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Abstract— One of the most efficient implementation for 

adjustable fractional delay FIR filter is the Farrow structure, 
allowing on line fractional delay value update with a fixed 
branch filters set. A wideband fractional delay FIR filter 
requires high number of branch filters and high branch filters 
length, which results in a complex arithmetic implementation. 
This paper describes a multirate approach in order to reduce 
modified Farrow structure complexity for wideband fractional 
delay FIR filters. The structure coefficients are computed 
through a global minimax frequency optimization process with a 
proposed initial solution. According to the obtained results the 
use of this initial proposed solution allows fractional delay filters 
design meeting severe specifications errors with on line value 
update and a reduction of multipliers up to 48% compared with 
design methods results recently reported. 
 

Index Terms—Digital filters, FIR filters, Fractional sample 
delay, Multirate. 

I.  INTRODUCTION 

RACTIONAL delay (FD) filters are a very important class 
of digital filters. FD filter frequency response is 

characterized of having a unit magnitude response and a 
specified fixed fractional delay response. Hence FD filter 
coefficients are obtained meeting both specifications through 
a widely type of reported design methods. 

In many digital signal processing applications a delay value 
equal to a fraction of the sampling period is required. In most 
of them on line update of the adjustable fractional value is 
needed. Such applications include sample rate conversion in 
software-defined radio applications [1], echo cancellation, 
phased array antenna systems, and modeling of musical 
instruments [2]. 

There are several FD design methods [2], among them the 
use of a polynomial approach allows online desired fractional 
delay value update using a Farrow structure [3], or a modified 
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Farrow structure [4]. Both structures are composed of L+1 
parallel FIR filters Cl(z), each one with length N, where L is 
the chosen polynomial order, as it is shown in Fig. 1. In a 
modified Farrow structure = 2-1, where  is the required 
fractional delay value, 0<<1, and Cl(z) are linear phase filters 
(symmetrical coefficient values). In the original Farrow 
structure =  and parallel filters are not symmetrical.  

One of the existing design approaches for polynomial-
based FD filters is completely time domain design based on 
either Lagrange interpolation [5], or B spline functions [6]. 
Although filter coefficients are obtained by closed form 
expressions this approach is characterized for its small 
flexibility to meet FD filter frequency domain specifications. 

The frequency design approach for FD filters design is 
made using optimization techniques for branch filters 
coefficients computing, which frequency specifications 
control is notably improved. Three design parameters are 
available: polynomial order L, branch filter length N and 
desired frequency passband p. Several design methods have 
been proposed such as in [7], where the FD filter is 
implemented in a modified Farrow structure and a Taylor 
approximation is achieved. Similarly in [8-10] the 
implementation is made using an original Farrow structure 
and a weighted least squares optimization is accomplished. 

A wideband specification, meaning a passband frequency 
of 0.9 or wider, in a FD structure imposes high polynomial 
order as well as high branch filters length, which means a high 
number of arithmetic operations per output sample in the 
resulting FD filter implementation. 

Several design approaches have been reported in order to 
reduce wideband FD complexity. In [11] a frequency 
optimization technique is used in the modified Farrow 
structure and an overall lower arithmetic complexity is 
achieved through different branch filters lengths. In [12]-[14] 
multiplerless techniques are proposed for minimizing the 
number of arithmetic operations in branch filters of the 
modified Farrow structure. In [15] a two-rate factor structure 
is reported for designing wideband FD filters based on time-
domain designed FD filters (Lagrange). The same approach is 
reported in [16] where symmetric Farrow structure branch 
filters are computed in a time-domain with a symbolic 
approach. The two-rate factor structure was used in [17]-[18], 
where the FD filter is designed in frequency domain through 
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LMS optimization. In the same way the combination of this 
multirate structure and a frequency optimization technique 
were used in subsequent proposals [19]-[20]. In [19] a two 
stage FDF jointly optimized technique is applied. In [20] a 
complexity reduction is achieved by using an approximately 
linear-phase IIR filter instead of a linear-phase FIR filter in 
the interpolation process. 

This paper describes the use of the multirate structure in a 
frequency design approach in order to reduce modified 
Farrow structure complexity for wideband FD FIR filters. A 
global minimax frequency optimization is used for structure 
coefficients computing, where a coefficients set is proposed as 
initial solution. This initial coefficient set is obtained as an 
individual solution for the branch filters approximations in a 
least mean squares sense. According to the obtained results 
the use of the proposed frequency optimization approach 
allows a fractional delay structure implementation meeting 
small passband magnitude and phase delay errors with on line 
fractional delay value update requiring small number of 
arithmetic operations. 

In next section the individual and global frequency error 
functions, used in the optimization procedure, are defined for 
the modified Farrow structure. The multirate structure is 
briefly described in third section. In section four the proposed 
design method is presented, which is illustrated through two 
design examples in section fifth. Finally conclusions are 
presented in last section. 

II.  FREQUENCY ERROR FUNCTIONS 

The frequency design method in [7], is based on two facts: 
a) the FIR branch filters Cl(z) in the modified Farrow structure 
are linear phase, b) it is possible to approximate the input 
signal through Taylor series in a modified Farrow structure. 
The l order differential approximation to the continuous-time 
interpolated input signal is done through the branch filter 
Cl(z), with a frequency response given as:  
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The individual error function for each branch filter 
approximation is given as: 
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Fig 1. Farrow structure. 
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The global structure errors are defined as: 
 
 Complex error: 

      100,   pidc HHe . (4) 

 Magnitude error: 

    100,1   pm He .           (5) 

 Phase delay error: 

   
100),(  


 pp De ,   (6) 

where H() and () are the frequency and phase responses, 
respectively, of the designed FD filter. Hid() is the frequency 
response of the ideal FD filter, p is the passband frequency, 
and D is the transport delay. 

III.  MULTIRATE STRUCTURE 

The multirate structure in [15], is proposed for designing 
FD filters in time domain. The input signal bandwidth is 
reduced by increasing the sampling frequency. In this way 
Lagrange interpolation is used in filter coefficients computing 
for a FD filter with a wide bandwidth.  

This multirate structure, shown in Fig. 2, is composed of 
three stages. The first one is an upsampler and a half-band 
image suppressor filter HHB(z) for incrementing twice the 
input sampling frequency. Second stage is the FD filter 
HFD(z), which is designed in time domain through Lagrange 
interpolation [4]. Since the signal processing frequency of 
filter HFD(z) is twice the input sampling frequency, such filter 
can be designed to meet only half of the required bandwidth. 
Last stage deals with a downsampler for decreasing the 
sampling frequency to its original value.  

Such multirate structure can be implemented as the single-
sampling-frequency structure shown in Fig. 3, where filters 
H0(z) and H1(z) are the first and second polyphase components 
of the half-band filter H(z), respectively. In the same HFD1(z) 
and HFD0(z) are the polyphase components of FD filter HFD(z). 

The design of the FD filter as a modified Farrow structure 
in the multirate structure and using some structure reductions 
results in the final FD structure shown in Fig. 4 [17],[18],with 
= 4-1, where  is the required fractional delay value, and 
the filters Cl,1(z) and Cl,0(z) are the first and second polyphase 
components of branch filter Cl(z), respectively.  
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IV.  PROPOSED DESIGN METHOD 

The coefficients computing of the resulting FD structure, 
shown in Fig. 4, is done through frequency optimization for 
the global structure magnitude approximation to the ideal 
frequency response in a minimax sense. The objective 
function is defined as: 
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where em() is the global magnitude error. This objective 
function is minimized until the magnitude error specification 
m is met. Since approximation must meet both magnitude and 
phase errors, then global phase delay error is constrained to 
meet next phase delay restriction: 
 

  ppp e
p














 010
maxmax ,             (8) 

 
where ep() is the global phase error and p is the phase delay 
error specification.  

As is well known the initial solution is a very important 
factor for a minimax optimization process, [11], the proposed 
initial coefficients set is the least mean squares solution of the 
individual branch filters approximations to differentiators, 
hence the approximation error of the lth branch filter is given 
as: 
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where the upper frequency limit is half the desired FD 
bandwidth, this is due to the increment of the sampling 
frequency in upsampler stage. 

The half-band filter HHB(z) can be designed as a Doph-
Chebyshev window or as an equirriple filter. The final half-
band filter coefficients are obtained from the optimization 
process. 
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Fig 4. Resulting FD structure. 
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Fig 3. Resulting structure for the FD filter. 

V.  DESIGN EXAMPLES 

Two design examples are described where the proposed 
FD filter design results are compared with already reported 
ones. The minimax optimization process was performed 
through the function fminimax available in the MATLAB 
Optimization Toolbox. 

 
Example 1: In this example the specifications are 

p m = 0.01 and p =0.001, same design example as 
[12]. The given criteria is met with N = 7 and L = 4 and a half-
band filter length of 55. The overall structure requires M = 32 
multipliers, A = 47 adders, resulting in a m = 0.0094448 and 
p = 0.00096649. The obtained magnitude and phase delay 
responses for = 0 to 0.5 with 0.1 delay increment are 
depicted in Fig. 5. In Table I are shown the obtained results 
with the proposed method and thus reported by other design 
methods. Our design requires less multipliers and adders than 
[4], [11], the same number of multipliers and nine less adders 

TABLE I.  EXAMPLE 1 RESULTS COMPARISON 

Arithmetic complexity 
Method 

N L M A m p 

Vesma 97 [4] 26 4 69 91 0.006571 0.0006571 

Johansson 03 
[11] 

28 5 57 72 0.005608 0.0005608 

Yli 06 [12] 28 4 32 56 0.009069 0.0009069 

Yli 06 [13] 28 4 31 50 0.009742 0.0009742 

Yli 07 [14] 28 4 30 - 0.009501 0.0009501 

Proposed 7 4 32 47 0.0094448 0.0009664 

                                            - Not reported 
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Fig 5. FD Filter frequency responses for =0.0 to 0.5 in Example 1.  

a) Magnitude response, b) Phase delay response. 
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than [12], one more multiplier and three less adders than [13], 
and two more multipliers than [14]. 
 

Example 2: This example shows that the purpose 
optimization method can be extended for minimax 
approximation of a global complex error. For this proupose 
the filter design example described in [11] is used, which 
specifications are p and maximum global complex 
error of c = 0.0042. Such specifications are met with N = 7 
and L = 4 and a half-band filter length of 69. The overall 
structure requires M = 35 multipliers with a resulting 
maximum complex error c = 0.0036195. The fractional delay  
range is between 17.5 and 18.5. In Table II the obtained 
results are compared with the reported in existing methods. 
The proposed method requires less multipliers than [11], [16] 
and case A of [19]. Reported multipliers of [20] and case B of 
[19] are less that the obtained with the proposed design 
method. It should be pointed out that in [20] an IIR half-band 
filter is used and in case B of [19] and [20] a switching 
technique between two multirate structures must be 
implemented. The complex error magnitude and magnitude 
response of the proposed design for  = -0.5 to 0 with 0.1 
delay increment are shown in Fig. 6. 

VI.  CONCLUSIONS 

The use of a frequency design method for wideband 
fractional delay FIR filters using a multirate Farrow structure is 
described, where resulting filter coefficients are obtained with 
a global structure approximation to the ideal frequency 
response of a fractional delay filter through minimax 
optimization. The proposed design method is based on starting 
the optimization process from an initial structure coefficients 
set, which is obtained as a least mean squares solution of 
individual branch filters approximations to ideal differentiator 
responses. As the presented examples demostrate, the  
proposed method can be used in the design of wideband 
fractional delay FIR filters meeting magnitude and phase 
specifications with online fractional delay value capability, and 

smaller arithmetic complexity than existing fractional delay 
FIR design methods. 
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Fig 6. Filter frequency responses for =-0.5 to 0 in Example 2. a) 
Complex error magnitude, b) Magnitude response. 
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