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Efficient Design and Implementation of Variable
Fractional Delay Filters Using Differentiators

Chien-Cheng Tseng, Senior Member, IEEE, and Su-Ling Lee

Abstract—In this paper, the power series expansion of exponen-
tial function is used to transform the design problem of variable
fractional delay (VFD) filter into the designs of digital differentia-
tors with various orders such that conventional digital differentia-
tors can be applied to implement VFD filter efficiently. The pro-
posed method is flexible because the VFD filter can be designed
by making the trade-off among the storage requirement of filter
coefficients, computational complexity and delay of filter. Finally,
some numerical examples are demonstrated to show the effective-
ness and flexibility of the proposed design methods.

Index Terms—Digital differentiator, fractional delay, series ex-
pansion, variable digital filter.

I. INTRODUCTION

I N recent years, fractional delay has become an important
device in the applications of modeling of music instru-

ments, beam steering of antenna array, speech coding and
synthesis, time adjustment in digital receivers, comb filter
design and analog digital conversion etc. [1]–[16]. A compre-
hensive study of the fractional delay filter design is available
in tutorial paper [1]. The ideal frequency response of fractional
delay filter is given by

(1)

where is a prescribed integer delay and is a fractional
number in the range [ , 0.5]. Thus, the fractional-delay
design problem is how to find a filter such that its actual
frequency response fits the ideal response as well
as possible. When the delay is fixed, it is called the fixed
fractional delay (FFD) design. If the delay is adjustable, it
is called the variable fractional delay (VFD) design. So far,
several methods have been proposed to solve the VFD design
problem such as the weighted least squares (WLS) method
[6], [7], maximally flat method [8], [9] and discrete Fourier
transform method [15] etc. Each method has its unique features.
On the other hand, the digital differentiators have become an

important device in the applications of radar, biomedical engi-
neering and image processing [17]–[19]. So far, several methods
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have been developed to design FIR and IIR differentiators such
as Remez exchange method, eigenfilter approach, least squares
method, and quadratic programming method. Thus, it is inter-
esting to design variable fractional delay filter using digital dif-
ferentiators with various orders. In [20], a differentiator bank
approach has been developed to design and implement VFD
filter, but this approach requires the large memory to store filter
coefficients. To reduce storage requirement, an efficient design
of a VFD filter using only first-order differentiator is developed
in [21]. Although the storage memory is reduced, there exists a
long-delay problem of VFD filter in this conventional structure.
So, it is necessary to develop a new VFD filter design method
that considers the trade-off among the storage requirement of
filter coefficients, delay of filter and computational complexity.
In this paper, a design method to achieve this purpose will be
proposed.
This paper is organized as follows. In Section II, the con-

ventional designs of variable fractional delay filter using dif-
ferentiator-bank and first-order differentiator are first described
briefly. In Section III, the structures to implement VFD filter
are developed by making the trade-off among the filter coeffi-
cients storage requirement, computational complexity and delay
of filter. In Section IV, the designmethods of the proposed struc-
tures are described and some numerical examples are demon-
strated to show the effectiveness of the proposed methods. In
Section V, some discussions are made. Finally, the conclusions
are drawn.

II. CONVENTIONAL METHODS

In this section, the conventional designs of variable fractional
delay filter using differentiator-bank and first-order differen-
tiator are described briefly. It is well-known that the power se-
ries expansion of exponential function is given by

(2)

Using the variable substitution , it yields the result

(3)

where denotes a termwhich goes to zero at least as when
approaches zero and is a prescribed integer order. Because
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is a fractional number in the range [ , 0.5], the above series
expansion can be truncated into the form

(4)

Now, choosing and multiplying both sides of (4) by the
factor , we get the following expression:

(5)

If the sub-filters are designed to satisfy the following
approximation conditions:

(6)

then the frequency response of the following filter:

(7)

will approximate the ideal response well. Moreover, the
above filter can be implemented efficiently by using the struc-
ture I shown in Fig. 1 which is called Farrow structure in the
literature. Clearly, there are sub-filters needed to
be implemented in the Farrow structure of variable fractional
delay filter. Because the is the ideal frequency
response of -th order differentiator, the designs of sub-filters

is same as those of conventional differentiators in the lit-
erature. Due to this sake, we call this design method as differen-
tiator-bank approach. The transfer functions of sub-filters
are often chosen as an FIR filter with even order below:

(8)

and . If is a linear-phase Type I filter for
even and is a linear-phase Type III filter for odd ,
then the number of filter coefficients to implement VFD filter

in (7) is for even and
for odd . This number is

often large, so it is necessary to reduce the memory requirement
of filter coefficient storage in the structure of Fig. 1. In [21],
another structure that only uses one first-order differentiator is
developed to achieve this purpose. The details are briefly de-
scribed below: If we choose delay and multiplying
both sides of (4) by the factor , we have

(9)

Fig. 1. Structure I for implementing the variable fractional delay filter with
. This structure is also called Farrow structure.

Based on this approximation, if the frequency response of filter
is designed to fit the ideal response well, then

the frequency response of the following filter

(10)

will approximate the ideal response well. Moreover, the
above filter can be implemented efficiently by using the struc-
ture II, as shown in Fig. 2. Clearly, there is only one filter
needed to be implemented in the structure II of variable frac-
tional delay filter, so the number of filter coefficients to imple-
ment VFD filter is small. Because the is the
ideal frequency response of first order differentiator, we call this
design method as first-order differentiator approach. Although
the memory requirement of structure II is small, the filter delay
of this structure is which is often very large. So, the
saving of memory in structure II is at the cost of the increasing
of filter delay.
From the above descriptions, we observe that the structure I

has large memory requirement but low filter delay, and structure
II has small memory storage but large filter delay. From these
results, a natural question is how to obtain a VFD filter structure
which has medium-size memory requirement and medium-size
filter delay such that we can design VFD filter by making the
trade-off among the storage requirement of filter coefficients,
delay of filter and computational complexity. This is the main
purpose of this paper. The details of the proposed method are
described in next section.

III. PROPOSED STRUCTURES

In this section, the structures for implementing variable frac-
tional delay filter using low order differentiators will be pre-
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Fig. 2. Structure II for implementing the variable fractional delay filter with
. This structure only uses one filter .

sented. Given a positive integer , the truncation order can
be represented by the following form:

(11)

where . For example, if we choose ,
the order can be represented by or , that is, is
an even or odd integer. Substituting (11) into (4), we have

(12)

Using the index mapping , (12) can be rewritten
as

(13)

Because , three cases are discussed below
by dividing the value of into the cases of ,

, and .

1) Case 1: : In this case, (13) reduces to

(14)

Choosing and multiplying both sides by the factor
, we obtain the following expression:

(15)

If the sub-filters are designed to satisfy the following
approximation conditions:

(16)

then the frequency response of the following filter:

(17)

will approximate the ideal response well. Because
are the -th order differentiators, (17) tells us that variable frac-
tional delay filter can be constructed by using low order
differentiators with order .
2) Case 2: : In this case, (13) reduces to

(18)
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Choosing and multiplying both sides by the
factor , we obtain the following expression:

(19)

Using the approximations of sub-filters in (16) and
, then the frequency response of the following

filter

(20)

will approximate the ideal response well. In the above,
the sub-filter is equal to a pure integer delay , so vari-
able fractional delay filter can be constructed by using
low order differentiators with order .
3) Case 3: : In this case, (13) reduces to

(21)

Choosing and multiplying both sides by the
factor , we obtain the following expression:

(22)

Using the approximations of sub-filters in (16) and
, then the frequency response of the following

filter

(23)

will approximate the ideal response well. In the above,
the sub-filter is equal to , so variable fractional delay
filter can be constructed by using low order differentia-
tors with order .
So far, we have derived the general formula that uses low

order differentiators to implement variable fractional delay
filter. Now, some special choices are studied below:
4) Choice 1: and : In this choice, the truncation

order is equal to . This choice corresponds to the
case 3, that is, case, so the variable fractional delay
filter in (23) reduces to

(24)

Using , (24) can be rewritten as

(25)

The above filter can be implemented efficiently by using the
structure III in Fig. 3 where we choose . In this struc-
ture, the sub-filters corresponding to and share the
same filter . Thus, the number of sub-filters has been re-
duced by half. Compared the structures in Figs. 1 and 3, three
observations are made below.
1) Storage requirement: There are sub-filters
needed to be designed and implemented in structure
I, but there are only two sub-filters and
needed to be designed and realized in structure III. So,
the memory storage of filter coefficients in structure III
is less than that of conventional structure I.

2) Filter delay: The delay of structure I is often chosen
as half order of sub-filters in (8), that is, .
And, the filter delay of structure III is

. So, the delay of structure III is greater
than the one of structure I.

3) Computation complexity: The structure I needs to im-
plement sub-filters, but the structure III only
needs to implement sub-filters. So,
the implementation complexity of structure III is less
than that of structure I. This is because the sub-filters
corresponding to and share the same filter

in the structure III.
After making comparison of Figs. 1 and 3, let us compare the

structures in Figs. 2 and 3. The observations are made below:
1) Storage requirement: There are only one sub-filter

needed to be designed and implemented in struc-
ture II, but there are two sub-filters and
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Fig. 3. Structure III for implementing the variable fractional delay filter with
and . This structure only uses two filters and .

in structure III. So, the memory storage of filter coeffi-
cients in structure III is larger than that of conventional
structure II.

2) Filter delay: The filter delay of structure II is
. And, the filter delay of structure III is

. So, the delay of structure III is
almost half of delay of structure II.

3) Computation complexity: The structure II needs to im-
plement same sub-filter , but the structure III
only needs to implement sub-fil-
ters. So, the implementation complexity of structure III
is less than that of structure II.

5) Choice 2: and : In this choice, the truncation
order is equal to . This choice corresponds to the case 1,
that is, case, so the variable fractional delay filter in (17)
reduces to

(26)

Fig. 4. Structure IV for implementing the variable fractional delay filter with
and . This structure only uses two filters and .

This expression can be rewritten as

(27)

The above filter can be implemented efficiently by using the
structure IV shown in Fig. 4 where we choose . In this
structure, the sub-filters corresponding to and also
share the same filter . The comparisons of structure IV
with conventional structures in Figs. 1 and 2 are similar to those
of structure III, so they are omitted here.
6) Choice 3: and : In this choice, the truncation

order is equal to . This choice corresponds to the case
2, that is, case, so the variable fractional delay
filter in (20) reduces to

(28)
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Fig. 5. Structure V for implementing the variable fractional delay filter with
and .

Using , (28) can be rewritten as

(29)

The above filter can be implemented efficiently by using the
structure V shown in Fig. 5 where we choose . In this
structure, the sub-filters corresponding to , and
share the same filter . Thus, the number of sub-filters has
been reduced by one-third. Now, three observations of structure
V are made below:
1) There are only three sub-filters , and
needed to be designed and realized in structure V.

2) The filter delay of structure V is
.

3) The structure V needs to implement
sub-filters. This is because the

sub-filters corresponding to , and share
the same filter .

Finally, some remarks about the proposed structures are made
as follows.

1) First, let us study the choice of integer delay value .
In this paper, the is not a free design parameter. It
is a structure-dependent parameter because various
have been selected to yield the efficient implementation
structures of variable fractional delay filter. The cor-
responding to structures I–V are , , ,

, and , where is the delay of sub-filter.
Once the delay of sub-filters in structures has been
specified, the delay is determined automatically.

2) In structure I, all sub-filters share the same input
signal, so they can share the same input delay elements
which correspond to data memory in an implementation
to generate the sub-filter output. However, for structures
II-V, all sub-filters in the structures have the dif-
ferent input signals, so each sub-filter needs individual
input delay elements to generate output signal. There-
fore, the data memory requirement in the structures II-V
is larger than that in the structure I.

3) A disadvantage of the proposed structures III-IV, com-
pared with the existing structure I and II, is that the
variable multiplication by is done before the filtering
through . This introduces transient problemswhen
changing the value of . The structure V also has the
similar transient problem. Therefore, the proposed struc-
tures can only be used in applications where does not
change too often and that allow transients.

IV. DESIGN METHODS AND EXAMPLES

In this section, we will study the designs of the sub-filters
in the proposed structures and evaluate the performance

of the final designed variable fractional delay filter. Two design
methods will be presented. One is the separate design method,
the other is the joint design method. From (16), it can be seen
that the ideal frequency response of is , so
the transfer function of sub-filter is chosen as linear phase
FIR filter below

(30)

where filter coefficients satisfy the following symmetric condi-
tions:

for even
for odd

(31)

for . The filter length of is equal to
. For keeping the causality of filter, the condition

must be satisfied. If the integers are all equal, it is called
“equal-order” design. Otherwise, it is called “different-order”
design. In this paper, the sub-filters in structure I are de-
termined by

(32)
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TABLE I
THE IMPLEMENTATION COMPLEXITY OF VFD FILTER FOR , AND

and . The above equation can be obtained easily
by using the relation between (6) and (16). Because sub-filters

are different order, the sub-filters in structure I are
also different order. Thus, structure I with different-order case
has been considered here. In [22], [26], [27] and the references
therein, it has been shown that the different-order design yields
a VFD filter with a lower overall arithmetic complexity than the
equal-order design. Once sub-filters and are de-
signed and inserted into the structures I-V, the VFD filters are
obtained. Based on the above choices of sub-filters, Table I lists
the filter delay, number of filter coefficients, number of multi-
pliers, number of adders, and number of delay elements to im-
plement the structures I-V. The users can choose a preferred
structure by considering the trade-off among the storage require-
ment of filter coefficients, computational complexity and delay
of filter.
Now, the details of the separate design method are first de-

scribed. To let frequency response approximate the
ideal response well, the filter coefficients are de-
termined by minimizing the objective error function

(33)

Because this is the standard least squares FIR filter design
problem, its optimal solution can be obtained easily by using
the method in the textbook [25]. Moreover, because each
sub-filter is optimized separately, so it is called separate de-
sign. In what follows, one numerical example is presented. To
evaluate the performance, the normalized root mean squares
(NRMS) error is defined by

(34)

Obviously, the smaller NRMS error has, the better perfor-
mance the design method has. In this paper, the double integrals
in (34) are computed by using numerical rectangular integration
method in which the step size of is and the step size of
is 1/40.
1) Example 1: In this example, the performance of variable

fractional delay filter with and will be de-
scribed. The parameters are chosen as ,
, , , , , ,

, , and . Using the least squares
method, the linear-phase differentiators can be designed
individually. Fig. 6 shows the absolute frequency response er-
rors of the designed variable fractional
delay filters in structures I–V for , 9, 10. Clearly, the
error decreases when increases. The design error and im-
plementation complexity are summarized in Table II. Based on
these results, we can choose a preferred structure by considering
the trade-off among design accuracy, the storage requirement of
filter coefficients, computational complexity and delay of filter.
Although the separate designmethod can provide satisfactory

designed results, all sub-filters are designed independently. To
further improve the design accuracy, the joint design method
is described below. Because the proposed structures are ob-
tained through cascades of low-order differentiators, it is a non-
linear optimization problem to find the linear-phase differentia-
tors to minimize the following cost function:

(35)

where is given in (17), (20) and (23). However, ob-
serving the transfer function , it can be found that if the
differentiator is designed in advance, the remaining dif-
ferentiators can be designed easily
by using least squares method. Thus, a two-stage approach is
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TABLE II
DESIGNED RESULTS OF VFD FILTERS WITH PARAMETERS AND IN EXAMPLE 1

Fig. 6. Absolute frequency response errors of the designed VFD filters by using
separate design method. (a) The structure I ( ). (b) The structure II (
). (c) The structure IV ( ). (d) The structure I ( ). (e) The structure
II ( ). (f) The structure III ( ). (g) The structure I ( ). (h)
The structure II ( ). (i) The structure V ( ).

proposed to approximately solve the optimization problem in
(35) below:
Step 1) Minimize the cost function in (33) to design dif-

ferentiator by selecting . Then, sub-
stitute the designed differentiator into the
transfer function of VFD filter.

Step 2) Minimize the cost function in (35) to design dif-
ferentiators simultane-
ously by using least squares method.

Now, one example is used to illustrate the effectiveness of the
above two-stage method below:
2) Example 2: In this example, the design of variable frac-

tional delay filter with and will be studied.
The parameters are chosen as and .
The linear-phase differentiators and are designed
by using the two-stage approach. Fig. 7 shows the absolute
frequency response errors of the de-
signed variable fractional delay filters in structures III and IV

Fig. 7. Absolute frequency response errors of the designed VFD filters by using
joint design method. (a) The structure III ( ). (b) The structure IV (
).

for , 9. The NRMS errors are
and . Compared these results with those
in the separate method, the error has been reduced from
3.793 to 2.963 . Thus, the two-stage ap-
proach provides smaller errors than the separate design method.

V. DISCUSSIONS

In this section, some discussions are made. In [23], a two-rate
approach has been developed to get a wideband VFD filter de-
sign for Farrow structure in Fig. 1. The block diagram is shown
in Fig. 8(a). In this method, the is a linear-phase FIR
half-band filter (HBF) and is a variable fractional delay
(VFD) filter whose transfer function is given by (7). Generally
speaking, the low-order VFD filter has poor frequency response
in high frequency region, but it has good frequency response in
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Fig. 8. (a) Block diagram of variable fractional delay filter design using two-
rate approach. (b) Structure VI for implementing VFD filter with
and .

low frequency region. That is, low-order VFD filter is a narrow-
band filter. Using half-band filter in two-rate approach, the nar-
rowband VFD filter can be transformed into a wideband VFD
filter which has good frequency response in high frequency re-
gion. In fact, the two-rate approach is a very general method to
improve low-order VFD filter. That is, all VFD filters in struc-
tures I–V can be placed into the diagram in Fig. 8(a) to get the
wideband design. For example, if the VFD filter in (25)
with is inserted into the diagram in Fig. 8(a), we get a
new implementation structure VI shown in Fig. 8(b). In the fol-
lowing, let us use one numerical example to compare the con-
ventional method in [23] with the proposed methods.
1) Example 3: In the example in [23], the HBF of

order 58 is designed by using Remez algorithm with passband
and stopband edge frequencies and . The sub-filters

in structure I with and are gotten from
the [23, Fig.4] and their transfer functions are

(36a)

(36b)

(36c)

(36d)

Clearly, this is a low-order VFD filter with ,
and . Using the two-rate approach and choosing
, Fig. 9(a)(b) show the magnitude response and group delay

response of the final designed VFD filter whose ideal frequency
response is . Note that 29 is the delay of linear-
phase HBF and is the delay of original low-order
VFD filter in (7). It is clear that the specification is
fitted well for . Now, let us study the performance of
structure VI in Fig. 8(b) by using the same HBF . For fair
comparison, the differentiators and are directly
obtained from (36) by using the relation

(37)

Inserting the , and into the structure in
Fig. 8(b), the final VFD filter is obtained. Choosing ,
Fig. 9(c)(d) show the magnitude response and group delay re-
sponse of this final designed VFD filter whose ideal frequency
response is . Note that 29 is the delay of
linear-phase HBF and is the delay of original
low-order VFD filter in (25) with . It is clear
that the specification is also fitted well for . Now,
the complexity issue is studied. In the method of [23], there
are three linear-phase sub-filters , and in
(36) required to be implemented. However, in our structure in
Fig. 8(b), there are only two linear-phase sub-filters and

in (37) needed to be realized. Thus, the proposed struc-
ture saves the implementation complexity of sub-filter
at the cost of extra filter delay . Finally, let us compare the
two-rate structure in Fig. 8(a) with the proposed structure III
under the same number of filter coefficients. From the order of
HBF and the sub-filters in (36), it is easy to see that
the total number of filter coefficients of two-rate approach is 38.
If we choose , and , the number of
filter coefficients in structure III is also equal to 38. Using the
joint optimization method and choosing , Fig. 9(e)(f)
show the magnitude response and group delay response of this
designed VFD filter whose ideal real response is .
It is obvious that the specification is approximated well for

. Now, the complexity comparison is made. The num-
bers of multipliers and adders to implement two-rate structure
in Fig. 8(a) are 38 and 70. However, the numbers of multipliers
and adders to implement the structure III in Fig. 3 are 112 and
189. So, the complexity of structure III is larger than that of the
two-rate structure in Fig. 8(a). Based on the above results, it
can be observed that the structure in Fig. 8(b) is a better choice
than the structure III for implementing VFD filter because it
uses the two-rate method in [23] and the proposed sub-filter
sharing method simultaneously.
In [24], a modified Farrow structure is applied to design VFD

filter and coefficient relation among sub-filters is used to re-
duce implementation complexity. In this conventional design,
the ideal frequency response is and the
transfer function of VFD filter is

(38)
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Fig. 9. Designed results of two-rate approaches. (a)–(b) Magnitude response
and group delay response of the conventional VFD filter in Fig. 8(a). (c)–(d)
Magnitude response and group delay response of the proposed VFD filter in
Fig. 8(b). (e)–(f) Magnitude response and group delay response of the proposed
VFD filter in structure III.

where sub-filters are given by

(39)

The above filter coefficients fulfill the following symmetry con-
dition:

for even
for odd

(40)

An implementation structure of this VFD filter is shown in [24,
Fig.1]. In the following, let us use two numerical examples to
compare the conventional method in [24] with the proposed
methods.
2) Example 4: In the [24, Table 1], the parameters are chosen

as , , and the filter coefficient values are listed. In
this design, the filter lengths of all sub-filters are equal, so it is an
“equal-order” design. Using the coefficient relation among sub-
filters, some filter coefficients of sub-filters and
can be obtained from those of sub-filters , and

by using addition computation. Thus, the number of filter

Fig. 10. Structure for implementing the variable fractional delay filter with
and . This structure uses two filters and .

coefficients needed to be stored is 39. Moreover, there are five
sub-filters ( ) needed to be implemented
in the Farrow structure. Using the coefficient relation, the total
number of multipliers and adders required to implement these
five sub-filters are 39 and 141. Now, let us compare this method
with the proposed method with and . When

is chosen, the proposed VFD filter in (27) with
can be implemented by using the structure in Fig. 10.

The ideal frequency response is . The pa-
rameters of and of are both chosen as 13,
that is, . Fig. 11(a) depicts the absolute fre-
quency response error of conven-
tional method in [24, Table 1], and Fig. 11(b) shows the abso-
lute frequency response error of the
VFD filter in Fig. 10 by using the joint optimization method.
Clearly, the design method in [24, Table 1] is a minimax de-
sign, but the proposed method is a least square design. The
NRMS error and peak error of proposed method are 0.3503%
and 0.0274. And, the NRMS error and peak error of the method
in [24] is 0.655% and 0.01. Three remarks about the proposed
design are nowmade below: First, only two linear phase sub-fil-
ters and are used in the structure of Fig. 10, so
number of filter coefficients needed to be stored is
. This is because sub-filter sharing has been used. Second,

there are three sub-filters (two and one ) needed
to be implemented in the structure of Fig. 10. So, the number of
multipliers and adders required to implement these three sub-fil-
ters are 42 and 78. Third, if the adjustable fractional delay
, the proposed structure requires extra delay samples
than conventional structure in [24].
3) Example 5: In the [24, Table 2], the parameters are chosen

as , , and the filter coefficient values are listed.
In this design, the filter lengths of sub-filters , and

have been shorten, so it is a “different-order” design.
Using the coefficient relation, some filter coefficients of sub-fil-
ters , and can be obtained from those of
sub-filters and by using addition operation, so
the overall number of filter coefficients required to be stored
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Fig. 11. Absolute frequency response errors of the designed VFD filters. (a)
Method in [24, Table 1]. (b) Proposed method with and . (c)
Method in [24, Table 2]. (d) Proposed method with and .

is 28. Moreover, the number of multipliers and adders required
to implement five sub-filters ( ) are 28
and 96. Now, let us compare this method with the proposed
VFD filter in Fig. 10 with and . The param-
eters of is chosen 14, and of are selected
as 12. So, the overall number of filter coefficients required to
be stored is . Moreover, the number of
multipliers and adders needed to implement three sub-filters
in Fig. 10 are 41 and 76. Fig. 11(c) shows the absolute fre-
quency response error of conven-
tional method in [24, Table 2], and Fig. 11(d) shows the abso-
lute frequency response error of the
VFD filter in Fig. 10 by using the joint optimizationmethod. The
NRMS error and peak error of proposed method are 0.3905%
and 0.0298. And, the NRMS error and peak error of the method
in [24, Table 2] is 0.8735% and 0.0268. So, the proposedmethod
has smaller NRMS error, but it has larger peak error than the
method in [24].
To sum up, the implementation complexity of VFD filter can

be reduced by using the techniques: different order method in
[22], [26], [27], two-rate approach in [23], coefficient relation
among sub-filter coefficients in [24] and sub-filter sharing in this
paper. Thus, we can combine these four techniques to obtain a
preferred VFD filter by making the trade-off among the storage
requirement of filter coefficients, computational complexity and
delay of filter.

VI. CONCLUSIONS

In this paper, the power series expansion of exponential func-
tion has been applied to design variable fractional delay filter by
using low-order digital differentiators. The proposed method is
flexible because the VFD filter can be designed by making the

trade-off among the storage requirement of filter coefficients,
computational complexity and delay of filter. Finally, some nu-
merical examples are demonstrated to show the effectiveness
and flexibility of the proposed design methods. However, only
one-dimensional fractional delay filter is studied in this paper.
Thus, it is interesting to extend the proposed method to design
two-dimensional fractional delay filters in the future.
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