANCED DISCRETE LAGRANGIAN ~ J C A L  SEARCH 
METHOD 

The proposed design problem is difficult to solve 
analytically or numerically because derivatives of the 
objective function and constraints cannot be computed. 
Instead a discrete Lagrangian local search method can be 
used [lo]. 
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Consua.int (2) is characterized by the function: 

Constraints (3) and (4) can be combined to form one 
function [2], g,(h), by normalizing the stopband constraint 
values with respect to the passband constraints. The function 
gdh)  yields the largest normalized frequency response 
approximation error over the passband and stopband. 

g, (h) = PSR, - PSR ( 5 )  

Constraint (2) is satisfied when g, (h) I 0 and constraints 

(2) and (3) are satisfied when. g,(h) Io. The discrete 
Lagrange function becomes 

where 4 and 4 are the discrete Lagrange multipliers and 

controls influence of the objective relative to the 

The discrete Lagrangian local search method constraints. 
uses the following constants: 

and &,eh, control the growth of the 

- influences the convergence time of the local 

Madterntion is the maximum number of 

discrete Lagrange multipliers. 

search as discussed in [2]. 

iterations executed by the local search. 

The values of these constants are initialized according to 
the heuristic introduced in [2]. 

Numerical experiments reveal that previous discrete 
LagrangIan local search methods may not converge on a 
solution to this design problem. Solutions that can be 
obtained from these local search methods do not always yield 
digital filters with minimal hardware cost. In contrast, this 
section proposes a discrete Lagrangian local search method 
that can be used to find near opumal solutions for this design 

' ' problem. In practice,. the proposed local search method 
consistently converges for this design problem. 

The local search algorithm presented in [2,8] changes one 
coefficient value per iteration. The value of the coefficient is 
offset by +1 coefficient quantization step. The coefficient 
offset that results in the minimum discrete Lagrangian 
function value is chosen. This coefficient selection method 
may cause the search to become trapped in an infeasible area 

. .  

of the search space because the discrete Lagrangian function 
for this design problem is very non-linear (multi-modal). 

Three enhancements for the selection of coefficient values 
to improve convergence and to produce low hardware cost 
digital filters are now proposed: 

1. Each coefficient offset is restricted to the set 
[-Rq,(-R + 1)q.. ..,(R- I)q, RqJ where R is 
an integer and q is the coefficient quantization 
step. 
Two coefficient values are altered per iteration, 
and the two offsets are chosen from 

to 
minimize the discrete Lagrangian function. 
If the search is unable to enter a feasible region 
then R is doubled. 

These enhancements improve convergence and permit the 
design of low hardware cost digital filters because the local 
search method is better able to traverse the search space. 
Figure 1 shows the Enhanced Discrete Lagrangian Local 
Search Method. 

Quantizing floating point coefficients provides an initial 
guess of the discrete constrained global minimum that the 
local search improves upon. Two adjacent coefficient values 
are changed per iteration to minimize L&L,,,$,). If g,(h) > 0 
or g2(h) > 0 then the respective discrete Lagrange multiplier 
grows in value once every three iterations. The algorithm 
terminates when either Mudterntion has  been reached or the 
algorithm has converged on a constrained local minimum 

2. 

[-Rq, (-R + lh,. . ., (R - Oq,Rql 

3. 

~~ ~ ~ ~~ ~ 

Initialize /21vejRh,, ;121jgh, ,E,,, , Mudterarion, 

R = 2 , 4 = O , a n d 4 = 0  

h =Quantized floating point precision coefficients 

{ 
while(not converged and IterationCount < Madreration) 

1. Offset two adjacent coefficient values using two values 
from the set [-Rq, (-R + l)q,. . . , (R - l)q,Rq] such 
that is minimized. 
2. update 4 and 4 once every three iterations by 

4 + 4 + 
n, en, + % w e j 8 , , ~ ( 0 4 2 ( h ) )  

maX(0, g, (h))  

3. If the search is unable to enter a feasible region &er 
N iterations then double R 

1 
Rg. 1. The Enhanced Discrete Lagrangian id Search Method. 

IV. A PARAMETERIZABLE BIT-SERIAL FIR FILTER CORE 
A method for implementing bit-serial FIR digital filters 
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that facilitates the exact measurement of the hardware cost is 
presented in 1111 and is used in this paper. The use of 
traditional general-purpose placement and routing tools for 
WGAs has been avoided with this method. 

A. D i t s  
The filter core is implemented with Xilinx JBits as a Run- 

Time Parameterizable (RTP) core. JBits is a set of Javam 
classes that provide methods for modifying Xilinx Virtex 
WGA resource settings in the proprietary Xilinx 
configurat/on bitstream [12]. JBits RTP cores are an 
extension of parameterizable cores that can be created at run- 
time and used to dynamically modify existing circuitry[l3]. 
JBits offers the following benefits for implementing the filter 
core: 

A JBits core allows parameterization using all of the 
features of the Java programming language. 
A correctly defined B i t s  core implements correct 
hardware the first time, avoiding possible errors 
resulting from manual hardware description. 
A designer need not leam unfamiliar hardware 
description languages to use the B i t s  core. The 
designer need only specify familiar parameters 
(system word length, coefficients, output divisor) to 
a command line program. 
A simple placement algorithm and the JRoute router 
bypass many steps of the traditional FPGA design 
flow, reducing filter core prototyping time. 

E. Transposed Direct Form FIR Filter Structure 
The filter core uses the transposed direct form FIR filter 

structure[l], which offers the following implementation 
benefits: 

Stability: FIR filters are Bounded Input Bounded 
Output (BIBO) stable 
Regular structure: taps in the transposed direct form 
FIR filter can be readily translated into a multiply, 
accumulate, and delay structure which connects to an 
identical structure for the next filter tap. 
Constant latency: The latency of direct and cascade 
form FIR filter structures changes with filter order. 
Sharing coefficient multipliers for duplicate 
coefficient values does not require additional control 
signals, time alignment delays or adders. 

The fan-out for the transposed direct form FIR filter 
structure can be high, which lowers the maximum clock rate, 
when the filter order is high. The maximum clock rate can be 
increased using a buffering scheme described in [ 111. 

C. Bit-Serial Architecture 
Bit-serial architectures[l] exploit temporal domain 

resources to represent multi-bit words in one-bit system data 
paths. The filter core uses a bit-serial architecture that 
reduces sample-rate performance but offers the following 
benefits: 

2: 

Typically, bit-serial systems are l/n" the hardware 
cost of equivalent n-bit parallel designs [14]. 
Bit-serial arithmetic operator cores can be used to 
hierarchically construct the filter core. The bit- 
serial arithmetic operator cores can be implemented 
with identical width in the FPGA one LE. The 
identical width eliminates irregular gaps between 
horizontally adjacent bit-serial arithmetic operator 
cores placed in the rectangular bounding box of the 
filter core. 
Data word sizes that' are prohibitive in bit-parallel 
systems can be realized with bit-serial systems. 

D. Placement Method 
A folding technique adapted from Very Large Scale 

Integration (VLSI) bit-serial system layout[ 11 for placing the 
filter's subcores in the filter's rectangular bounding box is 
used in the filter core. The placement process is as follows: 

The transposed direct form FIR filter structure is 
re-arranged into a column. 
Bit-serial arithmetic operator cores are substituted 
into the re-arranged structure. 
The resulting column of cores is folded into a user 
defined bounding box within the FPGA. 

The column of cores is useful because it provides the exact 
number of FPGA LEs required to implement the core 
(HardwareCost(h)). For more details on the placement 
method, refer to [ 1 I]. 

V. PSR AND HARDWARE COST TRADEOFT 

1. 

2. 

3. 

A tradwff between the PSR and hardware cost has been 
identified in [2,8]. Both the PSR and hardware cost depend 
on the coefficient values. High precision constant coefficient 
multipliers are required to achieve high PSR values. 
Unfortunately high precision constant coefficient multipliers 
require substantial amounts of hardware. As a result, 
reducing the hardware cost conflicts with the goal of 
increasing the PSR 121. Exploring this tradeoff is necessary 
to design a digital filter that has both a high PSR and low 
hardware cost [2]. 

The proposed design method is used to explore this tradeoff 
f& Adams' F'CLS FIR filter [7] (95 taps, passband 
rippleldB, passband cutoff=0.125~ rad, stopband 
cutoff=O.l608a rad, &=43.22dB). This tradeoff can be 
explored by manipulating the value of PSRa which indirectly 
controls the hardware cost. Table I shows the hardware cost 
and PSR results using the local search method presented in 
this paper and the local search method in [2] to solve the 
design problem proposed in this paper. 

For each iteration, the proposed method probes a 
neighborhood consisting of two coefficient offsets in 
[-Rq,(-R + l)q,. ..,(R - l )q ,Rq]  . In contrast the 
method presented in [2] probes a neighborhood that consists 
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of one coefficient offset that is either -q or q for each 
iteration. The proposed method considers a greater portion of 
the search space per iteration than the method presented in 
[2], and therefore is better able to direct the search to a low 
hardware cost discrete constrained local minimum. 

Each entry in Table 1 for the proposed method converged 
on a discrete constrained local minimum. In contrast, the 
local search algorithm presented in [Z] is unable to converge 
for the last two entries in Table 1 and produces designs that 
require more hardware. Figure 2 shows the magnitude 
frequencyrespnse for the most and least expensive digital 
filters in this family. 

VI. LOW-COST EQLIIRIPPLE FIR DIGITAL FlLTER 

Raising the minimum stopband attenuation to the highest 
permissible value and ignoring the PSR value results in an 
equiripple digital filter. The local search presented in [?I is 
unable to converge on an equiripple fixed-point FIR digital 
filter design. Consider the design of an equirriple FIR digital 
filter with the following specifications: 95 taps, passband 
rippleldB, passband cutoff=O.I25rc rad, stopband 
cutoff=O.I608rr rad, and k 4 6 d B .  The method presented in 
[Z] becomes trapped in an infeasible area of the search space 
and does not converge on a.design solution. 

In contrast, the local search method discussed in this paper 
is able to traverse the search space and find a discrete 
constrained local minimum. The resulting equiripple digital 
filter requires 1423 LEs of hardware. 

TABLE I 
P S R A N D H ~ W A ! E C O S T T R A ~ E O F F  

PSR and Hardware cost results for wmpcting dcrign methods. 

W. CONCLUSION 
This paper has presented a method for the design of low- 

cost bit-serial FIR digital filters. Unlike previous methods, 
this method directly minimizes the hardware cost subject to 
constraints on the filter PSR, maximum passband ripple, and 
maximum stopband ripple. Solving this design problem 
yields low-cost FIR digital filters that satisfy the frequency 
response specifications. 

A discrete Lagrangian local search method was introduced 
to solve this design problem. Previous discrete Lagrangian 
local search methods do. not always converge on design 
solutions that correspond to digital filters with a near 
equiripple frequency 'response characteristic. In contrast, the 

n - Harmare CO*lo57 LE5 
Hardwareto-613LEs 

8" .. "t I 

Frequenwlrf$) 
Fig. 2. Magnitude fncqumcy rrrponw for the fixed-point FIR digital film 
requiring 1057 and613 LE%. 
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