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Abstract—This brief considers fractional-delay finite-length
impulse response (FIR) filters and a class of supersymmetric
M th-band linear-phase FIR filters utilizing partially symmetric
and partially antisymmetric impulse responses. Design examples
reveal significant multiplication savings, depending on the specifi-
cation, as compared to traditional filters.

Index Terms—Finite-length impulse response (FIR) filters,
fractional-delay (FD) filters, linear-phase filters, low complex-
ity, M th-band filters, partially symmetric/antisymmetric impulse
responses.

I. INTRODUCTION

A LARGE part of the implementation complexity of finite-
length impulse response (FIR) filters emanates from mul-

tiplications. In general, the number of multiplications required
is N + 1, where N is the filter order. The number of multi-
plications may be reduced by imposing symmetries among the
filter coefficients, but the feasible savings are governed by the
application. For a regular linear-phase FIR filter, whose impulse
response is symmetric or antisymmetric, multiplication com-
plexity is essentially halved to �N/2 + 1� [1]. This brief con-
siders the feasible savings for two other applications, namely,
fractional-delay (FD) filters and M th-band linear-phase FIR
filters.

An FD FIR filter is a nonlinear-phase filter and, therefore,
cannot have a symmetric or antisymmetric impulse response
(except for the special case of a half-sample delay for which an
odd-order symmetric filter can be used). However, multiplica-
tion savings are feasible utilizing a partially symmetric (PS) or
partially antisymmetric (PA) impulse response such that its tails
are PS or PA. Such impulse responses have been utilized before
in the context of FD filters, but only implicitly for variable FD
filters implemented with the so-called Farrow structure [2]–[5].
This brief considers fixed PS and PA FD filters and provides
further insights as to the design and complexity savings. Based
on these results, this brief then introduces a class of super-
symmetric M th-band linear-phase FIR filters that utilize such
PS and/or PA FD filters as polyphase components. In addition
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to the linear-phase impulse response symmetry, an M th-band
filter of this class exhibits additional symmetries within the
lobes of the impulse response. This way, complexity is further
reduced beyond the traditional 50%.

Following this introduction, Sections II and III consider
FD filters and M th-band linear-phase FIR filters, respectively.
Finally, Section IV concludes this brief.

II. FD FIR FILTERS

A. Transfer Function and PS or PA Impulse Responses

We consider causal FIR filters with a transfer function

H(z) =
N∑

n=0

h(n)z−n (1)

where the impulse response h(n) is assumed to be real and N
denotes the filter order. The corresponding frequency response,
i.e., H(ejωT ), is to approximate the ideal FD frequency re-
sponse e−jωT (D+d) = e−jωTDe−jωTd = e−jωTD[cos(ωTd) −
j sin(ωTd)] in the region ωT ∈ [−ωcT, ωcT ], ωcT < π, where
D = N/21 and d ∈ [−0.5, 0.5] to cover all possible FD values
within a sampling period.

Even N: In this case, D = N/2 is an integer and the FD is
d. The part e−jωTD cos(ωTd) can be approximated here with
a symmetric type-I linear-phase FIR filter of order N = 2D,
whereas the part −e−jωTDj sin(ωTd) can be approximated
with an antisymmetric type-III linear-phase FIR filter of the
same order. A type-III filter has a structural zero at ωT = π,
whereas a type-I filter does not. This can be viewed as if the
type-III filter has a regular transition band between ωcT and
π. As a consequence, the antisymmetric type-III filter tends to
require a higher filter order than the symmetric type-I filter. It
then follows that H(z) can be alternatively written as

H(z) = z−LH1(z) + H2(z) (2)

where H1(z) is an (N − 2L)th-order symmetric filter and
H2(z) is an N th-order antisymmetric filter.2 In the time

1We assume that D = N/2 because D < N/2 corresponds to a low-delay
filter, which increases the filter order for a given approximation error.

2Equation (2) is used for explanation purposes only. The filter should not be
implemented in this form as it leads to 2N − 2L − 1 (2N − 2L) additions for
the PA (PS) case, instead of N additions required by a direct form.
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domain, this corresponds to a PA impulse response with L
antisymmetric taps in its tail, i.e.,

h(n) = −h(N − n), n = 0, 1, . . . , L − 1, (PA). (3)

Odd N : Here, D = N/2 is an integer plus a half and the
FD is d + 1/2. Essentially, the same conclusions can be drawn
here but with odd-order type-IV and type-II linear-phase filters,
respectively. This is because a symmetric type-II filter has a
structural zero at ωT = π, whereas an antisymmetric type-IV
filter does not. In this case, H1(z) in (2) is an (N − 2L)th-order
antisymmetric filter whereas H2(z) is an N th-order symmetric
filter, which in the time domain corresponds to a PS impulse
response with L symmetric taps in its tail, i.e.,

h(n) = h(N − n), n = 0, 1, . . . , L − 1, (PS). (4)

A PS or PA impulse response has been utilized before in
the context of FD filters but only implicitly for variable FD
filters implemented with the Farrow structure [6], [7]. It has
been observed that the Farrow structure benefits from using
linear-phase subfilters of different types and orders [2]–[5],
which corresponds to a lower order of either the symmetric
or antisymmetric part of e−jωT (D+d). However, it appears that
this has not been explicitly explored for fixed FD filters, which
are considered in this brief. For a fixed FD filter, one should
not simply use an instance of an optimal Farrow-based variable
FD filter because this will lead to a suboptimal fixed FD filter.
This is because a Farrow-based variable FD filter addresses a
different problem and is designed to cover a whole sampling
interval, i.e., for all values of d in the interval [−1/2, 1/2]
simultaneously. Albeit being optimal for that problem, it is
obviously not optimal for each instance (each fixed value of d).
In the next subsection, we give a closed-form solution for the
PS and PA FD filters that is globally optimal in the least squares
sense for a fixed value of d. Comparisons with globally optimal
least squares designed FD filters without PS and PA constraints
are then provided.

B. Design

The purpose here is to demonstrate that the multiplication
complexity of fixed FD filters can be reduced using a PS or
PA impulse response. It is then appropriate to design a PS (PA)
filter and an unsymmetric filter to meet the same specification
and then compare the two complexities. To this end, the choice
of specification is not crucial. We use the commonly employed
unweighted complex error function3 defined below [2]–[5] and
minimize the energy of its modulus.4

For a fixed d ∈ [−0.5, 0.5], we minimize the energy
(1/2π)

∫ |E(jωT )|2d(ωT ), ωT ∈ Ω, where E(jωT ) is an er-
ror function given by

E(jωT ) = H(ejωT ) − F (jωT ) (5)

with F (jωT ) = e−jωT (N/2+d) and Ω = [−ωcT, ωcT ]. As
H(z) is as given in (1), with h(n) satisfying (3) or (4), this

3Small complex errors imply small magnitude and phase errors as well [2].
4Naturally, one may instead consider other types of error functions and

design criteria, but this only changes the filter characteristics relatively mildly,
and in particular, it has no essential effect on the complexity comparisons. This
is also shown in Section III, which demonstrates similar savings for a minimax
designed supersymmetric M th-band filter.

Fig. 1. Example 1. (Top) Error energy versus L. (Bottom) Error functions for
the regular FD filter of order 40 (dashed) and the PA FD filter of order 42 and
with 14 antisymmetric coefficients (solid).

problem is convex and therefore has a unique globally optimal
solution.

Given N and L, we define the column vectors h and d of
size N + 1 − L as

h = [h(0) h(1) . . . h(N − L)]† (6)

d =
[
d†

1 d†
2

]†
(7)

where † denotes transpose and d1 and d2 are column vectors of
sizes L and N + 1 − 2L, respectively, given by

d1 =
[
1 ± ejωTN ejωT ± ejωT (N−1) · · ·

ejωT (L−1) ± ejωT (N−L+1)
]†

(8)

with “+” for PS and “−” for PA, and

d2 = [ejωTL ejωT (L+1) . . . ejωT (N−L)]†. (9)

The frequency response can be now written as H(ejωT ) = h†d.
Inserting this expression in the error function in (5), and then
computing (1/2π)

∫ |E(jωT )|2d(ωT ), ωT ∈ Ω, it follows af-
ter some standard algebraic manipulations that the optimum
solution hopt is given by

hopt = A−1b (10)

where A is a matrix with entries containing the integrals of the
elements of dd† and b is a vector with entries containing the
integrals of the elements of �{F (jωT )d}.

C. Design Examples

Example 1: The design of a PA even-order FD filter is
considered for a bandwidth of 90% and an FD of d = 0.1.
Fig. 1 plots the error energy versus the number of antisymmetric
coefficients L for a filter of order 40. It is seen that increasing
L from zero to somewhere between 10 and 15 has a very small
effect on the error. Hence, if the specified allowed energy is
εspec and the energy of the filter without PA (i.e., for L = 0) is
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Fig. 2. Example 2. Filter order N and multiplication complexity savings using
(N + 2)th-order (top) PA and (bottom) PS filters. The filters have error energy
values of (solid) −40 dB, (dashed) −60 dB, (dash-dotted) −80 dB, and (dotted)
−100 dB.

εN,0, satisfying εN,0 < εspec, there is a margin that can be used
for increasing L, still satisfying εN,L ≤ εspec.

Alternatively, one may first increase the filter order to
N + 2 and then increase L to its maximum value satisfying
εN+2,L ≤ εN,0. To exemplify this, Fig. 1 also plots the error
functions for the regular unsymmetric filter of order 40 and the
PA filter of order 42 and with 14 antisymmetric coefficients.
The error energy values for the two filters are −84.62 and
−85.02 dB, respectively. Hence, by increasing the filter order to
42 and imposing antisymmetry according to h(n) = −h(N −
n) for n = 0, 1, . . . , 13, the same specification is met but with
only 29 multiplications instead of 41. The price to pay is a
modest increase in the number of additions and delay elements,
from N to N + 2 (and thus an increase in the delay by one
sample, from N/2 to N/2 + 1), but overall savings are still
feasible as the multiplication savings exceed the extra cost of
the few additional additions and delay elements. However, the
feasible multiplication savings depend to a large extent on the
FD value, as will be demonstrated in the example below.

Example 2: We consider a bandwidth of ωcT = 0.8π and
positive FD values between 0.01 and 0.49 (negative values give
the same results due to conjugate symmetry). Fig. 2 plots the
filter order N and the multiplication savings using PA and
PS filters of order N + 2 (plots for other bandwidths show
similar trends). As shown in the plots, a general trend is that
the savings tend to increase with reduced |d|. This may be
explained by the fact that the FD d (d + 1/2) then approaches 0
(1/2) for the PA (PS) case, meaning that the FD filter approaches
an integer delay (half-sample-delay) filter that can be realized
with a symmetric type-I (type-II) linear-phase filter. However,
for milder specifications, this trend is contradicted for the PA
filters, and for both the PS and PA filters, the savings then tend
to reduce, and may even approach zero, as the FD goes to zero.
In these cases, the filter order is rather low and there is less or
no room for any savings.

III. M TH-BAND LINEAR-PHASE FIR FILTERS

A. Transfer Function and Impulse Response

The impulse response h(n) of a causal M th-band type-I
linear-phase FIR filter of even-order N satisfies [1]: h(n) =

h(N − n), h(N/2) = 1/M , and h(n) = 0 for n = N/2 ±
Mp, for p = 1, 2, . . . , �N/(2M)�. Writing the corresponding
transfer function in polyphase form [8]

H(z) =
M−1∑
m=0

z−mHm(zM ) (11)

this means that the m0th polyphase component, where
m0 = N/2 − M�N/(2M)�, is a pure integer delay, viz.,
z−m0Hm0(z

M ) = z−N/2/M or, equivalently, Hm0(z) =
z−(N/2−m0)/M/M , assuming a low-pass filter with a unity-gain
passband. Furthermore, to obtain a good frequency-selective
filter, the frequency responses of all terms z−mHm(zM ) must
approximately satisfy [9], [10]

e−jωTmHm(ejωTM ) = (1/M) × e−jωTN/2 (12)

for ωT ∈ [0, (1 − ρ)π/M ], where 0 < ρ < 1. From this equa-
tion, it follows that the frequency response of the polyphase
components Hm(z) must approximately satisfy

Hm(ejωT ) =
(

1
M

)
× e−jωT (N/2−m)/M (13)

for ωT ∈ [0, (1 − ρ)π]. That is, the polyphase components
should approximate scaled FD filters with delays of (N/2 −
m)/M,m = 0, 1, . . . , M − 1. For m = m0, (N/2 − m)/M is
an integer corresponding to a pure delay as aforementioned.

It is known that each polyphase component has a correspond-
ing component with a reversed impulse response, which can
be utilized to obtain coefficient-symmetry structures [11], [12].
This is because the FD part of e−jωT (N/2−m1q)/M with m1q =
(m0 − q) mod M , q = 1, 2, . . . , �(M − 1)/2�, is the conju-
gate of the FD part of e−jωT (N/2−m2q)/M with m2q = (m0 +
q) mod M . Hence, each corresponding impulse response vector
pair, hm1q

(n), and hm2q
(n), are reversed versions of each other.

This implies that Gq(z) given by

Gq(z) = z−m1qHm1q
(zM ) + z−m2qHm2q

(zM ) (14)

corresponds to N th-order type-I linear-phase FIR subfilters,
thus having symmetric impulse responses. Therefore, as the
overall filter H(z) is the sum of such terms, it will be
an N th-order type-I linear-phase filter with a symmetric
impulse response h(n) = h(N − n). It is also noted that,
for M even, there is an additional polyphase component
Hm3(e

jωT ) with m3 = mod(m0 + M/2,M) = mod(m0 −
M/2,M), which should approximate a half-sample delay filter,
since e−jωT (N/2−m3)/M = e−jωT (�N/(2M)�+1/2). Hence, this
component is a symmetric type-II linear-phase filter, which
means that z−m3Hm3(z

M ) is an N th-order type-I filter also.

B. Supersymmetric Impulse Responses

Since the polyphase components realize FD filters, one can
realize them with PS or PA impulse responses to reduce the
multiplication complexity in accordance with the results in
Section II. Together with the fact that the polyphase com-
ponents pairwise add up to symmetric linear-phase subfilters
Gq(z), this has the implication that gq(n) and thus the overall
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impulse response h(n) will exhibit symmetries in addition to
the linear-phase symmetry h(n) = h(N − n).

For odd-order polyphase components, the PS case applies.
Then, with prespecified Lq, q = 1, 2, . . . , �(M − 1)/2�, sym-
metric coefficients in each pair of the polyphase components
Hm1q

(z) and Hm2q
(z), and thus Lq additional symmetric

coefficients in the linear-phase subfilters Gq(z) in (14), h(n)
will exhibit Lq additional symmetries within the lobes between
the first Lq pairs of zeros in its left tail and likewise in its right
tail due to overall symmetry h(n) = h(N − n). In the left tail,
we then obtain

Supersymmetry Type 1:

h(N/2−RM+rM + q)=h (N/2−RM+(r+1)M−q)
(15)

for r = 0, 1, . . . , Lq − 1, and with R = �N/(2M)�.
For even-order polyphase components, the PA case applies.

Then, additional antisymmetries in h(n) will be present instead
of additional symmetries, and the antisymmetries are centered
on the zeros in the impulse response instead of between zero
pairs. In the left tail, we then obtain

Supersymmetry Type 2:

h(N/2−RM+rM+q)=−h(N/2−RM+rM−q) (16)

for r = 0, 1, . . . , Lq − 1, R = �N/(2M)�, and N/2 − RM +
rM − q > 0.

In both cases, the number of multiplications due to the super-
symmetry is reduced by

∑�(M−1)/2�
q=1 Lq. Moreover, if some of

the polyphase components are of odd order and the remaining
ones are of even order, h(n) will exhibit both additional type-I
symmetries (for q values corresponding to the odd-order com-
ponents) and additional type-II symmetries (for q values corre-
sponding to the even-order components).

C. Applicability

For an M th-band filter, it normally suffices to consider the
stopband in the filter design. This is because the passband and
stopband ripples of an M th-band FIR filter, for example, δc

and δs, are related as δc ≤ (M − 1)δs [1], [13]. Furthermore,
it can be conjectured from the discussions in Section II-A
that complexity savings using PS/PA polyphase components
can be generally only achieved when the stopband region
[(1 + ρ)π/M, π], 0 < ρ < 1 includes do-not-care bands cen-
tered on (2p + 1)π/M, p = 1, 2, . . . , �(M − 1)/2� for M > 2,
which is admissible in some applications [14]. Such M th-band
filters can be used when the signal contains no or little energy
in the band between (1 − ρ)π and π. Therefore, it can be also
used in one of the stages in a multistage converter, where the
overall filter can still have a regular stopband with no do-not-
care bands.

The stopband region considered here is thus

Ω=
�M/2�⋃
p=1

[
(2p−1+ρ)π

M
, min

(
(2p+1−ρ)π

M
, π

)]
. (17)

The reason why do-not-care bands have to be adopted here
is that each polyphase component (FD filter) then only
has requirements in the frequency region [0, (1 − ρ)π]. Each

polyphase component then corresponds to a regular FD filter,
and complexity savings using PS or PA are then obtainable,
as demonstrated earlier in Section II-C. If, on the other hand,
the whole region [(1 + ρ)π/M, π] is considered, additional
constraints are added to the polyphase components in the
frequency region [(1 − ρ)π, π]. Then, the results in Section II-C
are no longer valid and there will be, generally, no or very
modest savings using PS or PA polyphase components. It is
noted though that for mild specifications, one may consider the
whole region [(1 + ρ)π/M, π] because the magnitude of the
frequency response tends to be in the neighborhood of some
−30 to −40 dB in the do-not-care bands.

D. Design

This section gives a design procedure for the supersymmet-
ric M th-band filters. A minimax design is considered in this
procedure, but as aforementioned, the type of design criterion
is not crucial when comparing different filter classes meeting
the same specification. Below, we will, for simplicity, assume
that M is odd and the polyphase components are of the same
order, for example, Nm = NP . We also assume that NP is odd
in which case PS applies. Based on the discussion in Section II,
the extensions to different orders, even orders, and mixed even
and odd orders, and even M , are straightforward.

Given the filter order N , the polyphase component or-
der NP , and the numbers of symmetric coefficients Lq, q =
1, 2, . . . , �(M − 1)/2�, in the polyphase components Hm1q

(z)
[and, thus, also in Hm2q

(z) due to its reversal relationship
to Hm1q

(z)], the filter is designed by solving the following
approximation problem.

Approximation Problem: Find the impulse response
h(n) satisfying h(n) = h(N − n); h(N/2) = 1/M ; h(n) = 0
for n = N/2 ± Mp, p = 1, 2, . . . , �N/(2M)�; and h(N/2 −
RM + rM + q) = h(N/2 − RM + (r + 1)M − q) for r=
0, 1, . . . , Lq−1, q=1, 2, . . . , �(M−1)/2�, R=�N/(2M)�,
which minimizes δ subject to

|E(jωT )| ≤ δ, ωT ∈ Ω (18)

where the error function E(jωT ) is given by (5) with the de-
sired function being F (jωT ) = 0 and where Ω is the stopband
region given by (17). This is a convex optimization problem
that guarantees a global optimum. The minimum overall com-
plexity is found as follows, given an overall targeted stopband
ripple δs.

1) Design a regular M th-band linear-phase FIR filter with
a stopband ripple of δs and Ω, as given by (17). This
gives a minimum-order filter, for example, NR, meeting
the specification.

2) Set NP = �NR/M� + 2, which also gives N =
M(�NR/M� + 3) − 2.

3) Estimate the best values of Lq , for example, L̂q. This
is done in accordance with the design of example 1
in Section II-C but here in the minimax sense. Each
L̂q is thus obtained as the largest value such that the
approximation error of the corresponding PS FD filter of
order NP is still below that of the (NP − 2)th-order FD
filter without symmetries. Each FD filter [corresponding
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to Hm1q
(z)] is designed here for an FD of dq = −q/M

and a bandwidth of (1 − ρ)π.
4) For each of the combinations of Lq ∈ [Lq − Iql, Lq +

Iqu], solve the approximation problem stated above in
this section. If δ ≤ δs after the optimization, store the
result. Quantities Iql and Iqu are small integers defining
the interval of Lq .5

5) Among all solutions stored in Step 4, select the one with
the lowest complexity. If several solutions have the same
complexity, select the one with the lowest order.

E. Design examples

Example 3: We consider the design of a seventh-band filter
with do-not-care bands according to (17), with ρ = 0.1, and
with a stopband attenuation value of 60 dB. Using a regular
minimax designed linear-phase filter, the filter order required
to meet the specification is NR = 198, which corresponds to
polyphase components of orders NRm = 28 for m ∈ [0, 2] and
NRm = 27 for m ∈ [3, 4, 5, 6] (the pure-delay component is
in this case m0 = 1). The corresponding realization requires
86 multiplications. Using the proposed supersymmetric filters
and the design procedure outlined earlier with PS polyphase
components of equal order, we obtain Nm = NP = 31 for
m ∈ [0, 1, 2, 3, 4, 5] (the pure-delay component is m0 = 6 here)
and an overall order of N = 222. Furthermore, with Iql =
0 and Iqu = 2 in step 4, the most efficient solution (fewest
multiplications) is obtained for L0 = L1 = L4 = L5 = 11 and
L2 = L3 = 13 (in step 3 of the design procedure, the estimated
values are L̂0 = L̂5 = 10, L̂1 = L̂4 = 11, and L̂2 = L̂3 = 12).
This results in 62 multiplications for the overall filter. Thus, a
multiplication complexity reduction of 28% is achieved. The
price to pay is a 12% increase in the delay and number of delay
elements, from 99/198 to 111/222, and a 13% increase in the
number of adders, from 85 to 96.

Fig. 3 plots the magnitude response and lobes 8–14 of the
impulse response. As shown in the figure, the overall symmetric
impulse response h(n) = h(N − n) exhibits additional sym-
metries within the lobes between pairs of zeros as discussed in
Section III-B for odd-order polyphase components. It is noted
that the first 11 lobes in the left tail of the impulse response
exhibit symmetry. Lobes number 12 and 13 are only symmet-
ric for the pair of samples in the middle, which is because
the corresponding polyphase components have L2 = L3 = 13
symmetric coefficients whereas the remaining components
only have 11. Lobe number 14 is thus the first lobe without
symmetries.

IV. CONCLUSION

This brief has considered FD FIR filters and a class of
supersymmetric M th-band linear-phase FIR filters utilizing PS

5For a large M , the number of combinations in Step 4 of the design procedure
may become prohibitive in which case one has to use a very small interval for
each Lq . For each combination, the design is fast though as we deal with a
convex optimization problem. Each design in example 3 takes about 5 s on a
standard laptop using 500 frequency grid points in the stopband and the general-
purpose optimization routine fminimax in MATLAB. Furthermore, even with
small (or even zero-valued) Iql and Iqu, substantial savings are feasible, as
shown in example 3.

Fig. 3. Example 3. Magnitude response and lobes 8–14 of the impulse
response for the supersymmetric seventh-band filter with do-not-care bands.

and PA impulse responses. Design examples for the FD filters
revealed savings up to 40%, depending on the specification,
as compared with the traditional filters without symmetries.
For the supersymmetric M th-band filters, a detailed design
example showed multiplication savings of 28% for a bandwidth
utilization of 90% and a stopband attenuation value of 60 dB.
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