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Abstract This article deals with synchronization in the

Envelope Elimination and Restoration (EER) type of

transmitter architecture. To illustrate the performances of

such solution, we choose to apply this architecture to a 64

carriers 16QAM modulated OFDM. We first introduce the

problematic of the realisation of a highly linear transmitter.

We then present the Envelope Elimination and Restoration

solution and draw attention to its major weakness: a high

sensitivity to desynchronization between the phase and

envelope signal paths. To address this issue, we propose an

adaptive synchronization algorithm relying on a feedback

loop, a Least Mean Square formulation and involving an

interpolation step. It enables the correction of delay mis-

matches and tracking of possible variations. We

demonstrate that the quality of the interpolator has a direct

impact on Error Vector Magnitude (EVM) value and out-

put spectrum. Implementation details are provided along

with an analysis of the behaviour and performances of the

method. We present Agilent-ADS and Matlab simulation

results and then focus on the enhancement of the trans-

mitter performances using the proposed algorithm.

Keywords EER radio transmitter � Adaptive algorithm �
Synchronisation � Transmitter linearisation � Interpolation

1 Introduction

Recent radiocommunication systems aiming at high data

rate are based on efficient modulation schemes in which

Quadrature Amplitude Modulations (QAM) are obviously

preferred to frequency or phase modulation. While the

3GPP standard employs QPSK and 16QAM, higher data

rate are achieved (in WLAN system for example) using

Orthogonal Frequency Data Multiplexing (OFDM) modu-

lation. Although these modulations are suitable for signal

processing, the realization of the RF front end, particularly

the transmitter, becomes more and more complex.

In the conception of a transmitter, it is essential to

achieve both efficiency and linearity. In radiocommunica-

tion standards, the quality of the transmitted signal is well

defined, usually in terms of output spectrum, Adjacent

Channel Power Ratio (ACPR) and Error Vector Magnitude

(EVM). When the modulated signal presents an envelope

variation, similar to an amplitude modulated signal, the

compression effect of the Power Amplifier (PA) generates

intermodulation products which directly impact the three

mentioned figures of merit. This implies that with a classic

class A PA, the input signal would have to present a mean

power (depending on the type of modulation) lower than

the input compression point: the difference is quantified in

terms of back off. In order to gain in efficiency, a lineari-

zation system is often preferred to a linear amplification.

In this article, we deal with the Envelope Elimination

and Restoration (EER) principle, and illustrate it in the

case of a 16QAM 64 carriers OFDM modulation. The EER

principle was proposed by Kahn in 1952 [14] and is based

on the splitting of a modulated signal into two signals. The

first one is a constant envelope phase modulated signal,

while the second one is the envelope of the original signal.

In the original EER transmitter, the splitting is realized in
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an analog way using a limiter and an envelope detector.

The phase modulated signal is the input of an efficient PA

whereas the envelope signal is sent to a switching power

supply which feeds the last stage of the PA. The transmitter

now evaluates toward a fully digital transmitter [23] as

shown in Fig. 1.

The digital creation of the two signals is achieved using

a CORDIC processor [22]. The principle of this processor

relies on the rotation of a vector ðXi; YiÞ to a new vector. In

our case, the final vector is ðZi; hÞ, where Zi is the mag-

nitude of the vector and the rotation angle is our phase.

VLSI implementation can profit from of a suitable iterative

formulation. The phase signal is sent to the PA amplifier

using a modulated PLL. This solution is preferred to a I/Q

RF modulator in order to reduce transmitted spurious

emissions. To limit distortion, the envelope signal is usu-

ally amplified with a class S modulator using a RD
modulator rather than a classic PWM. The final amplifi-

cation is realized by a high efficiency amplifier. As the

input signal is a constant envelope signal, switched class of

power amplifiers are preferred due to their high efficiency.

As demonstrated in [20], the class E power amplifier is

very suitable for this application since the expression of the

output voltage is directly proportional to its power supply.

This property is mandatory as we intend to reinject the

envelope variation through the modulation of its power

supply.

However the main drawback of this architecture is its

sensitivity to delay mismatch between the two signals.

The delays introduced by the two paths can be mis-

matched due to pipeline differences in the paths and the

delay in the anti-alias filter (amplitude path), as well as

small contributions from other analog delays [21]. Fur-

thermore, in a production environment, delays should be

matched to variations in process including supply voltage,

frequency, output power and temperature [18]. This usually

requires careful factory calibration procedures. The mis-

match deteriorates both the EVM and the output spectrum

of the transmitted signal [4, 24] and has to be corrected. A

linear interpolation was suggested in [11] to compensate

for the mismatch, while a group delay equalizer was

proposed in [17]. In these two cases, it still remains to

identify the delay mismatch and track its possible varia-

tions. In this article, we propose a scheme and an

associated algorithm that covers the whole calibration

problem: identification, correction and tracking.

In the first part, we demonstrate the sensitivity of EER

applied to a 16QAM 64 carriers OFDM modulation and

bring forward the maximum tolerable delay mismatch for

this modulation. The second part presents an efficient

algorithm which corrects this default. We then focus on the

implementation of the algorithm and on the importance of

the interpolation filter used to resynchronize the signals. In

the final part, an analysis of the behaviour and perfor-

mances of the algorithm is provided. Simulation results

performed on ADS are presented and show the perfor-

mances achieved with this solution in terms of output

spectrum, EVM and ACPR.

2 Impact of delay mismatches on an OFDM modulation

Using a 16QAM 64 carriers OFDM modulation is an

interesting case study for the validation of this kind of

architecture because of its high Peak to Average Power

Ratio (PAPR). In fact, for an OFDM modulation, the PAPR

is equal to the number of carriers, which corresponds to

10 logð64Þ ¼ 18 dB in our simulation case. A few results

have already been presented on the study of the whole

transmitter with this modulation [2] and this article indi-

cates that the critical specification is the synchronization of

signals. Figures 2 and 3 present the impact of delay mis-

match in the range of � T
3
, with T the time symbol, on the

output spectrum and on the EVM. Table 1 gives the values

of ACPR for these delays. The symbol rate is 20 MHz.

It is important to notice that the EVM calculation for

OFDM modulations must be realized on each carrier sep-

arately and then averaged. Figure 4 shows that the effect of
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Fig. 1 Polar transmitter using a CORDIC processor
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the desynchronization on the first subcarrier for delays T/27

and T/5 acts as additional noise.

As a guideline, we take specifications from 802.11.a stan-

dard: the rms EVM is specified at a maximum of 11.22% and

the output spectrum has to remain under -40 dBc above a

30 MHz frequency offset from the carrier measured in a

1 MHz resolution bandwidth. When analysing the EVM

results, we can observe that a desynchronization of T/3 pro-

duces an EVM value of 14% and when considering the output

spectrum, in 1 MHz bandwidth, the value at 30 MHz from the

carrier is about -7.5 dBc. In fact, the value of -40 dBc is

only obtained for a delay of T/27 which gives an EVM value of

about 0.6% This demonstrates that the synchronization of

signals impacts so strongly on the output spectrum that it is

mandatory to implement a correction algorithm.

3 The correction algorithm

This article is an extended version of [3] where we pre-

sented a preliminary version of the algorithm. In this

version, the algorithm is presented in more details and

implementation issues are discussed. More specifically, we

discuss the role, performances and implementation of the

interpolation step and provide a detailed analysis of the

algorithm performances.

3.1 Envelope and phase alignment

According to the central limit theorem, for complex mod-

ulation schemes such as the OFDM, when the number of

subcarriers is large, the emitted signal can be approximated

as a gaussian distributed complex random variable. For a

narrowband stationary signal written as

nðtÞ ¼ xðtÞ cosðx0tÞ þ yðtÞ sinðx0tÞ ð1Þ

it is well known that RxxðsÞ ¼ RxyðsÞ and that

RxyðsÞ ¼ �RyxðsÞ, where Rxx and Rxy are respectively

the autocorrelation and intercorrelation functions. The

processes x(t) and y(t) are always uncorrelated at the

same instant, that is Rxyð0Þ ¼ 0. If n(t) is normal, then x(t)

and y(t) are independent at the same instant. The complex

gaussian process nðtÞ is completely characterized by its

mean and autocorrelation function

RnnðsÞ ¼ RxxðsÞ cosðx0sÞ þ RxyðsÞ sinðx0sÞ: ð2Þ

Let us denote Snnðf Þ and Sxxðf Þ the spectra of nðtÞ and

xðtÞ, that is the Fourier transforms of the autocorrelation

functions RnnðsÞ and RxxðsÞ. When Snnðf Þ is symmetric

with central frequency f0, the in-phase and quadrature

components x(t) and y(t) are uncorrelated, that is

RxyðsÞ ¼ 0. The baseband spectrum Sxxðf Þ is generally

proportional to the square of the transfer function of the

emission filter, which shall be shaped as a square-root

Nyquist filter. Consequently, the autocorrelation function

RxxðsÞ ¼ RyyðsÞ, which is the inverse Fourier transform of

the baseband spectrum, is the impulse response h of a (full)

Nyquist filter. The process n(t) can also be written as

nðtÞ ¼ qðtÞ cos x0t � /ðtÞð Þ ð3Þ

where q(t) is the envelope and /(t) is the phase process,

with

xðtÞ ¼ qðtÞ cosð/ðtÞÞ;
yðtÞ ¼ qðtÞ sinð/ðtÞÞ:

�

In the case of a complex gaussian process, it is well known

that the envelope and phase are independent at the same

instant and respectively distributed according to the
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Fig. 3 Impact of the delay mismatch on the EVM

Table 1 ACPR obtained for different delay mismatches. It is eval-

uated for the full 64 carriers 20 MHz OFDM modulation, with a

channel spacing of 25 MHz

Delay T/27 T/13 T/5 T/3

ACPR (dB) -37 -29.7 -20.7 -15.7
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Rayleigh and uniform distributions. The case of delayed

envelope and phase is less known. In fact, it appears that for

gaussian processes, the envelope q(t) and phase /(t - D) are

also Rayleigh and uniform distributed, and are always

independent (see [4]) with no reference to the correlation

coefficient, whatever the delay between envelope and phase

components.

In consequence, the output do not convey any infor-

mation on the time alignment or mismatch between the

envelope and phase components. As a result, it is not

possible to correct the relative delay between the envelope

and phase components from the sole observation of the

system output. Calibration then needs to rely on a feedback

loop and involve a direct comparison between the initial

‘‘aligned’’ signal and the observed signal.

In a calibration step without data transmission, we can

also modify the modulation scheme and design non-

gaussian sequences with some dependence between enve-

lope and phase. In such a situation, a ‘contrast’ based on

the output properties may be devised in order to align the

components. However, we will focus here on the feedback

solution that preserves the data and modulation technique.

3.2 The compensation algorithm

Let us denote z(t) the output of the system. Due to the

delays D1 and D2 that affect the envelope and phase

components, we have

zðtÞ ¼ qðt � D1Þ cos x0t � /ðt � D2Þð Þ
¼ qðt � D1Þ cos /ðt � D2Þð Þ cos x0tð Þ
þ qðt � D1Þ sin /ðt � D2Þð Þ sin x0tð Þ:

We propose here to correct the delays using an adaptive

precompensation. The synchronization algorithm relies on

the idea of introducing two advances l1 and l2 in order to

precompensate the delays, as illustrated in Fig. 5. In such a

case, the output becomes

zðtÞ ¼ qðt þ l1 � D1Þ cos x0t � /ðt þ l2 � D2Þð Þ ð4Þ

and we will adjust the advances l1 and l2 in order to

minimize a statistical distance between z(t) and nðtÞ. A

natural criterion is the minimization of the quadratic distance

Jðl1; l2; tÞ ¼ E jnðtÞ � zðtÞj2
h i

; ð5Þ

where E �½ � is the statistical expectation operator. This

expression can also be rewritten as

Jðl1; l2; tÞ ¼E exðtÞ2
h i

cosðx0tÞ2 þ E eyðtÞ2
h i

sinðx0tÞ2

þ E exðtÞeyðtÞ
� �

sinð2x0tÞ

where exðtÞ and eyðtÞ are the errors for the in-phase and

quadrature components respectively,

exðtÞ ¼ qðtÞ cos /ðtÞ � qðt1Þ cos /ðt2Þð Þ ð6aÞ
eyðtÞ ¼ qðtÞ sin /ðtÞ � qðt1Þ sin /ðt2Þð Þ ð6bÞ

and where, in order to simplify the expressions, we noted

t1 ¼ t þ l1 � D1 and t2 ¼ t þ l2 � D2: ð7Þ

After time averaging, this simply reduces to

Jðl1; l2Þ ¼
1

2
Jxðl1; l2Þ þ Jyðl1; l2Þ
� �

ð8Þ

with

Jxðl1; l2Þ ¼ E exðtÞ2
h i

and Jyðl1; l2Þ ¼ E eyðtÞ2
h i

: ð9Þ

The global criterion equals the sum of two elementary

criteria on the in-phase and quadrature components. We

can readily obtain the same criterion (up to a factor) using

the demodulated, baseband, version of the signal.

In practice, we indeed work in baseband with digital

signals. After sampling, we compare the digital input signal

to the sampled baseband output. In the following, we will

keep T for the symbol period and note Ts the sampling

period. Consequently, we will note the different discrete

time indexes as follow

tðnÞ ¼ nTs

t1ðnÞ ¼ nTs þ l1 � D1

t2ðnÞ ¼ nTs þ l2 � D2:

8<
: ð10Þ

The output sampling clock does not need to be synchro-

nous to the input: it may be a divided version of the input

clock, and any propagation delay will be absorbed in the

correction procedure.

Since it is simpler to generate delayed signals than

advanced signals, we introduce a small processing delay D

in Fig. 5.

Let us consider the criterion Jxðl1; l2Þ in (9) on the in-

phase component. Developing and taking into account the

independence between qðt1Þ and /ðt2Þ lead to

Jxðl1; l2Þ ¼ 2Cxð0; 0Þ � 2Cxðl1 � D1; l2 � D2Þ ð11Þ

where

Cxðs1; s2Þ ¼ E qðtÞ cosð/ðtÞÞqðt � s1Þ cosð/ðt � s2ÞÞ½ �
ð12Þ
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Fig. 5 Principle of delays correction
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with s ¼ 1 ¼ l1 � D1 and s2 ¼ l2 � D2, is a kind of

‘correlation function’. The term Cxð0; 0Þ simply reduces to

Cxð0; 0Þ ¼ E qðtÞ2
h i

E cosð/ðtÞÞ2
h i

¼ Rxxð0Þ, the variance

of the in-phase xðtÞ component. It is important to note that

Cxðs; sÞ, obtained with s1 ¼ s2 ¼ s is nothing else but the

correlation function RxxðsÞ. Since we know that the cor-

relation function is proportional to the shaping filter h, it

appears that the behaviour of the criterion Jxðl1;l2Þ is

closely related to the shaping filter. Regarding the quad-

rature component and criterion Jyðl1; l2Þ, the same

conclusions and formulas found in (11, 12) are easily

obtained by substituting x by y and cos by sin.

In the case of an OFDM modulation, the criterion

Jðs1; s2Þ was evaluated numerically by Monte Carlo sim-

ulations with a square root Nyquist filter (square root raised

cosine with 0.5 roll-off). This is illustrated in Fig. 6 for

delays (advances) between -4T and 4T. We can recognize

here the general shape of the (inverted) impulse response of

a raised cosine, somewhat distorted and modulated. The

criterion does not only present a global minimum at s1 ¼ 0,

s2 = 0, but also several other minima. Derivation of a

closed-form formula for criteria (9) involving (12) is a

challenging if not impossible task. However, in Fig. 7,

where the criterion for delays less than 1.5T is shown, we

clearly observe that any descent algorithm will avoid local

minima for delays D1;D2� T , with initial conditions set to

zero.

3.3 Gradient algorithm

Since we do not have a closed-form for the criterion nor a

direct explicit solution for its global minimizer, we need to

exhibit the solution using a descent algorithm. We simply

use a gradient algorithm that consists in iterating the fol-

lowing formulas:

l1ðnþ 1Þ ¼ l1ðnÞ � c1ðnÞ
oJðl1;l2Þ

ol1

���
l1¼l1ðnÞ

l2ðnþ 1Þ ¼ l2ðnÞ � c2ðnÞ
oJðl1;l2Þ

ol2

���
l2¼l2ðnÞ

8><
>: ð13Þ

where c1ðnÞ and c2ðnÞ are two adaptation steps that

possibly depend on the iteration index n. The gradients are

given by

oJðl1; l2Þ
o� ¼ 1

2

oJxðl1;l2Þ
o� þ oJyðl1; l2Þ

o�

� �
ð14Þ

and we readily obtain

oJxðl1; l2Þ
ol1

¼ �E
dqðuÞ

du

����
u¼t1ðnÞ

cos /ðt2ðnÞÞexðtðnÞÞ
" #

ð15aÞ

oJyðl1; l2Þ
ol1

¼ �E
dqðuÞ

du

����
u¼t1ðnÞ

sin /ðt2ðnÞÞeyðtðnÞÞ
" #

ð15bÞ

and

oJxðl1; l2Þ
ol2

¼ �E
d cos /ðuÞ

du

����
u¼t2ðnÞ

qðt1ðnÞÞexðtðnÞÞ
" #

ð16aÞ

oJyðl1; l2Þ
ol2

¼ �E
d sin /ðuÞ

du

����
u¼t2ðnÞ

qðt1ðnÞÞeyðtðnÞÞ
" #

ð16bÞ

with ex and ey defined by (6a, 6b).

The update equations are obtained using these gradients

in (13). However, we do not have the analytical expres-

sions of the statistical expectations involved in these
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formulas. Therefore, we have to resort to use a stochastic

approximation of these theoretical recursions. A popular

solution in adaptive filtering is the Least Mean Squares

(LMS) algorithm that simply consists in omitting the sta-

tistical expectation. The LMS then involves the

instantaneous gradient rather than the (correct) statistical

average. Furthermore, the equations are updated at each

new sample. This gives

l1ðnþ 1Þ ¼ l1ðnÞ þ c1ðnÞ
dqðuÞ

du

����
t1ðnÞ

� cos /ðt2ðnÞÞð Þ exðtÞ þ sin /ðt2ðnÞÞeyðtðnÞÞ
	 


ð17Þ

l2ðnþ1Þ¼l2ðnÞþc2ðnÞqðt1ðnÞÞ

� dcos/ðuÞ
du

����
t2ðnÞ

exðtÞþ
dsin/ðuÞ

du

����
t2ðnÞ

eyðtðnÞÞ
 !

:

ð18Þ

Practical implementation of formulas (17) and (18)

requires

– computation of the errors exðtðnÞÞ and eyðtðnÞÞ defined

in (6a) and (6b) which results from the comparison of

the system input and output,

– computation of the derivatives that can be simply

approximated by finite differences of qðt1ðnÞÞ and

cos /ðt2ðnÞÞð Þ.

Of course, the algorithm can be simplified by consid-

ering a sole error component rather than two. For instance,

one can simply put ey = 0 in the previous equations. In

practice, simulations show that the gain associated with the

second component is extremely small.

For formulas (17) and (18), the computational load is

about 8 real multiplications per iteration. However, since

the derivatives must be computed at time t1(n) and t2(n),

that is at the output of the corrected system, q(t) and

cos /ðtÞð Þ must be separately accessible. This implies a

quadrature demodulation before the feedback loop. Fur-

thermore, with this approach, we need to adjust two

advances l1; l2 and apply them to the input signal.

Adopting very high sampling frequencies in order to

get the required precision may not be an efficient solution.

Digital interpolation is a more effective solution as

it keeps reasonable sampling frequencies and save

consumption.

4 Impact of the interpolator

Contrary to what we indicated in [3], the interpolation

procedure has a significant impact on the performances of

the algorithm in terms of the EVM and output spectrum.

According to the Shannon–Nyquist sampling theorem,

we know [29] that any band-limited signal xðtÞ can be

recovered exactly from its samples xðmÞ ¼ xðmTsÞ taken at

the sampling frequency 1=Ts by the formula

xðtÞ ¼
X

m

xðmÞsincðpðt � mTsÞ=TsÞ; ð19Þ

where sinc is the cardinal sine. This indicates that, in

principle, the samples convey enough information to

reconstruct the original signal at any desired time. In

particular, it is possible to reconstruct xðt � sÞ, for any s,

and therefore new shifted samples xðkTs � sÞ from the

original samples xðkTsÞ, according to

xðkTs � sÞ ¼
X

m

xðmTsÞsincðpðkTs � s� mTsÞ=TsÞ: ð20Þ

The above expression is in the form of a digital convolution

and can be implemented as a filtering operation. However,

because the underlying filter has an infinite (sinc) impulse

response, and is non causal, practical implementation

introduces truncation and delay. Another possibility is to

use a convenient approximation of the ideal interpolator

mentioned above. The MMSE FIR interpolator [19] is the

minimum mean square error approximation of the ideal

filter with finite impulse response. Although optimum

implementations of these interpolators exist [6], the coef-

ficients shall be pre-computed and tabulated for each

possible fractional delay and these types of structures

should be reserved for the interpolation with fixed delays.

Another class of interpolators relying on polynomial

approximation can be used instead. Indeed, the Weierstrass

approximation theorem states that every continuous func-

tion defined on an interval can be uniformly approximated

as closely as desired by a polynomial function. We can

then use a polynomial to approximate the value of the

function, given a series of samples, at the desired delay.

Such interpolators are especially interesting for our appli-

cation since they can be described by FIR filters. They can

be implemented very efficiently in hardware, and their

coefficients can be computed in real time rather than taken

from a table. An efficient structure was devised by Farrow

[8, 15] and improvements to the structure can be found in

[25, 7, 5]. In this structure, the delay is directly adjustable

without modification so that it is suitable for our adaptive

synchronization problem.

A related problem is Sample Rate Conversion (SRC)

which is often considered in digital front ends [10, 9]. In

SRC, a digital signal has to be converted into another

digital signal but with a different sampling frequency.

Caution must be exercised to avoid aliasing in the opera-

tion. In this situation, polynomial interpolators are usually

disqualified because they do not provide enough anti-

aliasing. In the last decade, following [27], many solutions
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have been developed for the synthesis of adjustable frac-

tional delay filters with larger bands and better anti-aliasing

capabilities [26, 13, 12, 30, 32]

It is worth mentioning that adjustable fractional delay

filters can also be obtained using programmable allpass

Infinite Impulse Response (IIR) filters [16, 31]. However,

such filters are more sensitive to quantization, transients

may occur when changing coefficients, and synthesis is

complicated by the stability issues.

In our application, interpolation operates directly on the

digital input signal, without any rate change. Aliasing can

still occur due to the sampling operation of the output,

which is needed for our feedback loop. However, the

system specifications, in particular the power limitation in

adjacent channels, severely constrain the design and limit

the images of the original band-limited spectrum. Fur-

thermore, since the over-sampling ratio T=Ts is typically

greater than 5, an anti-aliasing filter can be easily

designed.

The over-sampling ratio being high is an important

factor since it allows the use of very low-order interpola-

tors. Indeed, the frequency response of the corresponding

filters is almost flat in magnitude and linear in phase in the

band of interest. This is illustrated in Sect. 4.1. Then, in

Sect. 4.2, we examine and compare the performances of the

different interpolators in terms of interpolation error and

EVM at the output of the transmitter.

4.1 The interpolators and their frequency responses

In this section, we choose to compare four interpolators

[1, Chapter 25]: Linear, Bessel, 3rd and 5th order

Lagrange interpolators. We first give the expressions of

these interpolators and then compare their frequency

responses.

The first interpolator, the forward linear interpolator, is

the simplest, and is given by:

xðm; sÞ ¼ xðmÞ þ s xðmþ 1Þ � xðmÞð Þ ð21Þ

where xðm; sÞ represents the interpolated value of the input

value at the time ðmþ sÞTs.

The second interpolator studied is the 3rd order

Lagrange interpolator:

xðm; sÞ ¼ xðmÞ þ s xðmÞ � xðm� 1Þð Þ

þ sðsþ 1Þ
2

xðmþ 1Þ � 2xðmÞ þ xðm� 1Þð Þ:

ð22Þ

This interpolation uses three successive points. The first

part of the expression is similar to the linear interpolator

and the second part is a correction term calculated using

the point before and after the central one.

The third interpolator we looked at is the Bessel central

difference interpolator, 4th order, described as follow:

xðm; sÞ ¼ xðmÞ þ s xðmþ 1Þ � xðmÞð Þ

þ sðs� 1Þ
4

xðmþ 2Þ � xðmþ 1Þ � xðmÞð

þ xðm� 1ÞÞ:

This interpolation uses four successive points and is also

similar to the linear interpolation with an additional

correction term. Compared to the 3rd order Lagrange

formulation, the correction term is not symmetrical.

The last interpolator is the 5th order Lagrange

interpolator:

xðm;sÞ ¼ ðs
2� 1Þðs� 2Þs

24
xðm� 2Þ

� ðs
2� 4Þðs�1Þs

6
xðm� 1Þþ ðs

2� 1Þðs2� 4Þ
4

xðmÞ

� ðs
2� 4Þðsþ1Þs

6
xðmþ 1Þ

þ ðs
2� 1Þðsþ2Þs

24
xðmþ 2Þ: ð23Þ

These different interpolators can be clearly viewed as FIR

filters, where impulse responses can be deduced from the

above equations. Therefore, it is certainly interesting to

compare their frequency responses to the frequency response

of a pure delay. This comparison is shown in Fig. 8 for the

magnitude and in Fig. 9 for the phase. With the exception of

the linear interpolator, it appears that the interpolators have

interesting performances for normalized frequencies below

0.2 (over-sampling ratio greater than 5). While the two

Lagrange interpolators show the flattest magnitude, the Bessel

interpolator exhibits a better phase linearity. This information

will be completed by other measures of performances, namely

interpolation error and EVM at the output of the transmitter.
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4.2 Comparison of performances

In order to evaluate interpolation errors, we compare an

original signal to a reconstructed one. This comparison is

realized on the envelope of the OFDM modulated signal

previously introduced. Starting with an original signal with

300 samples per time symbol, we subsample it by a factor

of 100. This gives an over-sampling ratio of 3. The signal is

then reconstructed by interpolating the missing 200 values

between x(m - 1) and x(m + 1), and the interpolated val-

ues at a delay D from the sample, are compared to the value

of the original signal. Performances of the different in-

terpolators are presented in Fig. 10 in terms of the rms

quadratic error, given in percent. These experimental

results are confirmed by the theoretical analysis in Sect.

4.4.

Let us note Ts the sampling period and call Eo the ori-

ginal signal, Ei the interpolated signal. The quadratic error

(rms) is expressed as:

ErrðDÞ ¼ 100

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP
k EoðkTs � DÞ � EiðkTs � DÞð Þ2P

k E2
oðkTs � DÞ

s
ð24Þ

When the interpolators are used between x(m) and

x(m + 1), their rms quadratic errors are similar with a

maximum error in the middle of the two samples. The Bessel

and 5th order Lagrange interpolators achieve similar results

with a maximum error of about 0.4%, while the two other

interpolators present less than 0.6%. However, a problem

arises when the interpolator is used in the range of x(m - 1)

and x(m). The linear interpolator is obviously not up to par

with a 3.5% of error followed by the Bessel with 2.5%. The

asymmetry can degrade the quadratic error performances.

During iterations, positive as well as negative values of s
may indeed appear. The best solution remains certainly the

two Lagrange formulas which are quasi symmetrical and

more appropriate to our problem. The order of the

interpolator can also make a difference in terms of the

complexity of the implementation.

Using ADS, the interpolators can be validated with the

study of the EVM (computed for the OFDM after FFT

demodulation) and the output spectrum. The simulation is

realized differently than with the previous quadratic error

evaluation. Here the signal sampled at T/3 is delayed or

advanced by s taken between ±1 and resynchronized using

the interpolator. This is a complementary analysis to the

previous analysis and is better suited to standard trans-

mitter analysis.

Figure 11 shows the EVM at the output of the trans-

mitter and presents the same profile as the error quadratic

curves in Fig. 10.

The main problem is the relatively high values of the

EVM. Values reach a maximum of 2% for the 5th order

Lagrange interpolator and 3.5% for the 3rd order Lagrange

interpolator. The latter is not acceptable for our application.

We then need to sample the signal to a higher rate.

Figure 12 presents the EVM values when changing the

sampling period of the signal from T/3 to T/9 (odd values

are here preferred to facilitate the demodulation of the

OFDM signal in simulation). The x axis of the curve is
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normalized to symbol duration. The difference between

samplings at T/3 and T/9 is dramatic, going from 2% to

0.1%.

The sampling rate not only has an impact on the EVM

value, it also affects the output spectrum.

4.3 Implementation using the Farrow structure

A polynomial interpolator can efficiently be implemented

using a Farrow structure [8] or its extensions [27, 13, 5].

We only describe here the original Farrow structure but

other possibilities will deserve further investigation. The

Farrow structure relies on the parallelization of N FIR fil-

ters which can be expressed as

yi mð Þ ¼
XM�1

k¼�M

hiðkÞx m� kð Þ: ð25Þ

The output of these filters are combined so that the

output signal can be expressed as

y m; sð Þ ¼
XN�1

i¼0

siyi mð Þ ¼
XN�1

i¼0

si
XM�1

k¼�M

hi kð Þx m� kð Þ ð26Þ

For instance, rewriting the equations of the 5th order

Lagrange interpolator (23) gives

y0 mð Þ ¼ 5

4
x mð Þ;

y1 mð Þ ¼ � 2

24
mþ 2ð Þ þ 4

6
x mþ 1ð Þ

� 4

6
x m� 1ð Þ� 2

24
m� 2ð Þ

y2 mð Þ ¼ � 1

24
mþ 2ð Þ þ 4

6
x mþ 1ð Þ� 5

4
x mð Þ

þ 4

6
x m� 1ð Þ� 1

24
m� 2ð Þ

y3 mð Þ ¼ 2

24
mþ 2ð Þ� 1

6
x mþ 1ð Þþ 1

6
x m� 1ð Þ� 2

24
m� 2ð Þ

y4 mð Þ ¼ 1

24
mþ 2ð Þ� 1

6
x mþ 1ð Þþ 1

4
x mð Þ� 1

6
x m� 1ð Þ

þ 1

24
m� 2ð Þ

and can be implemented on ADS as presented in

Fig. 13.
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For the 5th order Lagrange filter, this implementation

uses 5 multiplications, 20 additions and 15 arithmetic

divisions. As for the 3rd order Lagrange interpolator, the

implementation leads to only 2 multiplications, 5 additions

and simpler divisions that only requires to divide by 2. This

can certainly be an argument for the choice of the inter-

polator, not only in terms of performances but also in terms

of simplicity of implementation.

4.4 On the interpolation noise

If the interpolator were perfect, the algorithm, in the

absence of observation noise, would find the exact solution.

However, as illustrated in Figs. 10, 11 and 12, the system

is characterized by an internal ‘‘self-noise’’ associated with

the interpolator. Indeed, for equally spaced points t0, t1,…,

tn, the remainder of the Lagrange interpolation polynomial

of degree n for estimating xðt0 þ sTÞ is [28]

niðt0 þ sTÞ ¼ Tnþ1xðsÞ x
ðnþ1ÞðnÞ
ðnþ 1Þ! ð27Þ

with xðsÞ ¼ sðs� 1Þ; . . .; ðs� nÞ, and where n is an

unknown point in the interval ½t0; tn�. Thus, we can

evaluate the variance r2
i ðsÞ ¼ E niðt0 þ sTÞ2

h i
of this

interpolation noise niðtÞ and obtain

E niðt0 þ sTÞ2
h i

¼ ð�1Þnþ1 T2ðnþ1Þ

ðnþ 1Þ! jxðsÞj
2Rð2ðnþ1ÞÞ

xx ð0Þ

ð28Þ

using the relation E jxðnþ1ÞðtÞj2
h i

¼ ð�1Þnþ1R
ð2ðnþ1ÞÞ
xx ð0Þ.

As a result, the variance of the interpolation noise is

non-stationary since it depends on the interpolation point

t0 þ sT . With this formula, it also appears that the higher

the sampling rate and the higher the interpolation order, the

lower the variance. To illustrate this, Fig. 14 compares the

theoretical formula (28) to simulation results (see also the

results in Fig. 10).

5 Analysis of the algorithm and results

Typical results for delays 0.18T and 0.47T for envelope

and phase respectively, are shown in Fig. 15. The mea-

sured EVM after convergence is only 0.7% compared to

14% without correction. The resulting spectrum is reported

in Fig. 16. It shows very interesting performances: the

spectrum is improved by 30 dB compared to the uncor-

rected case. The remaining noise floor at -50 dBc in

200 kHz bandwidth corresponds to the interpolation errors.

Surprisingly, it appears that the spectrum obtained with the

values at the output of the correction algorithm is slightly

better than the spectrum obtained with the true values of

delays. This is commented in §5.2.

However interesting these results are, it is important to

examine the role of the interpolator, the impact of the

values of the adaptation step and to study figures of merit

such as the settling time (convergence speed), the bias and

variance of results as well as the overall EVM. We eval-

uated these different points by Monte Carlo experiments
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for a varying adaptation step c and for all delays less than

T. In the study, we took the same adaptation c = c1 = c2

step for both adaptations. Furthermore, the signal power

was normalized to one in order to be independent of signal

scales.

To analyse these different characteristics, we use a

simplified ‘toy’ model that is simpler to analyse than our

original problem. Let zðtÞ ¼ xðt � DÞ be an observed,

delayed version of an original signal x(t). In order to

identify and correct the delay, we adopt the following

recursion

lðnþ 1Þ ¼ lðnÞ

þ c
dxðuÞ

du

����
u¼t�DþlðnÞ

xðtÞ � ~xðt � Dþ lðnÞÞ½ �

ð29Þ

with ~xðt � Dþ lðnÞÞ the interpolated value at time

ðt � Dþ lðnÞÞ.

5.1 Settling time

The convergence speed is an important issue for the

practical use of such algorithm. With DlðnÞ ¼ ðlðnÞ � DÞ
small, we have

xðtÞ � ~xðt þ DlðnÞÞ ’ �DlðnÞ _xðtÞ þ niðtÞ; ð30Þ

where _xðtÞ is the derivative of process x(t) and where ni(t)

represents the interpolation noise. Then,

Dlðnþ 1Þ ¼DlðnÞ � cDlðnÞ _xðt þ DlðnÞÞ _xðtÞ
þ c _xðt þ DlðnÞÞniðtÞ

ð31Þ

Therefore, the mean trajectory is

E Dlðnþ 1Þ½ � ¼ E DlðnÞ½ � 1� cR _x _xðDlðnÞÞð Þ; ð32Þ

with E _xni½ � ¼ 0. Considering that R _x _x ¼ � €Rxx, and since we

supposed Dl(n) small, so that €RxxðDlðnÞÞ ’ €Rxxð0Þ, the

previous equation can be solved recursively and we get

E Dlðnþ 1Þ½ � ’ 1þ c €Rxxð0Þ
	 
n

E Dlð0Þ½ �; ð33Þ

with €Rxxð0Þ\0. This means that l(n) converges

exponentially to D, with a time constant

tc ¼ �1 =log 1þ c €Rxxð0Þ
	 


’ 1= c €Rxxð0Þ
	 


. This is illus-

trated in Fig. 17, where are presented the settling times for

the algorithm measured as the rise from 0 to 95% of the

final value, ts = 3tc. This figure shows that the conver-

gence speed is clearly independent of the interpolator and

the simulation results are in line with the above

development.

We also examined the variation of the convergence

speed with respect to the values D1;D2. The results

reported in Fig. 18 clearly indicates that the convergence

speed is independent of the final values.

5.2 Bias

A careful examination of the results shows that both

envelope and phase are often affected by a small, but

undeniable, bias. In addition, we have observed in practice

that the quadratic error associated with the biased estimates

is lower than the error obtained with the true values.

Similarly, it appears that the spectrum with identified val-

ues is slightly better than the spectrum associated with the

true values. This can be explained as follow. The error e(t)

is

eðtÞ ¼ xðtÞ � ~xðt � Dþ lðnÞÞ
¼ xðtÞ � xðt � Dþ lðnÞÞð Þ þ niðtÞ; ð34Þ

so that its variance is

r2
e ¼E eðtÞ2

h i

¼E xðtÞ � xðt � Dþ lðnÞÞð Þ½ � þ E niðtÞ2
h i

;
ð35Þ
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r2
e ¼ E eðtÞ2

h i

¼ 2 Rxxð0Þ � RxxðlðnÞ � DÞð Þ þ riðlðnÞÞ;
ð36Þ

where riðlðnÞÞ ¼ E niðtÞ2
h i

is the variance of the

interpolation noise that depends on the value of the

advance l(n), see the discussion in § 4.4. The purpose of

the algorithm is to find a value l minimizing re
2. The first

term clearly decreases when lðnÞ ! D while the second

term may increase. Therefore, the procedure will find the

best values that minimize the sum of the two terms,

realizing a trade-off between bias and variance of the

interpolation noise. The solution is theoretically given by

_RxxðlðnÞ � DÞ ¼ � dr2
i ðlðnÞÞ
dlðnÞ : ð37Þ

Figure 19 presents the bias measured for the envelope and

phase component with respect to the adaptation parameter.

We find that the bias still exist and do not depend on the

adaptation parameter c as it was indicated by the analysis.

The bias is a function of the interpolator type and order.

5.3 Variance

Variations after convergence are also an important issue.

These variations can be modeled as an additive noise on the

estimates. With our toy model, we obtained expression (31)

for the trajectory of the algorithm. This expression is only

valid, on average, if Dlðnþ 1Þ has a zero mean. Thus,

taking now Dlðnþ 1Þ ¼ lðnþ 1Þ � �l, where �l is the

value at convergence and rearranging the terms, we get

Dlðnþ 1Þ ¼ DlðnÞ 1� c _xðt þ DlðnÞÞ _xðtÞð Þ þ c _xðt
þ DlðnÞÞniðtÞ

¼ AnDlðnÞ þ BnniðtÞ ð38Þ

Taking the square and the expectation and making the,

clearly false, hypothesis that An and Dl(n), Bn and ni(t) are

uncorrelated, we obtain

r2
lðnþ 1Þ ¼ E A2

n

� �
r2

lðnÞ þ E B2
n

� �
r2

i ð39Þ

with r2
lðnÞ the variance of l at step n. We also find

E A2
n

� �
’ 1þ 2c €Rxxð0Þ þ c2E _xðtÞ4

h i
(with l� D ’0), and

E B2
n

� �
¼ �c2 €Rxxð0Þ. At convergence, we finally obtain

r2
l ¼

E B2
n

� �
r2

i

1� E A2
n

� � ¼ cr2
i

2þ cE _xðtÞ4
h i

= €Rxxð0Þ
: ð40Þ

This expression shows that the variance of the estimates

increases linearly with c and that it is only associated to the

‘self-noise’ in the system. Despite using approximations in

the derivation, the simulation results are once more in line

with this formula. Figure 20 gives the variance of the

estimates of the envelope and phase delays as a function of

c. The linear dependence can be clearly seen.

5.4 EVM—Quadratic error

The EVM is a crucial parameter in digital communications.

As we will observe, it sums up some of the other proper-

ties. In the case of a single carrier modulation, the EVM is

defined by E jZe � Zoj2
h i

=E jZoj2
h i

where Ze ¼ qeej/e and

Zo ¼ qoej/o stand for the complex envelope of the emitted

signal and the original signal respectively. Let us insist on

the fact that the situation is more complicated for multi-

carrier modulations. In our setting, the expression becomes

EVM ¼
E q2

o þ q2
e � 2qoqe cos ð/o � /eÞ

� �
E q2

o

� � : ð41Þ

Therefore, if D/ ¼ /o � /e is small, cos D/ ’
1� D/2=2, the expression becomes
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Fig. 19 Bias l - D for the different interpolators, as a function of

the adaptation parameter c. Phase (indicated by -s-) and envelope

bias are almost constant with respect to c
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Fig. 20 Variance rl
2 of delays estimates, D1 ¼ 0:36T ;D2 ¼ 0:12T ,

for the different interpolators, as a function of the adaptation

parameter c. Phase (indicated by -s-) and envelope variances

increase linearly with c
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EVM ¼
E ðqo � qeÞ2 þ qoqeD/2
h i

E q2
o

� � ’
E Dq2 þ q2

oD/2
� �

E q2
o

� �
ð42Þ

or

EVM ’ E Dq2½ �
E q2

o

� � þ E D/2
� �

ð43Þ

assuming that qo and D/ are independent. As a result, the

EVM is a function of the quantities we previously studied.

We already established that the estimates are biased and

that their variances, which are proportional to interpolation

noise, increase linearly with c. Therefore, the EVM

behaves as

EVM ’ c
2

r2
q

E q2
o

� �þ r2
/

" #
þ

B2
q

E q2
o

� �þ B2
/

" #
; ð44Þ

where rq
2 and r2

/ are the variances of interpolation noise for

the envelope and phase, and Bq and B/ the bias terms.

Since
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ax
p

’ 1þ ax=2, the EVM rms may also show

the same behaviour. This is the case in Fig. 21 where we

clearly see a linear slope and an offset value. It also shows

that the Lagrange and Bessel interpolators have the best

performances.

It is also interesting to look at the EVM with respect to

all possible delays and with a fixed c. Figure 22 presents

these results for c ¼ 0:05. We can observe a ‘modulation’

which is related to the variable variance of the interpolation

noise with respect to the delay (see Fig. 14). Here, as in

previous examples, we took T/Ts = 5 and indeed notice

error minima at interpolation nodes.

5.5 Summary of the results

In the previous developments we have examined the

behaviour of our algorithm according to the choice of

interpolators and adaptation steps. Using specific examples,

we have demonstrated a vast improvement can be achieved

in terms of EVM and output spectrum, as shown in Figs. 15

and 16. Furthermore, using an approximate ‘toy’ model of

the algorithm, we have shown theoretically and checked

numerically, that

– the settling time decreases exponentially with the

adaptation step (Fig. 17),

– a small estimation bias exists that does not depend on

the adaptation parameter but rather of interpolation

order (Fig. 19). The presence of this bias is explained

as a way to reduce the whole quadratic error,

– the variance (40) behaves approximately as a linear

function of the adaptation parameter (Fig. 20),

– the EVM (44) increases linearly with the adaptation

step c (Fig. 21).

As a consequence, a trade-off has to be made between

the two important parameters that are the settling time and

the EVM. The choice of the order of the interpolation is

also important with respect to performances and imple-

mentation costs. The main values for the bias and variance

can be found in Table 2 for different interpolators and

several values of the adaptation step c. The results for the

settling time and the EVM are reported in Table 3 for the

same conditions. In order to ensure independence in signal

scales, the signal power was normalized to one.

6 Conclusion

In this article, we proposed and analysed a new synchro-

nization algorithm tailored for an EER architecture.

Performances are indeed severely degraded in case of delay

mismatch between envelope and phase paths. The proposed
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Fig. 21 EVM rms (in %) at the output of the algorithm, for delays

D1 ¼ 0:36T ;D2 ¼ 0:12T as a function of the adaptation parameter c
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Fig. 22 EVM in percents at output of the algorithm with c ¼ 0:05,

for all possible delays. The ‘modulation’ is related to the non-

stationary interpolation noise that vanishes at interpolation nodes
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algorithm is based on an adaptive LMS structure. We

studied the influence of the adaptation on the quadratic

error, EVM and output spectrum. The algorithm uses an

interpolation procedure that is characterized in terms of

performances and in terms of implementation. We also

examined the influence of the sampling rate. These studies

demonstrated the strong interest of such a mandatory cor-

rection algorithm and the enhancement of transmitter

performances.

Regarding the algorithm, a few points can be further

investigated: adopting different adaptation steps for the two

recursions, decreasing the number of adaptation steps and

alternating the two recursions. Higher system view point

has to be taken into account in order to define the best use

of the procedure: full tracking of delays or training periods.

A for the implementation, modified and optimized Farrow

structures should be considered.

This solution has drawbacks. For instance, it requires

I/Q demodulation and uses a Cordic processor to split the

envelope and phase of the PA output signal (derivative

computation). We are currently working on these issues to

improve our system.

Other concerns are the behaviour of the system with

further mismatches such as a complex gain in the feedback

loop, non-linear distortions and quantization noise. Pre-

liminary results show that the algorithm is robust against

the gain and noise mismatch, in the sense that the optimum

solution remains unchanged. Evidently further mismatches

imply a degradation of performances so future work will

include attempts to also correct these mismatches with the

same feedback loop.
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