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Abstract—Hilbert transformers and half-band filters are two
very important special classes of finite-impulse response filters
often used in signal processing applications. Furthermore, there
exists a very close relationship between these two special classes of
filters in such a way that a half-band filter can be derived from a
Hilbert transformer in a straightforward manner and vice versa.
It has been shown that these two classes of filters may be syn-
thesized using the frequency-response masking (FRM) technique
resulting in very efficient implementation when the filters are very
sharp. While filters synthesized using the FRM technique has been
characterized for the general low-pass case, Hilbert transformers
and half-band filters synthesized using the FRM technique have
not been characterized. The characterization of the two classes of
filter is a focus of this paper. In this paper, we re-develop the FRM
structure for the synthesis of Hilbert transformer from a new per-
spective. This new approach uses a frequency response correction
term produced by masking the frequency response of a sparse co-
efficient filter, whose frequency response is periodic, to sharpen the
bandedge of a low-order Hilbert transformer. Optimum masking
levels and coefficient sparseness for the Hilbert transformers are
derived; corresponding quantities for the half-band filters are
obtained via the close relationship between these two classes of
filters.

Index Terms—Finite-impulse response (FIR) digital filter, fre-
quency-response masking (FRM), Hilbert transformer, half-band
filter, sparse coefficient filter.

I. INTRODUCTION

THROUGHOUT this paper, the phrase “a filter ”
refers to a filter whose -transform transfer function is
. We shall also denote the frequency response of by

. Furthermore, by the phrase “a filter ,” we refer
to the filter whose frequency response is .

The conventional frequency-response masking (FRM) struc-
ture shown in Fig. 1 was first introduced in [1]. It has been
used very successfully for the synthesis of very sharp low-pass,
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Fig. 1. Structure of a filter synthesized using the FRM technique. All the
subfilters are assumed to be zero phase. Causality can be restored by introducing
appropriate delays into the subfilters.

high-pass, and bandpass filters with extremely low complexity.
Further improvements on the structure, powerful specialized op-
timization algorithms, and interesting applications have been
developed by many authors for the FRM [2]–[24] technique.

It was shown in [2] that the FRM technique can also be used to
synthesize half-band filters. Since every other coefficient value
of a half-band filter is zero, the various estimation formulae de-
rived in [4] are no longer applicable.

A Hilbert transformer with odd length may be derived from
a low-pass half-band filter by discarding the centre coefficient,
multiplying its th coefficient by , and scale up the co-
efficient values by a factor of two. Making use of this close re-
lationship between a Hilbert transformer and a half-band filter,
[3] illustrated the synthesis of a Hilbert transformer using the
FRM technique. Although [2] and [3] illustrated the applica-
tion of the FRM technique for the synthesis of Hilbert trans-
former and half-band filter, important information on the coef-
ficient sparseness for the bandedge shaping filter and the
optimum masking levels were not presented.

In this paper, we adopted a new approach toward the syn-
thesis of filters using the FRM technique. In this new approach,
the Hilbert transformer is synthesized as a parallel connection of
two filters. One of these two filters is a low-order Hilbert trans-
former. The other one is a series connection of a masking filter
and a sparse coefficient bandedge shaping filter producing a cor-
rection term that sharpens the bandedge of the low-order Hilbert
transformer.

A Hilbert transformer with odd length can be derived from
one with even length by replacing each in the -transform
transfer function of the even length Hilbert transformer by ;
this will cause the transition width to shrink by a factor of two.
As a result of this straightforward relationship between the odd
length and even length Hilbert transformers, the odd length
Hilbert transformer will not be discussed in this paper.

1057-7122/$20.00 © 2005 IEEE
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Fig. 2. Structure for the synthesis of a Hilbert transformer using the FRM
technique.

Our new FRM approach is presented in Section II. In the
FRM technique, each delay of a prototype bandedge shaping
filter is replaced by delays. The optimum estimate for is
presented in Section III together with the estimates for the re-
sulting complexity and effective filter length. The application of
our new FRM technique to the design of a Hilbert transformer
for suppressing acoustic feedback is presented in Section IV;
a factor of 9 reduction in the number of nontrivial coefficients
is achieved when compared to the Chebyshev optimum design.
Further reduction in the complexity of the filter may be achieved
by considering a multi-level masking structure; this is presented
in Section V. A two level-masking design is presented in Sec-
tion VI to meet the requirement of the example of Section IV.
The two-level masking approach produces a factor of 17 reduc-
tion in the number of nontrivial coefficients comparing to the
Chebyshev optimum design.

II. HILBERT TRANSFORMER SYNTHESIZED

USING FRM TECHNIQUE

The -transform transfer function of a Hilbert trans-
former with length , where is an even integer, is given by

(1)

In (1), is the th impulse response. Since is even, its
group delay, given by , is not an integer and the filter
is said to have “half-sample delay”.

Fig. 2 shows the structure for implementing the Hilbert trans-
former using the FRM technique. The -transform transfer func-
tion for the overall filter is given by

(2)

It is a system of subfilters consisting of a parallel connection of
two branches. One of the parallel branches consists of a basic
filter . The other branch consists of a cascade of a band-
edge sharpening filter and a masking filter .
The basic filter provides a low-order approximation (with
wide transition width) to the desired specification. The cascade
of and provides a transfer function correction
term for sharpening the transition band.

Let the lengths of , and be ,
and , respectively. The length of will be

. The delay introduced by and that
introduced by must be the same; otherwise,
pure delays must be introduced into the shorter one to equalize

Fig. 3. Frequency responses of the subfilters for even lengthH (z). Note that
� =M = 2��. 2�� is the transition width of the desired transfer function.

them. In order to avoid inserting half-sample delay in the
implementation, the parity of and that of
must be the same. Furthermore, must have
anti-symmetrical impulse response.

Consider a wide transition band Hilbert transformer
as shown in Fig. 3(a) where is even. The computational
complexity of is low since its transition band is wide.
Now consider a transition band correction filter as
shown in Fig. 3(b). When is added to , a
sharp transition band Hilbert transformer, , as shown
in Fig. 3(c) is obtained. Our objective is to design a very low
complexity filter using the FRM technique. Consider
a bandedge shaping filter as shown in Fig. 3(d). The
complexity of is low because it has wide transition
width. Replacing each delay of by delays, a filter

as shown in Fig. 3(e) is obtained. A masking filter
as shown in Fig. 3(f) is used to mask the unwanted

passbands of to produce the frequency response
as shown in Fig. 3(b). has low complexity

because its frequency response has a wide transition band. Since
the length of is even, the length of , i.e.,

, must also be even. If is even, must
also be even. If is odd, and must have different
parities. By considering the gain of in the vicinity
of , it is clear that has symmetrical impulse
response. Thus, must have anti-symmetrical impulse
response to satisfy the condition that must
have anti-symmetrical impulse response.

The bandedges of and are the same. Let the
bandedge of be as shown in Fig. 3. Let the bandedge
of be . As can be seen from Fig. 3, .
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III. OPTIMUM FOR EVEN LENGTH HILBERT TRANSFORMERS

Joint simultaneous optimization of , and
is a nonlinear optimization problem and can be solved

by general purpose or specialized optimization packages.
Nevertheless, regardless of the optimization packages used, it
is necessary to determine the value of before initiating the
optimization process.

Let the transition width of the desired Hilbert transformer be
where is the sampling frequency and let its passband

ripple magnitude be . It is shown in Appendix I that, for
, the filter length, , of the Chebyshev optimum design is

given by

(3)

The length of may be estimated from the Chebyshev
polynomial

(4a)
(4b)

where

(4c)

Equation (4c) maps from 0 to into from to . Let
has unity gain at and let the peak stopband ripple

magnitude of be . It can be shown that

(5)

Let . For

(6a)

where

(6b)

Since the desired transition width is , the transition width
of is . Thus, its length is

(7)

The transition width of is and is
given by

(8)

The transition width of is the same as that of .
Thus

(9)

The total number of nontrivial coefficients, , is given
by

TABLE I
VALUES OF � (�);� (�) AND � (�)=� (�)

(10)

It can be shown by differentiating (10) with respect to and
equating the derivative to zero that, for small , the value of

, denoted by , corresponding to the minimum value of
is given by

(11a)

Several values of and for
ranging from 0.1 to 0.000 01 are tabulated in Table I. As can be
seen from Table I, for

. This further simplifies (11a) to

(11b)

For given by (11a)

(12a)

For given by (11a) and

(12b)

For , it can be easily shown from (3) and
(12) that for . Thus, our new
FRM technique will produce a design with a smaller number of
nontrivial coefficients than that of the Chebyshev optimum de-
sign if the transition width of the desired Hilbert transformer
is less than . For an audio signal sampled at 48 kHz
(44.1 kHz), our new FRM technique will produce a saving in
complexity comparing to the Chebyshev optimum design if fre-
quency components below 5.2 kHz (4.8 kHz) must be faithfully
transformed.

The effective length of the filter designed using our new
FRM technique is given by

(13)

From (3), (7), (9), (11), and (13)

(14)

In (14), the term 0.86 represents the fractional increase in
filter length when compared to the Chebyshev optimum design.
The fractional increase is less than 10% for .
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Fig. 4.Frequency shifter is inserted to suppress oscillation due to acoustic
feedback.

TABLE II
COEFFICIENT VALUES OF H (z)

IV. EXAMPLE

A problem often encountered in an acoustic feedback system
is oscillation due to feedback. Such oscillation can be sup-
pressed by inserting a frequency shifter into the system as
shown in Fig. 4. The frequency shifter shifts the frequency by
an adjustable amount ranging from 0 to 5 Hz. A shift of 2 Hz
produces no noticeable distortion to most people. The imple-
mentation of the shifter requires a sharp Hilbert transformer if
low frequency components must also be faithfully shifted.

In a particular system, the application required a Hilbert trans-
former with the following specifications. Sampling rate: 32 kHz.
Lower-bandedge: 20 Hz. Peak ripple magnitude: 0.0001.

The above requirements correspond to .
In order to reduce the arithmetic complexity of the Hilbert
transformer further, we chose an odd length filter with pass-
band spanning from 20 to 15 980 Hz. The design was done
by first designing an even length Hilbert transformer with

. The even length Hilbert trans-
former was then converted to an odd length Hilbert transformer
by replacing the variable of its -transform transfer function
by . The transition width shrank from 0.001 25 to 0.000 625
when was replaced by . The estimated length of a direct
form even length Chebyshev optimum design meeting the
specification was 2000. Using our FRM technique, the value of

suggested by (11a) was 18.8. The values of , and
estimated from (7), (8), and (9) for were 106.6, 48.8,
and 61.4, respectively. The optimization algorithm reported
in [19] was used to optimize the subfilters and a design with

, and was obtained. The total
number of nontrivial coefficient was . It
was only about 10.7% of the 2000 nontrivial coefficients of the

TABLE III
COEFFICIENT VALUES OF H (z)

TABLE IV
COEFFICIENT VALUES OF H (z )

Chebyshev optimum design. The effective length of the Cheby-
shev optimum design (after replacing by ) was 3999. The
effective length of our FRM design (after replacing by )
was 4107; it was only about 2.7% longer than the Chebyshev
optimum design. The coefficient values of the subfilters (after
replacing by or which ever is appropriate) of the
odd length Hilbert transformer are tabulated in Tables II–IV.
The passband ripple of the overall filter is shown in Fig. 5 and
the frequency responses of the various subfilters are shown in
Fig. 6.

V. MULTI-LEVEL FRM

If the transition width of the required filter is very narrow, the
lengths of and may still be very long. In
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Fig. 5. Passband ripples of the Hilbert transformer.

Fig. 6. Frequency responses of the individual subfilters. (a) H (e ),
(b) H (e ), (c) H (e ), (d) H (e )H (e ), (e) H (e ) +
H (e )H (e ).

this case, a multi-level FRM technique may be employed to fur-
ther reduce the complexity. In the multi-level FRM technique,
we define

(15)

where is defined as unity.
Consider a -level masking structure. The case for

is shown in Fig. 7. Let the lengths of , and
be , and , respectively. Estimates for

, and for even values of and are
given in

(16a)

(16b)

(16c)

The total number of nontrivial coefficients, of a
-level masking design is given by

(17)

The optimum values of are equal to
where

(18)

For given in (18), we have

(19)

The total number of nontrivial coefficients, , of a
-level masking design is given by

(20a)

(20b)

The values of for sev-
eral values of and are tabulated in Table V. It
can be seen from Table V that, for a given value of

decreases initially with
increasing until it reaches a minimum and then increases
with increasing . The value of that will yield the minimum
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TABLE V
VALUES OF (K + 1)2:32 � FOR SEVERAL VALUES OF �

AND K . RESULTS FOR K = 0 CORRESPOND TO THOSE WITHOUT

USING OUR PROPOSED FRM TECHNIQUE

Fig. 7. Three-level masking structure.

value of depends on the value
of .

It can be shown by manipulating (20a) that
if

(21a)

where

(21b)

The value of that minimizes , denoted by , sat-
isfies the constraint

(22)

The optimum values of for various transition widths are tab-
ulated in Table VI. If is selected to minimize based
on (20), it can be shown by considering (20a) and (18) that

is bounded by

(23)

TABLE VI
RANGES OF � CORRESPONDING TO VARIOUS VALUES OF K FOR

MINIMUM N (�)

Note that both

and

approach (the base of the natural logarithm) as
approaches infinity. Thus, approaches as

approaches zero. It is also interesting to note that
also approaches as ap-

proaches infinity.
The effective length of the filter is given by

(24)

In (24), the term
represents the fractional increase in filter length when com-
pared to the Chebyshev optimum design. For ,
we have

, and applying the result
of (18)

(25)

For
. Thus, as for the case where

, the FRM technique will produce a Hilbert transformer
whose length is about 25% longer than that of the Chebyshev
optimum design.

VI. TWO-LEVEL MASKING EXAMPLE

For the acoustic feedback suppression example in Sec-
tion IV, the optimum value of as listed in Table VI was 5
(corresponding to ). The value of
predicted from (20a) was 90; it is smaller than the Chebyshev
optimum design of 2000 by a factor of 22! However, the actual
selection of the value of depends on several factors. One
of the most important factors influencing the selection of
is the availability of user friendly and reliable optimization
packages. The difficulty faced in the design process increases
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TABLE VII
COEFFICIENT VALUES OF H (z)

TABLE VIII
COEFFICIENT VALUES OF H (z)

TABLE IX
COEFFICIENT VALUES OF H (z )

TABLE X
COEFFICIENT VALUES OF H (z )

with increasing ; optimization algorithms become less user
friendly as increases. Instead of choosing , we
choose to illustrate the advantage that can be gained
in multi-level masking. For two-level masking, the estimated
values were

. A design with
, and

, and was obtained. The total number of
nontrivial coefficient was . This
is only 6% of the 2000 nontrivial coefficients of the Chebyshev
optimum design; the saving was a factor of 17. The effective
length of our FRM design (after replacing by ) was 4339;
it was only 8.5% longer than the Chebyshev optimum design.
The coefficient values of the subfilters (after replacing by

or which ever is appropriate) are tabu-
lated in Tables VII– XI. The passband ripple of the overall filter
is shown in Fig. 8 and the frequency responses of the various
subfilters are shown in Fig. 9.

TABLE XI
COEFFICIENT VALUES OF H (z )

Fig. 8. Passband ripples of the Hilbert transformer. The frequency axis is
normalized against the sampling frequency.

VII. HALF-BAND FILTER

An odd length low-pass half-band filter may be derived from
an even length Hilbert transformer by scaling all the coefficient
values of the Hilbert transformer by a factor of half , in-
serting a zero value coefficient between two coefficients, multi-
plying its th coefficient by , and replacing the centre
coefficient by . The factor of two reduction in transition
width due to inserting a zero between every two coefficients is
nullified by the factor of two increase in transition width when
the centre coefficient is inserted to raise the fre-
quency response of the Hilbert transformer to become that of the
half-band filter. Since the coefficient values have been scaled by
half, the ripple magnitude of the resultant half-band filter is half
that of the original Hilbert transformer. Taking this into con-
sideration, the set of equations for the half-band filter may be
obtained from that for the Hilbert transformer by replacing by

. Specifically, for a half-band filter, (18) becomes

(26)

and (22) becomes

(27)

VIII. WITH SPECIAL PROPERTIES

In the examples presented in Sections IV and VI, was
optimized to minimize the overall complexity of the Hilbert
transformer. However, it should be noted that can be any
low-order Hilbert transformer implemented using any structure
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Fig. 9. Frequency responses of the individual subfilters and the overall filter.

such as those in [25]–[27] and can be designed independent on
and . The frequency responses of and

are than optimized as a correction term to sharpen the
frequency response of the overall filter. In this case, the fre-
quency response of the overall filter at the vicinity of is
determined mainly by and . If the attenuation
of is very high for frequencies far away from ,
the characteristics of the frequency response of the overall filter
will be similar to that of for frequencies far away from

. Nevertheless, the overall complexity of the filter will be
higher than that where , and are jointly
optimized.

IX. CONCLUSION

A set of equations for characterizing the Hilbert transformer
based on the implementation structure shown in Fig. 7 have been
derived. It is also demonstrated that, in an acoustic feedback
oscillation suppression example, the FRM technique produced
a Hilbert transformer with reduction in the number of nontrivial
coefficients by a factor of 17 when compared to the Chebyshev
optimum design.

APPENDIX I

The expression [28] relating the length , of a low-pass
filter to its passband and stopband ripples, and , respec-
tively, and its normalized transition width is

A Hilbert transformer may be derived from a low-pass half-band
filter by discarding the centre coefficient, multiplying its th co-
efficient by , discarding trivial coefficients, and scale
up the coefficient values by a factor of two. Replacing

we have

where
.
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