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Abstract— This paper describes a reconfigurable hardware 
implementation for wideband fractional delay FIR filters. The 
proposed implementation is based on a multirate Farrow 
structure, reducing in this way the arithmetic complexity 
compared to the modified Farrow structure, and allowing on 
line fractional delay value update. A minimax frequency 
optimization technique is used for computing the structure 
coefficients. In order to reduce the resources usage the 
structure filters multiplications are implemented using 
distribute arithmetic technique. The resulting filter 
implementation is tested through software simulation and 
hardware implementation tools. The filter performance is 
measured in terms of area, throughput and dynamic power 
consumption. Accordingly to the obtained results the described 
structure allows the implementation of wideband fractional 
delay FIR filters with online factional value update. A fine 
fractional delay resolution is achieved with the proposed 
hardware implementation. 

Keywords-FPGA implementation; Digital Filters; FIR; 
Fractional Delay Filter; Distributed Arithmetic 

I.  INTRODUCTION  
In many digital signal processing applications a sample 

delay value equal to a fraction of the sampling period is 
required. In most of them an on line adjustable fractional 
value update is needed. Such applications include sample 
rate conversion and symbol timing synchronization in 
software-defined radio applications [1], echo cancellation 
systems, phased array antenna systems, and modeling of 
musical instruments [2]. 

The Farrow structure [3] and the modified Farrow 
structure [4] are two very efficient approaches for adjustable 
fractional delay (FD) filtering, which allow online fractional 
delay value update with a fixed set of parallel FIR branch 
filters and only one control parameter, γ, as shown in Fig. 1. 
Both structures are composed of L+1 branch FIR filters Cl(z), 
each one with length N. In a modified Farrow structure 
γ =2α-1, where α is the required fractional delay value, 0 ≤ α 
≤ 1, and Cl(z) are linear phase filters (symmetrical coefficient 
values). In the original Farrow structure γ =α and the branch 
filters are not symmetrical. 

There are two main FD filter design approaches. The first 
one is completely time domain design based on Lagrange 
interpolation. The implementation of this design approach is 
made through Farrow structure having as main advantage 
that filter coefficients are obtained by closed form 

expressions. The disadvantage is its small flexibility to meet 
FD filter frequency domain specifications. This is because 
there is only one design parameter, i.e. the polynomial order 
L.  

The second FD design approach is based on frequency 
domain using optimization techniques for coefficients 
computing. This design approach has more frequency 
specification control. This is because three design parameters 
are available: polynomial order L, every filter length N and 
desired frequency passband ωp. However, a frequency 
optimization method is required for filter coefficients 
computing. 

A wideband specification, meaning a passband frequency 
of 0.9π or wider, imposes a high complexity in the FD 
structure. Several design approaches have been reported in 
order to reduce wideband FD complexity [5-10]. In [7] a 
multirate structure is introduced. In [5, 7, 8, 9] infinite 
precision coefficients are considered, and in [6, 10] finite 
precision coefficient are used. However, truncation errors of 
intermediate structure signals are not taken into account in 
[6, 10].  

An exhaustive search for reported FD filters 
implementations on reconfigurable hardware revealed that 
most of the reported filter implementations are only for 
general digital filters such as in [11, 12], where several FIR 
filters are implemented on an FPGA. Only one FD 
implementation has been found [13], where a Taylor 
structure is implemented through maximally flat FD filter, 
time domain designed, and multiplications are implemented 
using parallel Distributed Arithmetic (DA) technique. 

This paper describes a reconfigurable hardware 
implementation for adjustable wideband FD FIR filter based 
on a multirate Farrow structure. Given the FD filter 
specifications the structure coefficients are computed 

 
Figure 1. Farrow structure. 

2010 International Conference on Reconfigurable Computing

978-0-7695-4314-7/10 $26.00 © 2010 IEEE

DOI 10.1109/ReConFig.2010.68

406



through a proposed minimax frequency optimization process. 
The finite precision resolution for the structure coefficients is 
found in such a way that the given criteria are met in the 
FPGA implementation. This involves the quantization of the 
coefficients as well as the truncation of intermediate signals. 
In order to reduce the resources usage the resulting structure 
FIR filters are implemented using serial DA technique [11, 
12, 14, 15]. 

In next section the proposed frequency design method of 
the multirate Farrow structure is briefly described. The DA 
technique is reviewed in third section. In fourth section the 
design implementation and verification through FPGA 
simulation and implementation tools are presented. The 
implementation is analyzed in fifth section through two 
design examples, and a comparison with a previously 
reported work is presented. Last section concludes the paper. 

II. FILTER DESIGN 

A. Fractional Delay Filter definition 
The ideal frequency response of an FD filter is 

 πωωω ≤= ||,)( Djj
id eeH , (1) 

where D is a positive real number expressed as 

 α+= fixDD , (2) 

where Dfix is the transport delay, being a fixed delay with a 
value either of an integer or an integer plus a half, and α  is 
the desired fractional delay, 0 ≤ α ≤ 1. 

The ideal FD filter frequency response cannot be 
practically accomplished and must be approximated. This 
can be done through a Farrow structure or a multirate Farrow 
structure, which is composed of a half-band digital filter and 
a modified Farrow structure as explained in next subsection. 

B. Multirate Farrow structure 
The multirate structure proposed in [7] is based on a 

time-domain design method for wideband FD filters. The 
input signal bandwidth is reduced by increasing the sampling 
frequency. In this way Lagrange interpolation is used for 
filter coefficients computing.  

This multirate structure is composed of three stages. The 
first one is an upsampler and a half-band image suppressor 
filter HHB(z) for increasing twice the input sampling 
frequency. Second stage is the FD filter HFD(z), which is 
designed in the time domain through Lagrange interpolation. 
Since the signal processing frequency of filter HFD(z) is twice 
the input sampling frequency, such filter can be designed to 
meet only half of the required bandwidth. Last stage deals 
with a downsampler for decreasing the sampling frequency 
to its original value.  

The resulting single-sampling-frequency FD structure is 
shown in Fig. 2, with the FD filter designed as a modified 
Farrow structure and after applying some structure 
reductions [8, 9], where filters H0(z) and H1(z) are the first 
and second polyphase components of the half-band filter 

HHB(z). In the same way Cl,1(z) and Cl,0(z) are first and 
second polyphase components, respectively, of branch filter 
Cl(z).  

The half-band filter has an odd length, Nh, and every 
second sample of its impulse response is zero except for the 
central tap, which has a value of 1/2. For this reason one of 
the polyphase components of HHB(z) is just an integer delay 
and the another one is a linear phase FIR filter. For instance 
H0(z) is an integer delay if the first tap of HHB(z) is zero. 

C. Proposed design method 
Let the global magnitude error of the multirate structure, 

em(ω), and the global phase error, ep(ω), be defined for 0≤ 
ω ≤ ωp, and 0 ≤ α ≤ 1 as: 

 1|)(|)( −= ωω Hem ,   (3) 

 )()( )( αω ω
ωφ +−= fixp De ,   (4) 

where H(ω) and φ(ω) are the frequency and phase responses, 
respectively, of the designed FD filter. ωp is the passband 
frequency. 

The goal of the overall filter design method is to keep the 
maximum magnitude, Δm, and maximum phase delay, Δp, 
deviations values smaller than the desired specifications, this 
is 
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where δm and δp are the given magnitude and phase delay 
specification errors, respectively. Such minimax 
optimization is a standard nonlinear problem and can be 
solved using MATLAB function fminimax.m, available in 
the Optimization Toolbox. In this way, the coefficients of the 
multirate structure, formed by the half-band filter and 
modified Farrow structure are computed. The obtained 
coefficient set is a start-up solution for the FPGA 
implementation. 

As it is well known the initial solution is a key factor for 
minimax optimization process [5], the suggested initial 
solution for the modified Farrow structure coefficients is the 
individual branch filters approximations to ideal 
differentiators in a least mean squares sense as defined in [8, 

 
Figure 2. Resulting Farrow multirate structure 
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9]. The initial half-band filter HHB(z) can be designed as a 
Dolph-Chebyshev window or as an equiripple filter. The 
resulting half-band filter coefficients are obtained from the 
minimax optimization process. 

The performance of the multirate structure depends on 
the values of Nh, L, and N. These parameters are adjusted to 
meet the given specifications with minimum resources. The 
fminimax.m function is set such as Δm be minimized until Δp 
meets the given criteria. The optimum solution is achieved 
when both constraints are met with the smallest value. 

III. DISTRIBUTED ARITHMETIC 
The digital FIR filter processing involves the 

computation of an inner product of two vectors  

 ,
1∑ =

=
N

i ii xhy  (7) 

where y is the output vector, hi is a constant vector, xi is the 
input vector, and N is the maximum length of the vectors.  

Distributed arithmetic is a well known method to 
compute this inner product. If each xi is a B-bit two’s 
complement binary number scaled such that |xi | ≤ 1, then xi 
can be expressed as 

 ∑ −

=
−+−= 1

10 2B

n
n

inii bbx , (8) 

where bin are the bits, 0 or 1, bi0 is the most significant bit 
(sign bit), and biB-1 is the least significant bit.  

Combining (7) and (8), with a summations order change, 
the equation defining a distributed arithmetic computation is 
expressed as 

 nN
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The second term of the right hand side of (9) may have 
only 2N possible values. These values can be precomputed 
and stored in a lookup table (LUT) or ROM.  The LUT is 
then addressed by the bits of the input samples and the 
partial results can be stored in a scaling accumulator. The 
final result is computed after B cycles.  

The block diagram of the DA architecture for an N tap 
FIR filter is shown in Fig. 3. The DA architecture consists of 
three units: the input register unit, the LUT unit and the 
adder/shifter unit. The LUT size grows exponentially with 
the number of taps. In order to achieve a more efficient 
FPGA implementation the LUT unit is implemented as N/4 
subunits with a size of 24. The contents of this basic LUT 
subunit are presented in Table I. The input register and 
adder/shifter unit are common in several DA architectures, 
where the LUT unit makes them different. In [11, 12] LUT 
reduction techniques are described. 

 

IV. FPGA IMPLEMENTATION AND SIMULATION 

A. Distribute Arithmetic design. 
There are constant and variable multiplications in the 

multirate Farrow structure. In the former case a signal is 
multiplied with the fixed taps of a digital filter, such as the 
polyphase components of the half-band filter and the branch 
filters. In the latter case the branch filters output signals are 
multiplied with the on-line parameter γ, which is given by 
the desired fractional delay value, see Fig 2.  

Due to the reduced number of embedded multipliers 
available in an FPGA, variable multiplications are 
implemented with the general purpose multipliers in the 
proposed FD filter implementation. On the other hand the 
serial DA technique is applied for constant multiplications. 

A general LUT architecture for the FPGA design is 
shown in Fig. 4. The input signal is broken up in four-sample 
subwords. In order to achieve a better FD filter performance, 
pipeline stages are inserted in the combinational paths. 

 

TABLE I.  BASIC LUT SUBUNIT. 

Input code Stored data 
b0 b1 b2 b3  
0 0 0 0 0 
0 0 0 1 b3 
0 0 1 0 b2 
0 0 1 1 b2+b3 
0 1 0 0 b1 
0 1 0 1 b1+b3 
0 1 1 0 b1+b2 
0 1 1 1 b1+b2+b3 
1 0 0 0 b0 
1 0 0 1 b0+b3 
1 0 1 0 b0+b2 
1 0 1 1 b0+b2+b3 
1 1 0 0 b0+b1 
1 1 0 1 b0+b1+b3 
1 1 1 0 b0+b1+b2 
1 1 1 1 b0+b1+b2+b3 

 
Figure 3. Block diagram of DA architecture. 
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B. FPGA design. 

A hardware implementation of the FD filter structure 
involves the coefficients quantization and the internal signals 
truncation. The start-up solution presented in section II 
(infinite precision) needs to exceed the given specifications 
in order to compensate the quantization and truncation errors 
in the FPGA implementation (finite precision). 

Two Simulink models are employed for coefficients 
wordlength and internal signal precision estimation. The first 
one utilizes Simulink fixed point blocks and the second 
model employs customizable Xilinx System Generator 
blocks. A third Simulink model is the proposed VHDL 
system imported to System Generator as a Black Box block. 
To make a distinction between the models we call them 
Simulink, System Generator and Black Box models, 
respectively. 

The half-band and the branch filters implementation is 
done through a Digital Filter block in the Simulink model 
and through a DAFIR v9_0 Xilinx block, [16], in the System 
Generator model. General purpose multiplier and adder 
blocks are used to implement the overall multiplications and 
additions in both designs. The coefficients wordlength and 
internal signals precisions are determined from the resulting 
frequency response of the implemented FD filter structure. 

The estimated FD filter features using Simulink and 
System Generator models are considered in the Black Box 
model. If the desired specifications are not met by the Black 
Box model more stringent specifications for the infinite 
precision solution are imposed. This process is repeated until 
the desired specifications are achieved.  

The Black Box model allows functional simulation of the 
VHDL system through the Xilinx or ModelSim simulators. 
The synthesis and implementation is done with Xilinx ISE. 
Modelsim is used for post and route simulations, and power 
consumption estimation is obtained with both ModelSim and 
Xpower tools from Xilinx. The targeted FPGA is the Xilinx 
Virtex-4 XC4VLX80 connected to the PCI bus of a personal 
computer 

V. EXAMPLES 
Two designs examples are presented describing the 

proposed FD hardware implementation. The implementation 
performance is measured in terms of throughput, area 
utilization, measured dynamic power consumption and all-
band frequency response. The specifications for both 
examples are taken from infinite precision designs already 
reported. A performance comparison between the proposed 
implementation results and the reported in [13] is shown too. 

A. Example 1. 
In this example the specifications are ωp = 0.9π, δm = 

0.01 and δp = 0.001, same design example as [6]. The given 
specifications for the infinite precision design are met with N 
= 7, L = 4 and Nh = 55, resulting in Δm = 0.0094448 and Δp = 
0.00096649. For the finite precision design the half-band 
filter length is increased to 63 and the start-up infinite 
precision solution has a design specification of δp =0.0008. 
The maximum deviations for the FPGA design are Δm = 
0.0031954 and Δp = 0.00099637.  

The wordlength of online parameter γ is 13 bits with 10 
fractional bits, giving a fractional delay resolution of 4048 
different values. The numbers of bits for all the signals in the 
hardware design are given in Table II, where Ohb are the 
output signals of the half-band polyphase components, Ob 
are the output signals of branch filters, As are the output 
signals of the structural adders and Ms is the output signals 
for the variable multipliers. The even taps of the half-band 
filter, H0(z), are implemented with 16 bits and the taps of 
Cl,1(z) and Cl,0(z) are implemented with 20 bits. The obtained 
magnitude and phase delay responses for α = 0 to 510/1024 
with 102/1024 delay increment are depicted in Fig. 5.  

The resource usage, throughput and dynamic power 
consumption are analyzed for the proposed design. The use 
of pipeline stages for the LUT unit, as shown in Fig. 4, and 
for the combinational paths is also considered. In Table III 
the resource usage for the initial and pipeline designs is 
given in terms of slices, LUTs, Flip-Flops and DSP48 
blocks.  

The system clock for the initial design is fclk=111.807 
MHz. A feature of the serial DA is the relationship between 
the throughput and the wordlength of the input signal. For 
the multirate structure this relation is extended to the output 
signals of the half-band filter because the filters are in 
cascade. The throughput for the initial design is then fclk /B= 
= 5.59 MHz, where B=20 is the wordlength for half-band 
filter output signals. The corresponding figures for the 
pipeline design are fclk = 242.895 MHz and a throughput of 
12.145 MHz. 

The dynamic power consumption was estimated with a 
system clock of 100 MHz and a variable frequency 
sinusoidal input signal as stimuli. The same stimuli are 
applied to both implemented designs. The results are 164.71 
mW and 60 mW for the initial and pipeline designs, 
respectively. 

LUT

LUT

LUT

LUT

x(n)
x(n-1)
x(n-2)
x(n-3)

x(n-4)

x(n-15)
x(n-14)

x(n-5)

Pipeline 
registers

 
Figure 4. Block diagram of LUT architecture.
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B. Example 2. 
This example shows that the proposed FD structure 

implementation can be used to meet a global complex 
specification. For this purpose the filter design example 
described in [5] is used, with specifications of ωp = 0.9π, and 
maximum global complex error of δc = 0.0042. Such 
specifications are met with N = 7, L = 4 and Nh = 69 for the 
infinite precision design with a resulting maximum complex 
error of Δc = 0.0036195. The half-band filter length is 

increased to 73 for the finite precision design and a complex 
error specification of δc = 0.0035 is set for the start-up 
infinite precision solution. Maximum deviations of Δc = 
0.0037489, Δm = 0.0035048 and Δp = 0.0058466 for the 
FPGA design are accomplished. 

The signals wordlengths in this design are the same as 
example 1, shown in Table 2, thus there are also 4048 
possible values for the delay value. However, a maximum 
fractional delay ripple of 1/Δp ≈ 171 is assured. This 
difference is because a different specification error is met. 

The wordlength of half-band odd taps, H1(z), is 16 bits 
and the corresponding to Cl,1(z) and Cl,0(z) is 20 bits. The 
obtained complex error magnitude and magnitude response 
of the proposed hardware implementation for α = -0.5 to -
2/1024 with 102/1024 delay increment are shown in Fig. 6. 
The fractional delay range is from 18.5 to 19.5. 

 

 
 

 
The resource usage for this example is shown in Table 

IV. For the initial design we have a system clock of fclk = 
113.186 MHz resulting a throughput of 5.659 MHz. For the 
pipeline design the system clock and throughput are 252.27 
MHz and 12.614 MHz, respectively. The total dynamic 
power consumption with a system clock of 100 MHz is 
199.31 mW for the initial design and 68.57 mW for the 
pipeline design. 

C. Results Comparison. 
The resource usage, throughput and also the maximum 

delay ripple for the proposed implementation and the one 
reported in [13] are presented in Table V. As expected the 
reported throughput value is higher than the obtained one, 
but the difference is not significant, this parameter would be 
notably improved if parallel DA were used in the proposed 
implementation. A finer fractional delay resolution is 
reached with the proposed FD filter implementation. The 
number of fractional delay values reported in [13] is 8, being 
much smaller than the one obtained. It should be pointed out 
that variable multipliers are implemented using DSP48 
blocks in the proposed implementation, saving in this way 
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Figure 6. Filter frequency responses in Example 2. a) Complex 
errors magnitudes, b) Magnitude responses. 

TABLE IV.  RESOURCE USAGE FOR EXAMPLE 2. 

Model 
Resource usage 

Slices LUTs Flip-Flops DSP48s 

Initial 597 650 923 8 

Pipeline 748 1144 995 8 

TABLE III.  RESOURCE USAGE FOR EXAMPLE I. 

Model 
Resource usage 

Slices LUTs Flip-Flops DSP48s 

Initial 585 885 671 8 

Pipeline 696 1084 899 8 
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Figure 5. Filter frequency responses in Example 1. a) Magnitude 

responses, b) Phase delay responses. 

TABLE II.  SIGNALS WORDLENGTHS. 

Signal Bits 

Input Up to 20 

Ohb 20 

Delay  13 

Ob 24 

As 24 

Ms 24 

Output 24 
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some general resources.  
Since the frequency response of the FD filter in [13] is 

not reported a frequency performance comparison with the 
proposal is not possible. However, our design must have a 
wider bandwidth. This is shown with the fact that time 
domain FD design method in [13] is characterized of having 
a maximally flat behavior at low frequencies but smaller 
bandwidth than the frequency domain design method applied 
in the proposed FD implementation. 

VI. CONCLUSIONS  
A reconfigurable hardware implementation for wideband 

fractional delay FIR filters is described. The implementation 
is based on a multirate Farrow structure, which coefficients 
are computed through a minimax frequency optimization 
technique.  

The fractional delay structure is implemented using 
embedded multipliers for variable multiplications and serial 
DA technique for structure FIR filters multiplications. The 
proposed multirate Farrow structure implementation is 
described using infinite precision design examples taken 
from recently reported design methods.  

The structure performance results are presented in terms 
of resources usage, dynamic power consumption, 
throughput, and all-band frequency response. A pipeline 
version of the proposed implementation is designed too. The 
use of pipeline stages in combinational paths allows an 
average increase of 120% in throughput, and an average 
reduction of 64% in dynamic power consumption. 

Obtained results show that a fine fractional delay 
resolution is achieved with the proposed implementation. 
However, the obtained throughput with the proposed 
implementation is smaller than one already reported; this 
figure can be notably improved if parallel DA is employed, 
with a theoretical throughput value approximating to the 
clock system. 
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TABLE V.  RESULTS COMPARISON. 

Design Slices Throughput 
(MHz) 

Maximum 
delay ripple 

Example 1 (pipeline) 696 12.145 1/1000 

Example 2 (pipeline) 748 12.614 1/171 

Nithirochananont[13] 1694 38.493 1/8 
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