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A Complex Variable Fractional-Delay FIR
Filter Structure

Ewa Hermanowicz and Håkan Johansson, Senior Member, IEEE

Abstract—This brief introduces a structure for complex variable
fractional delay (FD) finite-length impulse response (FIR) filters.
The structure is derived from a real variable FD FIR filter and is
constituted by a set of fixed real linear-phase FIR filters and two
multiply-accumulate chains containing variable multipliers. In this
way the implementation complexity and delay may be reduced in
comparison with the cascade approach which hitherto has been
used for the same purpose. A design example is included to demon-
strate the benefits of the new structure.

Index Terms—Complex filters, finite-length impulse response
(FIR) filters, fractional-delay filters, variable filters.

I. INTRODUCTION

VARIABLE fractional delay (FD) filters find various ap-
plications, like sound synthesis, image zooming, timing

adjustment in digital receivers, and time-delay measurements
[1]–[4]. It is well known that the Farrow structure can be used
to obtain efficient realizations of real variable FD finite-length
impulse response (FIR) filters [5]–[9]. The Farrow structure is
a sum of, say , fixed linear-phase FIR filters weighted
by , where denotes the fractional delay.
In this way, an efficient variable FD filter structure is obtained
which does not require expensive on-line redesign; it suffices to
change the variable parameter . Complex variable FD filters, on
the other hand, have received less attention in the literature, but
are required in some applications. In [10] and [11], a one-sided
complex variable FD filter is required in a quadrature detector
used for fractional (subsample) delay estimation.

A simple way to realize a complex variable FD filter is to
cascade a frequency shifted version of a real variable FD filter
[12] and a fixed complex frequency selective filter, as adopted
in [10], [11]. The cascade approach has a drawback though in
that the overall filter implementation complexity as well as the
overall delay may become higher than necessary. With the aim
to reduce the overall complexity and delay we introduce in this
brief a new structure for complex variable FD FIR filters. The
structure is derived from a real variable FD FIR filter and is con-
stituted by a set of fixed real linear-phase FIR filters and two
multiply-accumulate chains containing variable multipliers. A
design example included in the brief demonstrates that a main
benefit of the proposed structure is that it can considerably re-
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duce the number of delay elements required. In addition, it may
also reduce the arithmetic complexity and delay somewhat.

Following this introduction, Section II introduces the pro-
posed structure. Section III considers filter design whereas
Section IV provides an example. Finally, Section V concludes
the brief.

II. PROPOSED STRUCTURE

The problem, that arose in [10], [11], is to realize a complex
filter that approximates the ideal one-sided frequency response

(1)

where is assumed to be an integer or an integer plus a half,
and thus is a fixed integer delay,1 whereas is the variable
fractional delay. It is assumed that in order to
cover a whole sampling interval.

The proposed filter structure, which is used to approximate
the ideal frequency response in (1), is derived from a real
FD filter, say , that approximates the ideal frequency
response

(2)

The proposed structure can now be derived by comparing
the two different impulse responses that correspond to the
frequency responses in (1) and (2). Taking the inverse Fourier
transforms we get

(3)

(4)

Comparing (3) and (4), it is seen that can be written
either as in Case A

even
odd .

(5)

or as in Case B

even
odd .

(6)

In a practical implementation, it is advantageous to switch be-
tween two different filters that approximate Case A when

1The fixed delay is 2D in (1) and D in (2) because the way in which the
proposed structure is formed from the real FD filter doubles the fixed part of the
delay.
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and Case B when , respectively.2 The reason is that the
variable multipliers and will then always
be bounded by 1/2 in magnitude. This relaxes the requirements
on the filters as the implementation complexity of the Farrow
structure increases when the interval of the variable multipliers
increases [9]. It is possible to use only one of these two filters
for all values of , but then the maximum value of or

will be 3/4 instead of 1/2.
In the -domain, (5) corresponds to

(7)

whereas (6) corresponds to

(8)

We now assume that that is to approximate
is realized with the Farrow structure. The transfer function

can then be written as

(9)

where can be chosen as causal fixed th-order linear-
phase FIR filters with symmetric and antisymmetric impulse re-
sponses [13] for even and odd, respectively [6], [9]. From
(7) and (9) it is seen that it is appropriate to form , which
is to approximate , according to, for Case A

(10)

and, for Case B3

(11)

As seen in Fig. 1, the overall filter can thus be realized using
one set of fixed filters, , and two multiply-accumulate
chains with two different multiplier values, respectively. One
multiplier value is always whereas the other is
for Case A and for Case B. In addition, we also
need the complex multiplier seen to the right in
Fig. 1. Without this multiplication, the overall filter approx-
imates instead of which is
here the desired filter frequency response.

2For d = 0, one can use either of Case A and Case B.
3Note that, in Case B, an additional delay is introduced to make H(z; d)

causal when going from (8) to (11). Hence, in Case B, the overall delay becomes
2D+1+ d instead of 2D+ d, and the filter thus approximates z H (z; d)
instead of H (z; d).

Fig. 1. Proposed complex variable FD filter structure.

III. FILTER DESIGN

Like filters in general, FD filters are commonly designed in
the minimax sense [6], [9], least-squares sense [7], or to exhibit
a maximally flat response [14], [15]. Due to the limited space
we will only discuss minimax design in this brief. For this pur-
pose, we begin this section by deriving a relation between the
approximation error of the real FD filter and the corre-
sponding complex FD filter obtained through (10) and
(11).

Consider first the ideal case for which we recognize that (7)
(Case A) in the Fourier domain corresponds to

(12)

where for and for .4
It is seen that (12) is equivalent to (1), as expected. In the same
way, one can conclude that (8) (Case B) in the Fourier domain
can be expressed as in (12).

Consider now the practical case where is replaced
with . In the Fourier domain, we first utilize that

can be written as

(13)

where denotes a frequency and delay-dependent
complex error that gives the distance between the frequency
response and the corresponding ideal frequency
response . Replacing with in (7)
(Case A) then gives us, using the same derivation as in (12)

(14)

where

(15)

The same result regarding the approximation error
can be derived for Case B, but with

replaced with and replaced with .
The additional delay that must be introduced in Case B, in
order to make the filter causal (see Footnote 2), does not affect
the approximation error. In fact, ignoring this additional delay,
the approximation error for Case B for, say , is the
conjugate of the approximation error for Case A for .
The condition is that the same holds true for the real variable

4The reason why q takes on two different values (�1) in (12) is that one
needs to consider the 2�-periodic extension of H (e ; d) when !T takes
on values outside the interval �� < !T < �. This is because the function
e is not 2�-periodic when 2D+ d takes on noninteger values.
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FD filter when we replace with , which is
the case for the Farrow structure when the subfilters are chosen
as mentioned before. The statement above then follows from
(10) and (11).

Hence, if , then . In
other words, the approximation error modulus of the complex
variable FD filter is bounded by the approximation error mod-
ulus of the real variable FD filter. Moreover, we note that re-
placing with corresponds to the frequency transforma-
tion . This means that, if the real variable FD
filter is designed to have a complex error bounded
in magnitude by in the frequency region ,
then the complex error of the complex variable FD
filter obtained through (10) or (11) is bounded in magnitude by

in the frequency region

Furthermore, if the approximation error of the real variable FD
filter is bounded by for all , then so is the com-
plex variable FD filter, for the frequency regions given above.
We stress again, however, that this only holds true under the con-
dition that one uses the Case A (Case B) structure when
( ) [see footnote 2].

The discussion above reveals that the proposed complex vari-
able FD filter can be designed indirectly by designing the corre-
sponding real variable FD filter and then deriving the complex
filter through (10) or (11). However, as the approximation error
bound is a worst-case bound, due to (15), the resulting complex
filter will not be optimal (but rather close to optimal), even if the
real filter is optimal. One can therefore use further optimization
to reach the optimal complex filter, as will be demonstrated in
the next section. For this purpose, we solve the following ap-
proximation problem.

Given the filter order (fixed integer delay) of the subfilters
5 and the number of subfilters , find the unknown

coefficients of , and , to minimize
subject to

(16)

over all . Here, is

(17)

where is the passband edge of the real underlying FD filter,
whereas is a weighting function given by

.
(18)

5In general, the subfilters G (z) can be of different orders which is beneficial
in terms of the overall implementation complexity [9], [16]. To keep the notation
simple, this is handled here by assuming that zero-valued impulse responses
are appropriately appended to make all branches have the same delay which is
necessary in the Farrow structure.

It is noted in (17) that the proposed filter has symmetric
passband and stopband regions centered on and ,
respectively.

The above stated optimization problem is a convex problem,
thus with a unique optimum. This solution can be obtained
through standard optimization techniques for this purpose
[17], [18]. Although being convex, which guarantees global
optimality, it is usually beneficial to start with a good initial
solution to improve the design time as well as convergence. The
solutions provided by design techniques for the real variable
FD FIR filters can be used for this purpose.

IV. DESIGN EXAMPLE

The purpose of this section is two fold. The first aim is to, via
plots, show typical frequency responses of the proposed struc-
ture and, in particular, to illustrate the symmetries between Case
A and Case B as discussed in Section III. The second aim is to
demonstrate the efficiency of the proposed structure compared
to cascade structures. As we use the same design method (min-
imax optimization) applied to two different structures, it is ap-
propriate to do this by comparing the complexities required to
meet a prescribed specification, whereas the exact frequency re-
sponse curves are irrelevant.6

It this example, it is assumed that the stopband ranges from
to whereas the passband ranges from to

. It is further assumed that the modulus of the complex
error should not exceed 0.001 ( dB). The filter is obtained
by first designing a real variable FD FIR filter as outlined in
[9] with passband from 0 to and a complex error slightly
larger than 0.001 in magnitude. The so obtained filter is then
used as the initial filter in a minimax optimization procedure that
solves (16). The filter meets the specification if after the opti-
mization satisfies . With even-order fixed linear-phase
FIR subfilters, the result with lowest complexity is obtained for

and subfilters of orders 8, 8, 6, 8, and 4 (of which the first
one is pure delay [9]). For the initial filter, the approximation
error is 0.00125 whereas it is 0.000848 after further optimiza-
tion. Hence, the solution obtained from the design of the real
FD filter is close to the final optimal filter. Using minimax.m
in Matlab on a standard PC laptop, the optimization takes some
45 s. As the worst-case analysis in Section III revealed, opti-
mization can be avoided to reduce the design time, but the price
to pay is then a slightly higher filter implementation complexity.
The frequency characteristics of the filter are seen in Figs. 2–7
for 10 different values of evenly distributed between and
0.5.7

As a comparison, we have designed a cascaded filter dis-
cussed in the introduction of this brief. This filter is obtained by
frequency shifting (by ) a cascade realization of a real FD
FIR filter (realized with the Farrow structure) and a half-band

6Another type of comparison is to study the approximation error differences
between two solutions having the same filter implementation complexity. How-
ever, such a comparison is appropriate when using two different design methods
applied to the same structure which does not apply here.

7The conjugate symmetry between the Case A and Case B filters implies that
the magnitude response and complex error modulus are the same for d = �jd j
which explains the reduced number of distinct curves seen in Figs. 2 and 3.
Furthermore, it implies that the phase and group delay plots exhibit symmetries
as seen in Figs. 4–7. The exception occurs for d = 0 which corresponds to
the extra single curve. Furthermore, it is noted that for d = 0:5 (as well as for
d = �0:5), the overall filter has a linear-phase response which can be concluded
from (10) and (11).
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Fig. 2. Modulus in decibels of the complex error.

Fig. 3. Magnitude response in decibels.

Fig. 4. Phase delay, ��(!T; d)=!T , for positive frequencies.

Fig. 5. Passband phase delay error [p = 0 (p = 1) for Case A (Case B)].

Fig. 6. Group delay, � (!T; d), for positive frequencies.

Fig. 7. Passband group delay error [p = 0 (p = 1) for Case A (Case B)].

linear-phase FIR filter. The FD filter has a passband from 0 to
whereas the half-band filter has its passband from 0 to

TABLE I
RESULTS OF THE DESIGN EXAMPLE

and stopband from to . The overall filter has been de-
signed using the same formulation as in (16), but it should be
noted that the problem in this case is nonconvex due to the cas-
cade realization. The initial FD filter is again obtained from [9].
The initial half-band filter is easily obtained using the algorithm
in [19] or linear programming. The result with lowest overall
complexity is obtained for and Farrow subfilters of equal
order, 4, and a half-band filter of order 18.

The implementation cost of the different filters are seen in
Table I.8 The number of multiplications, additions, and delays
denote real-valued operations. For the cascade approach, there
are several options available that give different costs because
we deal with complex filters. To enable a fair comparison, it is
therefore necessary to redraw the complex cascade realization
in terms of real filters with one input and two outputs. This can
be done by realizing either the FD filter or the half-band filter
in two copies.9 Furthermore, the use of direct form or trans-
posed direct form for the Farrow subfilters give different results
when two outputs need to be computed. For the proposed filter,
we have only considered direct form as the multiply-accumu-
late chains contain different multiplier values. This means that
the use of a transposed structure will not reduce the number of
variable multipliers but only increase the number of delay ele-
ments. Likewise, there is nothing to gain, but only to loose in an
increased number of delay elements, when using a transposed
structure for the half-band filter. This option is therefore also
excluded. In summary, we have thus considered four different
cascade realizations. The Cascade 1 and 2 structures comprise
one half-band filter and two copies of the Farrow filter. For the
Cascade 3 and 4 structures, it is the other way around. Further,
all the filters are realized in direct form except the Farrow fil-
ters in the Cascade 2 and 4 structures which are realized using
transposed direct form.

From Table I, it is seen that the best cascade structure in
terms of few arithmetic operations requires substantially more
delay elements compared with the proposed structure whereas
the arithmetic complexities are roughly the same. By using an-
other cascade realization, the number of delay elements can be
reduced but this comes with an increased arithmetic complexity.
It should be noted though that, depending on how the filters are
implemented, the cost of the variable multipliers may be con-
siderably more expensive than that of the fixed multipliers. This
may make the proposed structure and Cascade 1 structure some-
what more expensive relative to the other structures than what
a first estimation of the cost reveals. Furthermore, the overall
fixed delay is somewhat shorter for the proposed filters, namely

8In the comparison, the complex multiplier e is excluded because
it is needed in all cases.

9To exemplify, the complex filter H = FG can be realized with two real
filters according to H = H + jH , where H = F G � F G and
H = F G + F G . From this, it is seen that the outputs of H and H
cannot be computed separately using only one copy of all subfilters.
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8 for Case A and 9 for Case B compared to 11 for the cascade
realization. By using the proposed filter structure, it is thus pos-
sible to reduce not only the implementation complexity but also
the delay.

Finally, we like to point out that one alternatively may use
a frequency shifted version of the original Farrow filter struc-
ture with additional inherent stopband attenuation, which cor-
responds to a special case of the filters in [20]. It turns out,
however, that its arithmetic complexity is considerably higher
than for the proposed structure and the cascaded structures. In
this example, four subfilters of order 18 are needed which alone
require 38 and 70 fixed multiplications and additions, respec-
tively. Its overall delay is only 9 though and thus comparable to
the proposed structure, see Figs. 4 and 6.

V. CONCLUSION

This brief introduced a new structure for complex variable FD
FIR filters. It is derived from a real variable FD FIR filter and is
constituted by a set of fixed real linear-phase FIR filters and two
multiply-accumulate chains containing variable multipliers. A
design example included in the brief demonstrated that the main
benefits of the proposed structure is that it considerably reduces
the number of delay elements required compared to the cascade
approach which hitherto has been used for the same purpose.
In addition, the example revealed that the new structure may
also have a somewhat lower arithmetic complexity and delay.
The brief has only discussed optimal minimax designed filters.
Future research incorporates least-squares and maximally flat
designs as well as refined cost comparisons for different imple-
mentation techniques. In this brief, we have used the number
of arithmetic operations and delay elements as implementation
cost measure which is appropriate for general-purpose proces-
sors. In dedicated hardware, on the other hand, the different mul-
tiplications etc. may have quite different costs which calls for
refined comparisons at the implementation level.

Finally, we also point out that there exist more efficient ways
to realize real variable FD FIR filters than the straightforward
way used in the example of this brief [21], [22]. However, such
techniques can be utilized in the proposed complex filter struc-
ture as well as it is based on the real filter structure. Hence, the
conclusion that the proposed structure has advantages over cas-
cade structures remains valid.
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