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Design of Fractional Delay Filter Using Hermite
Interpolation Method

Chien-Cheng Tseng, Senior Member, IEEE, and Su-Ling Lee

Abstract—In this paper, the design of fractional delay (FD) filters
using the Hermite interpolation is investigated. First, the transfer
function of fixed FD filters is obtained from the Hermite interpola-
tion formula by using variable substitution. Then, two implemen-
tationmethods for theHermite-based FD filters are presented. One
is the derivative sampling scheme using an analog differentiator,
the other is the Shannon sampling scheme with an auxiliary dig-
ital differentiator. Next, the proposed method is applied to design
wide-range variable fractional delay (VFD) filters and some exten-
sions are made. Finally, several numerical examples are demon-
strated to show the effectiveness of the proposed Hermite interpo-
lation design method.

Index Terms—Digital filter, fractional delay, Hermite interpola-
tion, Lagrange interpolation.

I. INTRODUCTION

I N RECENT years, fractional delay has become an impor-
tant element in several applications like beam steering of

antenna arrays, time adjustment in digital receivers, modeling
of music instruments, speech coding and synthesis, comb filter
design and analog to digital conversion, etc. [1]–[14]. An ex-
cellent survey of the fractional delay filter design is presented
in the tutorial paper [1]. The ideal frequency response of a frac-
tional delay filter is given by

(1)

where is a positive real number in the desired range. Thus,
the fractional-delay design problem is how to find a digital filter
such that its actual frequency response fits the ideal response

as well as possible. When the delay is fixed, we are
dealing with the so-called the fixed fractional delay (FFD) de-
sign. The typical design methods include the window method
[1], Lagrange interpolation method [1], discrete Fourier trans-
form method [10], and maximally flat design at the frequency

[5]. If the delay is variable, it is called the variable frac-
tional delay (VFD) design. So far, several methods have been
proposed to solve this design problem such as weighted least
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squares (WLS) method [3], two-rate approach [27], and max-
imally flat method [9], etc. These methods have their unique
features.
On the other hand, there exist various polynomial interpola-

tion methods in the numerical analysis in addition to the La-
grange method [15], [16]. The first is the Newton approach, in
which the interpolation polynomial is usually obtained by using
a divided difference table. The second is the Hermite method,
where the interpolation polynomial not only matches the values
of the function at various points but
also matches the first-order derivatives at . The third is
the spline interpolation method, in which the piecewise poly-
nomials are used to fit the given sample points

under some smoothness constraints. Although the
above good interpolation methods have been successfully used
in the numerical analysis, the Hermite interpolation method has
not been applied to design fractional delay filters, as done in
the Lagrange interpolation method. Thus, it is interesting to de-
sign fractional delay filters based on the Hermite interpolation
method. This is the main purpose of this paper.
This paper is organized as follows. In Section II, the Hermite

polynomial interpolation method is applied to design fixed frac-
tional delay filters. Two implementation methods are presented.
One is the derivative sampling scheme using an analog differ-
entiator, the other is the Shannon sampling scheme with an aux-
iliary digital differentiator. In Section III, the Hermite method is
extended to design wide-range variable fractional delay filters.
The comparisons with conventional methods are made by using
the application of adaptive time delay estimation. In Section IV,
we further study the fractional delay filter design using the Her-
mite method with second order derivative. Finally, conclusions
are drawn.

II. DESIGN OF FIXED FRACTIONAL DELAY FILTERS

In this section, the design of fixed fractional delay filters using
the Hermite interpolation method is described in details, and the
implementation methods are studied.

A. Hermite Method

The Hermite interpolation method is de-
scribed below: Given distinct points

and distinct first
order derivatives ,
then the polynomial of degree used to interpolate these
points has the form

(2)
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In order to let and be
satisfied, the basis need to meet the following conditions:

(3)

where

(4)

with and . In [15], [16], it
has been shown that the basis satisfying the above condition is
given by

(5a)

(5b)

where

(6)

and is the first order derivative of with respect to
. Now, let us use the Hermite interpolation formula to design
a fixed fractional delay filter. Taking , then the

points become
and the derivatives become

. So, the Hermite poly-
nomial becomes

(7)

where

(8a)

(8b)

Because at the interval , we have

(9)

Taking , the above equation can be rewritten in the
following form:

(10)

where

(11a)

(11b)

Using in (6), and , the above term
can be computed as

(12)

Now, to compute in (11a), the in (6) is rewritten
as

(13)

Using and , this equation can be expressed
as

(14)

Thus, the derivative of is given by

(15)
Based on this result, we have

(16)

Substituting (12) and (16) into (11a), we get

(17)

Obviously, is only the function of (not ), so we
denote

(18)
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where

(19)

Moreover, substituting in (12) into (11b), we have

(20)

It can be observed that is only the function of (not
), so we denote

(21)

Substituting (18) and (21) into (10), we have

(22)

Taking discrete-time Fourier transform at both sides, it yields

(23)

where and are the Fourier transforms of
and . Canceling , we get

(24)

Based on this result, two FIR filters are defined by

(25a)

(25b)

where filter coefficients and are obtained from
and by using window approach below:

(26)

with

otherwise
(27)

Fig. 1. Derivative sampling scheme for the implementation of fractional delay
filter designed by Hermite interpolation method. The is the derivative of

.

The length of the window is . Note that
the window interval and the center of the
window should be close to the delay for reducing the trun-
cation error caused by windowing. After the above choices, the
frequency response

(28)

will approximate the ideal response well.
Moreover, the implementation complexity of two FIR filters

and is reported. If the direct-form realization is
used, the number of adder and multiplier to implement
and are and .
So far, the Hermite interpolation design method has been
described. The remaining problem is how to implement the
fractional delay filter in (28). This issue will be studied in
Sections II-B and II-C.

B. Implementation Using Derivative Sampling

In this subsection, the derivative sampling implementation
method of the fixed fractional delay filter in (28) is presented.
Fig. 1 shows a derivative sampling scheme implementing the
fractional delay filter designed by using the Hermite interpola-
tion method. The derivative sampling method was first investi-
gated by Shannon in 1949 [17]. Then, several researchers also
studied its properties. The details can be found in [18]–[21].
Because is the first-order derivative of , it is easy
to show that the frequency-domain relation between input and
output in Fig. 1 is given by

(29)

where and are the Fourier transforms of
and . Thus, if two filters and in (25) are placed
into the block diagram in Fig. 1, then the output is the frac-
tional delay sample of the input . Because the closed-form
design is obtained in (18), (21) and (25), the filter coefficients
are easily computed. Now, let us use one numerical example to
study the performance of the Hermite-based design method.
1) Example 1: Now, one numerical example performed with

MATLAB language in an IBM PC compatible computer is used
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Fig. 2. The designed results of fractional delay filter using Hermite method
for various with step size 0.1. (a) Magnitude response, where lines
almost overlap together. (b) Group delay response.

to demonstrate the effectiveness of the proposed Hermite inter-
polation method. To evaluate the performance, the normalized
root mean square (NRMS) error is defined as

(30)

The above error is computed by using numerical rectangular in-
tegration method with step size . Obviously, the smaller
NRMS the error is, the better performance the designmethod
has. When the design parameters are chosen as ,

, and , Fig. 2(a) and (b) show the
magnitude response and group delay of fractional delay filter
designed by Hermite method for various with step
size 0.1, that is, . Clearly, the specifica-
tions are fitted well for various fractional delay values . The
magnitude responses in Fig. 2(a) almost overlap together, so we
can not see the differences among them. The above group delay
response is computed with the following procedure:
Step 1: Compute the unwrapped phase response by using the

MATLAB functions “angle” and “unwrap.”
Step 2: Compute the negative derivative of the unwrapped

phase response by difference method and use it as
the final group delay response.

Moreover, the implementation complexity issue is addressed.
Because , are chosen, the
number of adders and multipliers needed to implement the two
digital filters and are 16 and 18. In [22], another
derivative sampling method has been used to design a fractional
delay filter whose filter coefficients are given by

(31a)

(31b)

Fig. 3. (a), (b) The magnitude response and group delay of fractional delay
filter designed by Hermite method. (c), (d) The magnitude response and group
delay of fractional delay filter designed by the method in [22].

where . When the design parameters
are chosen as , , and

, Fig. 3(a) and (b) show the magnitude re-
sponse and group delay of a fractional delay filter designed by
Hermite method. The NRMS error of this design is 0.0040%.
Fig. 3(c) and (d) show the magnitude response and group delay
of a fractional delay filter designed by the method in [22]. The
NRMS error of this design is 3.7697% which is greater than
the error of the Hermite method.
Now, one remark about this implementation method is made.

In the derivative sampling implementation of Fig. 1, the deriva-
tive signal is obtained by using a continuous-time (CT)
differentiator. Usually, a CT differentiator is designed by using
operational amplifiers, capacitors and resistors [24]. However,
a CT differentiator is difficult to implement with high precision,
so there can be errors in the frequency response of a CT differen-
tiator. Now, let us study this error effect on the proposed design
method. Without losing generality, we choose the distorted re-
pose of a CT differentiator as

(32)

Using (28), the distorted fractional delay filter is then given by

(33)

When the design parameters are chosen as , ,
, and , Fig. 4(a) and (b)

show the magnitude response and group delay of the designed
fractional delay filter. The NRMS error in this design is
8.0726%. It is clear that the performance of fractional delay fil-
ters degrades if the frequency responses of CT differentiator dis-
torts. In order to solve this distortion problem, the CT differen-
tiator may be replaced by a discrete-time (DT) differentiator to
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Fig. 4. (a), (b) The magnitude response and group delay of the designed frac-
tional delay filter after considering the distorted CT differentiator.

Fig. 5. The block diagram that uses a discrete-time differentiator to implement
the fractional delay filter designed by Hermite interpolation method.

implement the proposed Hermite-based fractional delay filter.
In Section II-C, this topic will be studied.

C. Implementation Using Digital Differentiator

Here, let us study another implementation that uses the
Shannon sampling scheme with an auxiliary digital first-order
differentiator. In Fig. 1, a continuous-time differentiator and a
sampler are used to obtain the derivative sample from
the continuous-time signal . Thus, an interesting problem
is to study whether we can obtain the derivative sample
directly from the discrete-time signal by using a dis-
crete-time first order differentiator. Fig. 5 shows a possible way
to achieve this purpose. The discrete-time differentiator
is designed to fit the ideal frequency response of the first
order differentiator, that is,

(34)

After some manipulation, it is easy to show that the frequency-
domain relation between and in Fig. 5 is given by

(35)

Fig. 6. (a), (b) The magnitude response and phase response
of the designed differentiator. (c), (d) The magnitude

response and group delay of the designed fractional delay filter for various
fractional delay values , 5.4, 5.6, and 5.8.

where and are the Fourier transforms of
and . Thus, if two filters and in (25) are placed
into the block diagram in Fig. 5, then the output is the
fractional delay sample of the input .
Now, one numerical example is illustrated below:
1) Example 2: In this example, the weighted least squares

method with uniform weighting in [23] is first used to design a
stable IIR differentiator to approximate the ideal response

on the frequency band . The orders of the
numerator and denominator of IIR filter are equal to 30.
Then, the transfer function of differentiator is chosen as

. Fig. 6(a) and (b) show the magnitude re-
sponse and phase response of the
designed differentiator. Clearly, fits ideal response well
on the frequency band . Moreover, the parameters are
chosen as , , and .
Fig. 6(c) and (d) show the magnitude response and group delay
of the fractional delay filter

(36)

for various fractional delay values , 5.4, 5.6, and 5.8.
From these results, it is clear that approximates the re-
sponse well on the frequency band . Moreover,
the differentiator and fractional delay filter almost
have the same bandwidth to fit the ideal response well, so we can
use the wideband differentiator to design a wideband frac-
tional delay filter in (36). Finally, let us study the imple-
mentation complexity of the designed fractional delay filter. The
number of adders and multipliers needed to implement the dig-
ital differentiator is 60 and 61, and the number of adders
and multipliers needed to implement the two filters and

is 16 and 18. Thus, the total number of adders and mul-
tipliers needed to implement the designed fractional delay filter

is 76 and 79.
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III. DESIGN OF VARIABLE FRACTIONAL DELAY FILTERS

In this section, the design of wide-range variable fractional
delay (VFD) filter is first investigated. Then, the comparison
with conventional designs is made.

A. Hermite VFD Filter Design

From (18), the coefficient in the Hermite design can be
rewritten as

(37)

where can be computed easily by using polynomial mul-
tiplication. Moreover, from (21), the coefficient can be
rewritten as

(38)

where can be also calculated by using polynomial multi-
plication. Using the (26) and (27) and substituting (37) and (38)
into (25), two filters and can be written as

(39a)

(39b)

Substituting the above two filters into (28), the transfer function
of the variable fractional delay filter is given by

(40)

Fig. 7. The Farrow structure for implementing the Hermite-type variable frac-
tional delay filter.

where subfilters are defined by
and .

Based on (40), an efficient structure for implementing the
Hermite-type variable fractional delay filter is shown in
Fig. 7, where the fractional delay can be easily adjusted
without redesigning the filter. This structure contains two
Farrow structures used in conventional VFD filter design
[25]. The derivative signal can be obtained by using
a continuous-time or discrete-time differentiator. In what
follows, the numerical examples are used to study these two
implementation methods. To evaluate the performance of the
variable fractional delay filter design, the normalized root
mean square (NRMS) error is defined as

(41)
where the interval is the desired variable range of the
fractional delay. The double integrals in above (41) are com-
puted by using a numerical rectangular integration method in
which the step size of is and the step size of is

. Obviously, the smaller NRMS error is, the better per-
formance the design method has. Now, one numerical example
using the derivative sampling scheme is studied below:
1) Example 3: In this example, the design parameters are

chosen as , , , ,
and . And the derivative sample is obtained by
using the derivative sampling scheme in Fig. 1. Fig. 8(a)–(d)
show themagnitude response, group delay, magnitude error, and
group delay error of a variable fractional delay filter designed
by Hermite method. All figures are shown in the entire region

. From these results, it is clear that the designed
errors are small for the Hermite design. The NRMS error
with of this design is 0.1635%. Now, the implementation
complexity in this example is reported. Because the number of
parameters used in digital filter is

and the number of parameters used in filter is
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, the total number of parameter
used in the proposed filter is 352.
From the above example, it is clear that the delay of the

designed VFD filter can be adjusted in a wide range ,
so the proposed filter is a wide-range VFD filter. The range

depends on the values of and . In our
experience, the parameters and if

and are chosen. Although
the above VFD filter can be implemented by using the derivative
sampling implementation method, this method needs a contin-
uous-time differentiator. Now, let us study anther implementa-
tion which uses a digital differentiator. In this case, the deriva-
tive sample in Fig. 7 is obtained by passing the signal

through the first-order digital differentiator whose
response is defined by (34). The differentiator is usually
chosen as an FIR filter

(42)

where the filter coefficients satisfy the anti-symmetric condition
and . Thus, the frequency response of

can be written as

(43)

Using the least squares method, the optimal filter coefficients
can be obtained by minimizing the frequency response error in
the band [26]. Now, one example is studied below.
2) Example 4: In this example, the design parameters are

chosen as , , , ,
, , and . The magnitude response of the

first order differentiator designed by the least squares method
is shown in Fig. 9. Clearly, the approximation error is small in
the band . Fig. 10(a)–(d) show the magnitude response,
group delay, magnitude error, and group delay error of a vari-
able fractional delay filter designed by Hermite method. All fig-
ures are shown in the entire region . From
these results, it is clear that the designed errors are small for the
Hermite design. The NRMS error with of this de-
sign is 0.1387%. Now, the implementation complexity in this
example is reported. The number of parameters used in filters

, , are ,
, and , so the total

number of parameters used in the proposed filter is 372.

B. Comparison and Discussion

In [27]–[30], several good methods have been presented to
design VFD filters. In these methods, the adjustable range of
fractional delay is or where is
a prescribed integer. Because the size of the adjustable range is
always equal to one, these methods are denoted as narrow-range
designs. In this paper, the adjustable range of the Hermite-based
VFD filter is , the range size of the proposed method is
equal to . In examples 3 and 4, the range sizes are both
equal to 5. Thus, the proposed VFD filter is a wide-range design.
From the experiment results, it is observed that the conventional
methods in [27]–[30] have better performance than the proposed

Fig. 8. The designed results of variable fractional delay filter using deriva-
tive scheme. (a) Magnitude response. (b) Group delay. (c) Magnitude error. (d)
Group delay error.

method for the narrow-range design. This is because the conven-
tional methods minimize the frequency response errors in band
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Fig. 9. The magnitude response of first order differentiator designed by least
squares method.

or to determine the
filter coefficients. Thus, these methods provide smaller design
errors. In this paper, the Hermite interpolation method is used
to determine the filter coefficients of the proposed VFD filter,
so it provides a wide-range design. Therefore, it is unfair to
compare the narrow-range designs in [27]–[30] with proposed
wide-range design because the specification is different. As we
known, some applications need a narrow-range VFD filter, and
some applications require a wide-range VFD filter. Thus, it is
hard to say which is more important in the signal processing
area. For example, the image magnification application often
needs a narrow-range VFD filter [31], but the time-delay estima-
tion application requires a wide-range VFD filter. To show how
to apply the proposed wide-range VFD filter to the time-delay
estimation problem, an estimation method is presented below.
Given two received signals

(44a)

(44b)

where and are zero-mean white noises with vari-
ance and , the problem is how to estimate the value of
time delay from the received signals and ,

. The delay is a noninteger and in the range
. The block diagram of the proposed adaptive time-delay

estimation method is depicted in Fig. 11. Because the adjustable
range of the VFD filter is , the integer delay is
placed in the top branch of the block diagram to generate the
desired response below:

(45)

Let be the output obtained when passes through
the digital differentiator in (42), then we have

(46)

Moreover, the output of the VFD filter can be written as

(47) Fig. 10. The designed results of variable fractional delay filter using a digital
differentiator. (a) Magnitude response. (b) Group delay. (c) Magnitude error.
(d) Group delay error.
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where is the output obtained when passes through
the filter , and is the output obtained when
passes through the filter . Thus, we have

(48a)

(48b)

Clearly, the output in (47) can be further rewritten as

(49)

where . The error between the desired
response and the VFD filter output is given by

(50)

In this paper, the delay is updated by the steepest descent
algorithm so that the mean square error is minimized,
where the operator denotes expected value. The updating
equation is then given by

(51)

where is the step size. Let us use the instantaneous value
to replace its ensemble average value , then we have

(52)

where . Because and do not
depend on the parameter , the partial derivative term can
be computed by using (50):

(53)

Substituting (53) into (52), the updating equation reduces to

(54)

Finally, given the received signals and , the integer
, the data length , the proposed adaptive time-delay algo-

rithm is summarized as follows:

Fig. 11. The block diagram of the proposed adaptive time-delay estimation
method.

Step 1: Set initial , step size , desired response
, and time index .

Step 2: Use (46), (48), (49) to compute and .
Step 3: Compute error .
Step 4: Use (54) to calculate new delay and compute

the estimated value .
Step 5: If , stop the iterative loop. Otherwise set

and go to step 2.
So far, the adaptive time delay estimation method based on

the proposed wide-range VFD filter has been derived. Now, let
us use a numerical example to demonstrate its effectiveness.
1) Example 5: In this example, the received signals are given

by

(55a)

(55b)

where and are zero-mean Gaussian white noises
with and . The data length is chosen as

. Two cases of delay are studied below:

(56a)

(56b)

The VFD filter is gotten from the designed results in example
4, so the parameter . The step size is chosen as 0.3.
Fig. 12(a) shows the learning curve in case 1. Clearly, the
curve converges to the true value 3.5 after 500 samples.
Thus, the proposed algorithm can estimate the unknown time
delay correctly from the received signals. Fig. 12(b) shows
the learning curve in case 2. Clearly, the proposed adaptive
algorithm can track the time-delay change from 3.5 to 1.5 at

and change from 1.5 to 2.5 at . The larger
step size is, the faster tracking speed of adaptive algorithm
has. Finally, two remarks are made as follows:
Remark 1: In case 1, time delay is a constant, so a two-

stage approach based on conventional narrow-range VFD filter
can be also used to estimate constant delay below:
Stage 1:Use the cross correlation function between and

to get a coarse integer delay estimate .
Stage 2:Use the narrow-range VFD filter to obtain a fractional

delay estimate . Then, the time delay can be esti-
mated as .

However, the above narrow-range VFD filter method can not
work well if the delay is time-varying, that is, case 2. From
example 5, it is clear that the proposed wide-range adaptive
VFD filter method can work well in the cases of constant and
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Fig. 12. The learning curves of adaptive time delay estimations. The
dashed lines are ideal curves. (a) Case 1. (b) Case 2.

time-varying delay , so the wide-range method is more suit-
able than the narrow-range method in the application of time-
varying delay estimation.
Remark 2: Here, we first study how to extend two con-

ventional narrow-range methods to design a wide-range VFD
filter. One is the optimization method, the other is the Lagrange
closed-form design. Then, these two methods are compared
with the proposed Hermite method. Details are now described
below:
Case 1: Optimization method

If the delay in (1) is equal to , the transfer function
of the conventional narrow-range VFD filter is usually
given by

(57)

where the subfilters are

(58)

When we choose and , then the
filter can be used to design a wide-range VFD

filter if the subfilters are determined byminimizing
the following error function:

(59)

From the Taylor series expansion, we know that the
larger range is, the larger order
needs. That is, the adjustable range of delay can

be widen by increasing the number of subfilters .
Although this design method provides a wide-range de-
sign, it needs to solve the optimization problem in (59).
The merit of the Hermite method is that it makes use of
a closed-form design. Thus, the Hermite method allows
to obtain the filter coefficients more easily than with the
optimization method.

Case 2: Lagrange closed-form design
The transfer function of the Lagrange VFD filter is given
by

(60)

where filter coefficients are

(61)

The above coefficient can be calculated by using
polynomial multiplication. Substituting (61) into (60),
we have Lagrange VFD filter below:

(62)

where . The delay in
can be adjusted in the range , so it

is a wide-range design. Because the proposed Hermite
method is an extension of the Lagrange method and uses
the derivative of the input signal, the Hermite method
will provide smaller design error than the Lagrange
method. Now, one example is used to compare the
above two methods with proposed method.

2) Example 6: In this example, we first present the results of
the optimization method. In the design of VFD filter ,
the parameters are chosen as , , ,

, , , and , so the adjustable range
of delay is that is same as one in Example 4. The
NRMS error with of this design is 0.1204%, which
is slightly smaller than the error 0.1387% in example 4. And,
the total number of parameters used in this filter is
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which is same as one in Example 4. Fig. 13(a)
shows the frequency response error
of the VFD filter in the optimization method. For comparison,
Fig. 13(b) depicts the frequency response error

of the VFD filter in example 4. Clearly, the error dis-
tributions of these two VFD filters are very different, so each
method has their unique features. Next, let us present the results
of the Lagrange method. In the design of VFD filter ,
the parameters are chosen as , , and

, so the adjustable range of delay is that
is same as one in Example 4. The NRMS error with of
this design is 8.8035% which is larger than the error 0.1387%
in example 4. And, the total number of parameters used in this
filter is which is also larger than one in
Example 4. Moreover, Fig. 13(c) shows the frequency response
error of the VFD filter in the Lagrange
method. Clearly, the errors in the high frequency band are large
for the Lagrange method. Thus, the Hermite method provides
better design results than the Lagrange method because it uses
the information of the derivative of the input signal.

IV. EXTENSION DESIGN

The Lagrange design only considers the sampled value in
order to perform interpolation, and the Hermite design considers
both sampled value and first order derivative, so it is very nat-
ural to study the interpolation that further considers the second
order derivative. This extension case is investigated below:

A. Design Method

Given the distinct sampling points
, distinct first order

derivatives ,
and second order derivatives

, then the
polynomial of degree used to interpolate these
points has the form

(63)

In order to let , and
be satisfied, the basis need to meet the

following condition:

(64a)

(64b)

(64c)

where and . Now, let us
assume that the solutions of three basis have the following form:

(65a)

Fig. 13. The absolute frequency response errors of the designed wide-range
VFD filters. (a) Optimization method. (b) Hermite method. (c) Lagrange
method.

(65b)

(65c)
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where is the Lagrange basis in (6). Because three basis in
(65) must satisfy the conditions in (64), it can be shown that

(66a)

(66b)

(66c)

(66d)

(66e)

Substituting (66) into (65), we obtain the three basis below:

(67a)

(67b)

(67c)

After the basis have been obtained, let us use the interpolation
polynomial in (63) to design the fractional delay filter. Because

at the sampling interval , we have

(68)

Taking and , (68) reduces to

(69)

where

(70a)

(70b)

(70c)

From (12) and (16), we have

(71a)

(71b)

where . Moreover, from
(15), it can be shown that

(72)

Taking , (72) becomes

(73)

The notation “ ” denotes “define as.” Substituting (71) and (73)
into (70), we get

(74a)

(74b)

(74c)

Substituting (74) into (69), we have

(75)

Taking the discrete-time Fourier transform at both sides, we ob-
tain

(76)
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Fig. 14. The designed results of extended Hermite method using first and
second order derivatives. (a) Magnitude response. (b) Group delay response.

where , and are the Fourier
transforms of , and . Canceling , we
get

(77)

From this result, if we define the three FIR filters below:

(78)

then the frequency response

(79)

will approximate the ideal response well.
Now, let us study one numerical example of this design ap-
proach.

B. Design Example

To evaluate the performance of this extended Hermite design,
the normalized root mean square (NRMS) error is defined as

(80)

The above error is computed by using a numerical rectangular
integration method with step size . Obviously, the
smaller NRMS error is, the better performance the design
method is. One example is presented below:
1) Example 7: When the design parameters are chosen as

and , Fig. 14(a) and (b) show the magni-
tude response and group delay of fractional delay filter designed
with this extended Hermite method where first and second order

derivatives are obtained with the derivative sampling scheme.
The NRMS error of this design is 3.8 .
Finally, one remark is made. From (74), it is easy to see that

the filter coefficients are all the polynomial
of delay . Thus, we can get the variable fractional delay filter
of this design easily by using polynomial multiplication. And,
an efficient implementation with three Farrow structures can be
also obtained.

V. CONCLUSIONS

In this paper, the design of a fractional delay filter using the
Hermite interpolation has been presented. First, the details of
Hermite interpolation to design fixed fractional delay filters
have been described. Then, two implementation methods for
the Hermite-based fractional delay filter have been presented.
One is the derivative sampling scheme, the other is the Shannon
sampling scheme with an auxiliary digital differentiator. Next,
the proposed method has been applied to design a wide-range
VFD filter and some extensions have been made. Finally, the
adaptive time-delay estimation application example has been
developed to show the effectiveness of the proposed wide-range
VFD filter. However, only the one-dimensional fractional delay
filter has been studied in this paper. Thus, it is interesting to ex-
tend the proposed method to design two-dimensional fractional
delay filters in the future.
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