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FREQUENCY-RESPONSE

MASKING FILTERS1*
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Abstract. The introduction of nonlinear optimization techniques to the design of a
frequency-response masking (FRM) filter has changed the way in which an FRM filter is
synthesized. It allows all subfilters in an FRM structure to be optimized jointly, resulting
in further savings in the number of arithmetic operations. Under the joint optimization,
a new set of design equations is necessary, not only for a more computationally efficient
filter, but also for the simplification of the design process and the reduction of the design
time. In this paper, we present a set of design equations that estimates the filter lengths
and optimum interpolation factor in an FRM filter under joint optimization. It is shown, by
means of examples, that the proposed design equations lead to a better estimation of the
optimum interpolation factor compared with existing design equations.
Key words: Digital filter, FIR filter, frequency-response masking (FRM), joint optimiza-
tion.

1. Introduction

The frequency-response masking (FRM) approach is one of the most computa-
tionally efficient techniques for the design of linear-phase arbitrary bandwidth
sharp FIR digital filters [1], [3]–[10], [12]–[29], [31]–[38]. A basic FRM filter
contains four subfilters, i.e., a pair of complementary bandedge shaping filters
Ha(z) and Hc(z) and two masking filtersHMa(z) and HMc(z), as shown in Fig-
ure 1. The implementation ofHc(z) is very simple and requires only one addi-
tional subtractor. To understand the principle of an FRM filter, let us consider
the synthesis of a sharp lowpass FIR filterH(z) with a normalized transition
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Figure 1. A basic realization structure for the FRM filter.

bandwidth of �F . The creation of an FRM filter starts with a bandedge shaping
filter Ha(z) and its complement Hc(z) whose transition bandwidths are M times
wider than that of the overall filter H(z) as shown in Figure 2a. A pair of periodic
narrow transition width filters Ha(zM ) and Hc(zM ) is created by interpolation,
i.e., by replacing each delay element in both Ha(z) and Hc(z) with M delay ele-
ments, as shown in Figure 2b. The interpolation narrows the transition bandwidths
of Ha(z) and Hc(z) by compressing their frequency responses, which produces
extra passbands. Parts of these extra passbands fall into the stopband region of the
overall filter. Two masking filters HMa(z) and HMc(z), as in Figure 2c, are cas-
caded to Ha(zM ) and Hc(zM ), respectively, to remove the unwanted passbands.
The outputs of HMa(z) and HMc(z), are combined to form the overall filter, as
shown in Figures 2d to f, respectively. The design equations and the derivation of
optimum interpolation factors for single- and multiple-stage FRM filters can be
found in [20], [21].

In an FRM filter, the savings in terms of number of multipliers are closely
related to the interpolation factor applied to the bandedge shaping filter. A large
interpolation factor reduces the complexity of the bandedge shaping filter at a cost
of longer masking filters. There exists an optimum interpolation factor Mopt for a
given set of specifications that leads to a minimum total number of coefficients in
an FRM filter. Such an optimum M can be estimated using a formula given in [21]:

Mopt ≈ 1

2
√

�F
, (1)

where �F is the normalized transition bandwidth of the FRM filter. The
derivation of (1) is based on an assumption that the complexity of an FRM filter
is minimized when the transition bandwidths of the two masking filters are the
same. Such an assumption may not hold for the FRM filters designed using an
iterative design procedure [21]. Nevertheless, (1) gives a good estimation of the
optimum M and narrows the search region for optimum M to a few integers.

Much research effort has been made to improve the computational efficiency of
FRM filters in recent years. A notable effort is to employ nonlinear optimization
techniques to jointly optimize all subfilters in an FRM structure [26]–[28], [31],
[33], [34], [38]. Such an approach leads to about 20% additional savings in terms
of number of multipliers. However, it was reported in [31] that (1) is no longer
accurate for an optimum M under the joint optimization. A new formula was
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Figure 2. The frequency responses of various filters in the FRM approach.

given in [31]:

Mopt = 1√
3.2�F

. (2)

However, the authors of [31] did not show how accurate it is. In this paper, we
present a new set of formulas for the estimation of filter lengths and the opti-
mum M in a jointly optimized FRM filter. The new design equations are derived
from the observations made for a few hundred FRM filters jointly optimized by
a sequential quadratic programming (SQP) algorithm [2]. The proposed design
equations lead to a better estimation of the interpolation factor than those reported
in [20], [21], [31] and provide a guideline for determining the filter lengths of two
masking filters, which speeds up the design process.

The rest of the paper is organized as follows. In Section 2, we highlight the
differences between the original and jointly optimized FRM filters and discuss
the impacts of joint optimization on the interpolation factor and subfilter lengths.
In Section 3, we introduce a new filter length estimation equation for the bandedge
shaping filter. In Section 4, further observations are made on the masking filters,
and an equation is derived to estimate the total length of two masking filters. A
new expression for the estimation of the optimum M is presented in Section 5.
Design examples are presented in Section 6 which verify the accuracy of the
proposed formulas. The conclusions are drawn in Section 7.
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2. Impacts of joint optimization on FRM filters

A typical jointly optimized FRM filter employs three subfilters that have very
different amplitude responses compared to those in the original FRM structure.
This is due to the involvement of nonlinear optimization techniques that help in
reshaping all subfilters in an FRM structure. As a result, the filter lengths of the
subfilters are reduced. Figures 3a–e show the frequency responses of a typical
FRM filter designed by the nonlinear optimization technique. It is obvious from
Figures 3a and b that amplitude responses of the bandedge shaping filters are
very different from those in the origianl FRM filter. Its normalized dc gain is no
longer at 1, and the dc level is shifted. The ripple in the passband is considerably
increased, especially towards the edges of the transition bands. Such changes have
little impact on the filter length of the bandedge shaping filter according to design
examples. But they affect the two masking filters greatly. The transition band-
widths of the masking filters are increased and become very close to each other
as shown in Figure 3c. The widening of transition bandwidths in both masking
filters has two effects on an FRM filter. It reduces the lengths of the two masking
filters, which yields additional savings in the number of multipliers. At the same
time, it leads to an increased interpolation factor such that the overall complexity
of an FRM filter is reduced. The authors of [31] first noticed the increase in the
interpolation factor and proposed the estimation formula (2). Design examples
show that (2) gives a better estimation than that of (1). But the estimated value is
still a short distance away from the optimum M and requires a few iterations to
reach an optimum design.

The question is whether there is a need to develop a more accurate formula for
the interpolation factor. To answer this question, let us examine how an FRM filter
is designed using any of the joint optimization techniques. It starts with an initial
solution that derives from one of the iterative design processes in [20], [21], [32],
i.e., the interpolation factor is determined by a search method introduced in [21].
The initial filter lengths of bandedge shaping filter Na and two masking filters
NMa and NMc can be determined by assuming the ripple magnitude is 85% of
the allowed ripple magnitude. Nonlinear optimization techniques are employed
to jointly optimize all subfilters, leading to further reduction in the filter lengths
after a few iterations. As the nonlinear optimization process does not include
the interpolation factor M in the objective function, the resulting FRM filter is
an improved version of the initial design. In order to find the best design, an
exhaustive search is a must, which involves an iterative process, i.e., one must vary
the M , calculate the filter lengths, jointly optimize all subfilters, and gradually
reduce the length of each subfilter to reach a minimum complexity for a given
M . This is a very time-consuming process. Thus, good estimations of the optimal
interpolation factor and the filter lengths are necessary to simplify the design task.

To derive an interpolation factor estimation formula, we notice that the FRM
filters designed with joint optimization methods coincide with the assumption
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Figure 3. The frequency responses of various filters in jointly optimized FRM approach.

made in [21] about the masking filters, i.e., the transition bandwidths of two
masking filters are the same for a minimum complexity FRM filter. It is clear from
examples in [26], [27], [31], [33], [34], [38] that the transition bandwidths are
almost the same for two masking filters. However, their lengths are not the same.
This implies that the standard filter length estimation formula is no longer valid for
subfilters in an FRM structure because the shapes of all the subfilters differ from
that of the standard lowpass filters. Thus, new filter length estimation formulas are
necessary to derive an optimum interpolation factor. Note from Figures 3a and c
that the shape of the bandedge shaping filter differs from that of the two masking
filters. We should develop the length estimations for the bandedge shaping filter
and masking filters separately.

3. Filter length estimation for bandedge shaping filter

The filter length is normally determined by a set of filter specifications, i.e.,
the normalized passband and stopband edges f p and fs and the passband and
stopband ripples δp and δs . The length estimation should be able to give a rea-
sonably good match between the estimated length and actual filter length for
a given set of specifications, i.e., varying the band edges or ripples should not
affect the accuracy of the formula. For FRM filters, it is not necessary to develop
the formula to cover all the normalized frequencies from 0 to 0.5. This is so
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because the FRM approach is suitable for the synthesis of arbitrary bandwidth
sharp transition bandwidth filters, mainly from moderate to wide bandwidths. For
narrowband filters, the FRM approach simplifies to an interpolated finite impulse
response structure [21], [30]. Therefore, we set the following restrictions for the
FRM filters designed in the rest of this paper. The normalized passband edges
are set in the region of [0.1, 0.4]. At the same time, the transition bandwidth
of an FRM filter is limited to a range of [0.002, 0.012]. This region contains
most designs for a single-stage FRM approach. To make sure that the developed
formulas are accurate for different passband and stopband ripples, we vary the
passband and stopband ripple from 10−1 to 10−5. The passband edges and tran-
sition bandwidth are selected to be linearly distributed in the selected region, and
passband and stopband ripples are logarithmically distributed. The interpolation
factor M varies linearly between 4 to 20 based on the given transition bandwidth
of [0.002, 0.012]. In this way, the gathered data become representative and reli-
able for the development of design equations for FRM filters.

Based on our experience, the length Na of a jointly optimized bandedge shaping
filter Ha(z) is very close to one designed by traditional iterative methods. The
main reason behind this phenomenon could be that the transition bandwidth of
the bandedge shaping filter remains the same for both traditional and jointly opti-
mized designs. In [20], Na is estimated by assuming that the ripples of Ha(z) are
85% of the allowed magnitude, and by using Kaiser’s equation [11]. Therefore,

Na(�F, δp, δs) = −20 log10
√

δpδs − 11.59

14.6M�F
+ 1. (3)

This equation is not very accurate if the length of the bandedge shaping filter is
long. To improve its accuracy, we would like to modify the coefficients in Kaiser’s
equation, i.e.,

Na(�F, δp, δs) = k1 log10
√

δpδs − k2

k3 M�F
+ k4, (4)

where k1, k2, k3, and k4 are parameters to be determined. Note that δp and δs

in the above equation are the passband and stopband ripples of the overall FRM
filter, respectively. This applies to all equations in the following sections. A few
hundred data points are collected from the FRM filters optimized with the SQP
technique. The band edges, transition bandwidths, ripples, and interpolation fac-
tors are limited to the ranges described in the beginning of this section. k1, k2, k3,
and k4 are obtained from collected data points using the method of least squares
fitting. The modified formula is given by

Na(�F, δp, δs) = −9.9 log10(δpδs) − 8.6

16.3M�F
+ 3.33. (5)

The distribution of the absolute errors, i.e., the difference between actual and
estimated lengths based on (3) and (5), respectively, are calculated and listed in
Table 1. From the table, it is clear that (5) provides a better estimation for the
length of bandedge shaping filters than that of (3).
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Table 1. Comparisons of design equations (3) and (5)

Absolute error Equation (3) Equation (5)

≤ 4 82.41% 88.96%
> 4 18.11% 11.04%

4. Masking filter length estimation

The estimation of length for each masking filter is a very difficult task based
on our experience. We notice that the lengths of the two masking filters are
exchangeable for many designs and the resultant overall filters satisfy the same
specifications. To show this, let us consider the design of a lowpass filter with
normalized passband and stopband edges at 0.191 and 0.197, respectively. The
passband and stopband ripples are both 0.01. The optimum interpolation factor is
9 determined by exhaustive search. The lengths of three subfilters are Na = 39,
NMa = 27, and NMc = 19, where Na is the length of the bandedge shaping filter,
and NMa and NMc are the lengths of two masking filters. For the same M value,
another set of subfilters can be found which satisfies the given specifications and
uses the same number of coefficients as in the first design. The filter lengths are
Na = 39, NMa = 19, and NMc = 27. The lengths of the masking filters are
swapped compared to the first design. Many other design examples we tried show
the same property.

This phenomenon is very interesting and prompts us to find the sum of masking
filter lengths instead of the individual length. Recall from [20] that the sum of
transition bandwidths of masking filters is related to M , i.e.,

�FM = � fMa + � fMc = 1

M
, (6)

where � fMa and � fMc are the transition bandwidths of two masking filters. We
want to know if it is possible to use a modified Kaiser formula for the estimation
of the sum of the masking filter lengths. Substituting (6) into Kaiser’s formula,
we have

NMsum = NMa + NMc = k M log10(δpδs) − q M + c, (7)

where NMa and NMc are the lengths of masking filters HMa(z) and HMc(z),
respectively. k, q, and c are variables yet to be determined. To verify the validity
of (7), let us carry out a few experiments. In each experiment, the FRM filters
are optimized by SQP. One of the specifications among band edges, interpolation
factor, and ripples is varied from one design to another while the remaining spec-
ifications are kept unchanged. The relationship between NMsum and the selected
specification is analyzed.

It is interesting to note that (7) is not a function of transition bandwidth. To
gauge the impact of transition bandwidth on NMsum , let us fix the passband edge,
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Table 2. Filter specifications used in Figure 4

Legend f p δp δs M Legend f p δp δs M

data1 0.11 0.05 0.005 11 data5 0.24 0.08 0.005 9
data2 0.14 0.01 0.001 12 data6 0.28 0.001 0.05 8
data3 0.16 0.03 0.001 10 data7 0.33 0.005 0.03 5
data4 0.21 0.01 0.01 6 data8 0.37 0.08 0.01 14
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Figure 4. Relationship between NMsum and transition bandwidth of the overall FRM filter.

ripples, and M as shown in Table 2 and vary the stopband edge. Figure 4 shows
the relationship between NMsum and the normalized transition bandwidth of FRM
filters. It is clear that NMsum is a constant if the change of transition bandwidth
is limited to a small range. For a large range from 0.012 to 0.002, NMsum varies
a little in each data set. Therefore, it is safe to leave out the transition bandwidth
in (7).

To verify the relationship between NMsum and δs , we fix f p, fs , δp, and M as
shown in Table 3. The δs is varied from 10−1 to 10−5. The relationship between
NMsum and δs is plotted in Figure 5. It is obvious from Figure 5 that NMsum

changes linearly with the logarithm of stopband ripple δs or

NMsum = k1 log10 δs + c1. (8)

The same conclusion can be drawn for the passband ripple if we use the spec-
ifications listed in Table 4, i.e., varying δp from 10−1 to 10−5 while keeping the
rest unchanged. Figure 6 confirms the linear relationship between NMsum and the
logarithm of passband ripple δp, i.e.,

NMsum = k2 log10 δp + c2. (9)

In (8) and (9) k1, k2, c1, and c2 are constants yet to be decided.
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Table 3. Filter specifications used in Figure 5

Legend f p fs δp M Legend f p fs δp M

data1 0.1 0.102 0.1 17 data5 0.26 0.265 0.02 9
data2 0.14 0.142 0.08 12 data6 0.3 0.306 0.01 11
data3 0.18 0.183 0.05 10 data7 0.34 0.347 0.008 8
data4 0.22 0.224 0.03 8 data8 0.38 0.388 0.005 7
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Figure 5. Relationship between NMsum and stopband ripple.

Table 4. Filter specifications used in Figure 6

Legend f p fs δs M Legend f p fs δs M

data1 0.12 0.122 0.1 15 data5 0.32 0.326 0.01 10
data2 0.17 0.173 0.05 10 data6 0.35 0.357 0.005 5
data3 0.21 0.214 0.03 11 data7 0.39 0.4 0.001 8
data4 0.26 0.265 0.02 9

To show the relationship between NMsum and M , we choose a set of lowpass
filters with different band edges and passband and stopband ripples, as shown in
Table 5. For each set of specifications, we design the FRM filters using SQP by
varying M from 4 to 20. The sums of masking filter lengths are calculated and
shown in Figure 7. It is not difficult to conclude from Figure 7 that the sum of
masking filter lengths can be approximated by a linear relationship of M , i.e.,

NMsum = k3 M + c3, (10)

where k3 and c3 are constants yet to be found.
Equations (8), (9), and (10) confirm that (7) is valid. The values of k, q, and c in

(7) can be determined by the method of least squares fitting. All the FRM filters
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Figure 6. Relationship between NMsum and passband ripple.

Table 5. Filter specifications used in Figure 7

Legend f p fs δp δs Legend f p fs δp δs

data1 0.1 0.104 0.05 0.01 data4 0.25 0.257 0.001 0.05
data2 0.14 0.146 3.16×10−3 0.001 data5 0.285 0.288 0.001 0.001
data3 0.18 0.185 0.01 0.01 data6 0.33 0.338 0.005 0.08

listed above and another few hundred FRM filters with different specifications
have been designed by SQP. The selection of these specifications is described
at the beginning of Section 3 and not repeated again. The obtained interpolation
factor and filter lengths for the bandedge shaping filter and masking filters are
used as data points for curve fitting. The final NMsum is found to be

NMsum = −1.15M log10(δpδs) + 0.02M + 5.24. (11)

The second term in this equation is much smaller than the other two terms. By
ignoring it, we obtain the final filter length sum estimation formula:

NMsum = −1.15M log10(δpδs) + 5.24. (12)

To verify the accuracy of (12), we have designed about 200 FRM filters with
randomly selected filter specifications that comply with the constraints set in
Section 3. The relative errors between the calculated values from (12) and the
actual values of NMsum of the selected designs have been calculated and the error
distributions are listed in Table 6. It is clear that most of the estimations using (12)
lead to less than 4% relative errors. We can comfortably say that design equation
(12) is reliable.
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Figure 7. Relationship between the sum of masking filter lengths and interpolation factor M .

Table 6. Relative error distribution of equation (12)

Relative error Percentage of total design examples

≤ 4% 82.76%
> 4% 17.24%

5. Optimum interpolation factor

Based on equations (5) and (12), the complexity of an FRM filter can be estimated
by

N=Na + NMsum

=−9.9 log10 (δpδs )−8.6
16.3M�F−1.15M log10(δpδs) + 8.57.

(13)

An optimum M that minimizes the N can be easily found from this equation if the
partial derivative of N with respect to M is set to zero. This leads to the following
equation:

Mopt =
√

9.9 log10(δpδs) + 8.6

18.75�F log10(δpδs)
. (14)

Generally speaking, 9.9 log10(δpδs) is much larger than 8.6. If we ignore 8.6 and
make a minor compensation, a simplified estimation of Mopt is obtained,

Mopt ≈ 1√
2.25�F

. (15)
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Table 7. Filter specifications for eight design examples

Design example f p fs δp δs

I 0.105 0.107 0.01 3.16 × 10−3

II 0.145 0.149 0.01 3.16 × 10−3

III 0.185 0.191 3.16 × 10−3 3.16 × 10−3

IV [31] 0.2 0.201 0.01 0.001
V 0.225 0.233 0.01 0.001
VI 0.265 0.274 0.0316 1.0 × 10−4

VII [20] 0.3 0.305 0.01 0.01
VIII 0.385 0.388 0.01 0.01

6. Design examples

To verify the accuracy of the proposed design equations, we selected eight de-
sign examples with normalized passband edges ranging from 0.105 to 0.385 and
normalized transition bandwidth from 0.001 to 0.009. Two of the examples were
taken from [20] and [31], respectively. The details of the filter specifications
are listed in Table 7. All filters were jointly optimized using the SQP technique.
Table 8 shows the comparisons between the estimated filter design parameters and
actual designs. It is clear from Table 8 that (15) gives a much better estimation
of the interpolation factor than (1) [21] and (2) [31]. The estimated lengths of
the bandedge shaping filters, Na , are very close to those of the real designs. In
fact, the differences between the estimated and actual lengths are less than 3
for all examples. The estimations for the total length of the two masking filters,
NMsum , show a significant improvement over that of Kaiser’s equation (3). The
new estimations are very close to the actual design, except for examples V and
VI, where the relative errors are about 11% and 16%, respectively. Note that in
example VI the optimal interpolation factor differs from the calculated one. This
might be the reason why there is a large error in the estimation of the masking
filter lengths.

The eight examples presented above show that the proposed design equations
are accurate for the optimal interpolation factor and the length of the bandedge
shaping filter. The estimated total masking filter length serves as a good starting
point for the design of an FRM filter. Apart from the accuracy of the proposed
design equations, the proposed (15) leads to designs with fewer coefficients. Tak-
ing example IV [31], the interpolation factor M estimated by (15) yields a design
with a total of 257 coefficients, i.e., Na = 123, NMa = 56, and NMc = 78.
This compares favorably to the designs using interpolation factors of 16 and 18,
which require totals of 266 coefficients (Na = 161, NMa = 48, and NMc = 58)
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Table 8. Comparisons of interpolation factor and filter lengths

Design exampleEstimation and
actual value I II III IV [31] V VI VII [20] VIII

Estimated M
by (1) [21] 11 8 6 16 6 5 7 9

Estimated M
by (2) [31] 12 9 7 18 6 6 8 10

Estimated M
by proposed (15) 15 11 9 21 7 7 9 12

Actual optimum M 15 12 9 21 7 6 9 12
Estimated Na

by Kaiser’s equation 77 49 50 126 48 56 44 55
Estimated Na

by proposed (5) 77 49 50 123 48 55 46 56
Actual length Na 79 49 51 123 51 55 45 57
Estimated NMsum

by Kaiser’s equation 235 112 102 228 114 101 73 119
Estimated NMsum

by proposed (12) 83 67 57 126 45 43 47 60
Actual length NMsum 82 72 58 132 40 36 46 60

and 259 coefficients (Na = 149, NMa = 71, and NMc = 39), respectively.
Note that interpolation factor 16 is estimated by (1) [21] and 18 is found through
(2) [31]. For design example VII [20], the best design requires 91 coefficients,
i.e., Na = 45, NMa = 19, NMc = 27, with an interpolation factor of 9 calculated
using (15). For the interpolation factors of 7 and 8 estimated by (1) and (2),
respectively, the corresponding designs use 95 coefficients (Na = 59, NMa = 11,
NMc = 25) and 93 coefficients (Na = 51, NMa = 27, NMc = 15).

It is worth noting that the proposed design equations are applicable to FRM
filters synthesized with other nonlinear optimization techniques [26]–[28], [31],
[33], [34], [38] although they are derived based on the FRM filters designed by the
SQP technique. The reason is that the use of nonlinear optimization techniques is
intended to produce a globally optimized design, e.g., a filter with a minimum
number of coefficients satisfying the given specifications. Hence, no matter what
methods are used, the resulting FRM filters should approach the same destination,
i.e., the final filter could be quite similar. One of the evidences is example IV [31].
The filter is optimized by the second algorithm of Dutta and Vidyasagar, yet the
actual design agrees well with the proposed equations.
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7. Conclusions

In this paper, we have presented a set of new design equations for the estimation
of the length of the bandedge shaping filter, the total length of two masking
filters, and the optimum interpolation factor for a jointly optimized FRM filter.
It is shown that an accurate optimum interpolation factor can be found if Kaiser’s
filter length estimation formula is modified for the bandedge shaping filter and the
total length of the masking filters. Design examples confirmed the accuracy of the
proposed design equations.
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