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Abstract The conventional frequency response masking (FRM) approach is one of
the most well-known techniques for the design of sharp transition band finite impulse
response (FIR) digital filters. The resulting FRM digital filters permit efficient hard-
ware implementations due to an inherently large number of zero-valued multiplier
coefficients. The hardware complexity of these digital filters can further be reduced
by representing the remaining (non-zero) multiplier coefficient values by using their
canonical signed-digit (CSD) representations. This paper presents a novel diversity-
controlled (DC) genetic algorithm (GA) for the discrete optimization of bandpass
FRM FIR digital filters over the CSD multiplier coefficient space. The resulting band-
pass FIR digital filters are permitted to have equal or unequal lower and upper tran-
sition bandwidths. The proposed DCGA is based on an indexed look-up table of per-
missible CSD multiplier coefficients such that their indices form a closed set under
the genetic operations of crossover and mutation. The salient advantage of DCGA
over the conventional GA lies in the external control over population diversity and
parent selection, giving rise to a rapid convergence to an optimal solution. The exter-
nal control is achieved through the judicious choice of a pair of DCGA optimization
parameters. An empirical investigation is undertaken for choosing appropriate val-
ues for these control parameters. The convergence speed advantages of the DCGA
are demonstrated through its application to the design and optimization of a pair of
bandpass FRM FIR digital filters with equal or arbitrary lower and upper transition
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bandwidths. In both cases, an increase of about an order of magnitude in the speed of
convergence is achieved as compared to the conventional GAs.

Keywords FRM approach · FIR digital filters · DCGAs · CSD number system

1 Introduction

A vast body of literature is available for the design and optimization of linear phase
finite impulse response (FIR) digital filters. These digital filters exhibit guaranteed
non-linear/linear stability features and low coefficient sensitivities, in addition to
possessing constant group delays [15]. Linear phase FIR digital filters with sharp
transition bands find many important practical applications, e.g. in digital audio sys-
tems [7]. However, the order of such filters is usually inversely proportional to the
width of their transition bands, implying that their orders become prohibitively large
for narrow transition bandwidths. Since the number of addition and multiplication
operations carried out by the digital filter in each sampling interval is directly propor-
tional to the filter order, FIR digital filters with large orders entail high computational
complexities. To this end, plenty of research has been directed towards developing
new design techniques which reduce the computational complexity of linear phase
FIR digital filters having sharp transition bands (e.g. [16]).

The frequency response masking (FRM) approach is one of the most efficient
techniques for the design of sharp transition band FIR digital filters. Given a set of
design specifications, the order of an FRM FIR digital filter is only slightly longer
than that of the corresponding conventional direct-form FIR digital filter. This is
made possible by realizing a sharp transition band FRM FIR digital filter in terms
of a combination of a pair of interpolated bandedge shaping and a corresponding
pair of gradual-transition band masking FIR digital sub-filters. This causes a substan-
tial reduction in the computational complexity of the overall FRM FIR digital filter,
mainly due to a relatively large number of zero-valued multiplier coefficients in the
constituent interpolated FIR digital sub-filters [8].

The non-zero valued multiplier coefficients in FRM FIR digital filters can be de-
termined in infinite precision by separate optimization of the masking and bandedge
shaping digital sub-filters, e.g. by using the existing gradient-based optimization tech-
niques such as the Parks–McClellan approach. Other gradient-based optimization
techniques for FRM digital filters include the weighted least-squares approach [23]
and the semi-definite [12] and second-order cone programming [13] approaches. Re-
cently, a more attractive technique based on non-linear programming was developed
[17] (see also [22]) for the joint optimization of the constituent digital sub-filters,
leading to a substantial reduction in the number of addition and multiplication opera-
tions in the realization of the overall FRM digital filter. A further reduction was also
possible by constructing the corresponding masking digital sub-filters in terms of a
common part.

In an actual hardware/software implementation of the FRM FIR digital filter,
the constituent non-zero valued multiplier coefficients are quantized to their finite-
precision counterparts, e.g. by using their signed-power-of-two (SPT) representa-
tions [11]. The SPT multiplier coefficient value representation leads to a multiplier-
free digital filter, as made possible by replacing the required multiplication operations
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by a finite number of shift and add operations [24]. In [6], a simulated annealing ap-
proach was developed for the discrete optimization of FRM digital filters over the
SPT multiplier coefficient space.

The SPT representation of a given number is non-unique, causing redundancy in
the multiplier coefficient representation. This redundancy can potentially increase the
corresponding computational complexity due to repetitive recourse to the “compare”
logic operation. In order to circumvent this problem, one may resort to special cases
of the SPT number system, e.g. the canonical signed-digit (CSD) or the canonical
double-base number systems [2, 3]. These number systems are capable of represent-
ing multiplier coefficient values uniquely by restricting the resulting number of non-
zero digits.

After the quantization of the infinite-precision multiplier coefficient values, the
frequency response of the FRM FIR digital filter may no longer satisfy the initial
design specifications. As a result, optimization techniques have to be employed once
again to obtain a finite-precision digital filter that satisfies the given design specifica-
tions.

In [10], it was demonstrated that, by using integer programming over the SPT
multiplier coefficient space, the frequency response of FIR digital filters can be op-
timized to meet very stringent design specifications. In the case of FRM FIR digital
filters, however, this optimization technique proves to be time consuming and results
in sub-optimal solutions. This generally stems from a separate optimization of the
constituent digital sub-filters.

Genetic algorithms (GAs) have emerged as an efficient alternative for the op-
timization of both finite-precision FIR and infinite impulse response digital filters
[3, 20]. These algorithms are based on an evolution of a population pool consisting
of candidate solutions from one generation to the next in the process of arriving at
the desired optimal solution. GAs are capable of automatically finding near-optimum
solutions to discrete optimization problems while keeping the computational cost
low [20]. In [25], a GA was applied to the design of an SPT quadrature mirror lattice
filter bank.

The conventional GAs do not search the solution space robustly, mainly due to a
lack of mechanisms through which entrapment at local optima can be successfully
avoided. In [1], a simulated annealing approach was employed to improve the con-
vergence speed.

In [18, 19], Shimodaira developed a diversity-controlled (DC) GA that circum-
vents the problem of convergence speed by allowing external control over the diver-
sity of the population pool. This external control prevents premature convergence to
a local optimal solution, increasing the speed of convergence of the DCGA towards
a global optimum solution.

In this paper, the DCGA approach is exploited for the design and optimization
of bandpass FRM FIR digital filters over the fixed radix point CSD multiplier coef-
ficient space, where the multiplier coefficients are permitted to have a prespecified
wordlength W , and a prespecified maximum number of non-zero digits w. Moreover,
an empirical investigation is undertaken for the judicious choice of the DCGA control
parameters for rapid optimization of FRM FIR digital filters.

The rest of this paper is organized as follows: Sect. 2 is concerned with the design
of bandpass FRM FIR digital filters with equal or arbitrary upper and lower transition
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bandwidths. Section 3 presents a review of the DCGA together with a discussion
of the effect of the corresponding control parameters on the speed of convergence.
Section 4 presents the details of the proposed DCGA for the optimization of finite-
precision FRM FIR digital filters. Section 5 illustrates the proposed GA optimization
through its application to the design of a pair of bandpass FRM FIR digital filters
with equal and unequal lower and upper transition bands over the CSD multiplier
coefficient space. Empirical results are also given for selecting the DCGA control
parameters. Section 6 summarizes the main conclusions of the paper.

2 Design of Bandpass FRM FIR Digital Filters

The conventional FRM approach [8] concerns the design of lowpass FIR digital fil-
ters in terms of a pair of interpolated bandedge shaping and a corresponding pair
of lowpass masking digital sub-filters. This approach can easily be extended to a
direct design of bandpass (bandstop, respectively) FIR digital filters by employing
bandpass (bandstop, respectively) masking digital sub-filters instead [14]. However,
the resulting FRM FIR digital filters will exhibit identical lower and upper transition
bandwidths.

In order to permit different lower and upper transition bandwidths, one can realize
a bandpass (bandstop, respectively) FIR digital filter indirectly, i.e. in terms of a cas-
cade (parallel, respectively) combination of a pair of lowpass and highpass FRM FIR
digital filters. In [21], the indirect approach was applied to the design of bandstop
FIR digital filters employing different interpolation factors for the realization of the
constituent lowpass and highpass FIR digital filters. In this paper, a similar approach
is developed for the design of the corresponding bandpass FIR digital filters having
unequal or equal lower and upper transition bandwidths.

To this end, let the desired bandpass FIR digital filter HBP(z) = YBP(z)/XBP(z)

have a lower transition bandwidth of �l and an upper transition bandwidth of �u,
where XBP(z) and YBP(z) represent, respectively, the input and output signals as-
sociated with the bandpass FIR digital filter HBP(z). Let us decompose HBP(z) in
accordance with

HBP(z) = HLP(z)HHP(z), (1)

where HLP(z) = YLP(z)/XLP(z) represents a lowpass and HHP(z) = YHP(z)/XHP(z)

represents a highpass FRM FIR digital filter. In this way, HLP(z) is of the form [21]

HLP(z) = z
−MLP(NLP−1)

2 Hmbl(z) + Hdl(z)Hal(z
MLP) (2)

where

Hdl(z) = Hmal(z) − Hmbl(z), (3)

and where NLP represents the order of Hal(z). In (2), Hal(z
MLP) represents the MLP-

interpolated version of the bandedge shaping digital sub-filter Hal(z), and Hmal(z),
Hmbl(z) represent the corresponding lowpass masking digital sub-filters.
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The highpass FRM FIR digital filter HHP(z) in (1) can be represented in much the
same way as [21]

HHP(z) = z
−MHP(NHP−1)

2 Hmbh(z) + Hah(z
MHP)Hdh(z) (4)

where

Hdh(z) = Hmah(z) − Hmbh(z), (5)

and where NHP represents the order of Hah(z). In (4), Hah(z
MHP) represents the MHP-

interpolated version of the bandedge shaping digital sub-filter Hah(z), and Hmah(z)

and Hmbh(z) represent the corresponding highpass masking digital sub-filters.
A first approximation to the optimum value of MLP(HP) is given by [5, 9]

MLP(or HP) = 1
√

α�l(or u)

, (6)

where α = 4 in the case of a separate optimization of the constituent bandedge shap-
ing and masking digital sub-filters. However, in the case of a joint optimization of
the constituent digital sub-filters, an empirical investigation led to α = 2.25 in [22],
while an analytical investigation in [17] led to α = 2.4. In this paper, a better approx-
imation for the interpolation factor M is obtained by tabulating the overall bandpass
FRM FIR digital filter order as a function of MLP and MHP in the vicinity of the first
approximations for MLP and MHP with α = 2.4, and by selecting the MLP and MHP
values which lead to a minimum overall FRM digital filter order.

The lower (upper) transition bandwidth �l(u) is governed by the constituent tran-
sition bandwidth of the highpass (lowpass) FRM FIR digital filter.

The realizations for HLP(z), HHP(z) and the desired overall HBP(z) are shown in
Figs. 1, 2 and 3.

Fig. 1 Realization of lowpass FRM FIR digital filters [21]

Fig. 2 Realization of highpass FRM FIR digital filters [21]
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Fig. 3 Synthesis structure for bandpass FRM FIR digital filters

3 Diversity-Controlled GAs

GAs are optimization techniques which are based on the process of natural selection
and biological evolution [4, 25]. They begin with a seed chromosome which is usually
represented as a bit-string. Then, an initial population pool of additional candidate
chromosomes is obtained by randomly complementing bits in the seed chromosome.
Based on the initial population pool, the GA proceeds from one generation to the
next to arrive at a chromosome representing an optimal solution to the optimization
problem.

In order to obtain the next-generation population pool, a mating pool is formed
by randomly selecting chromosomes from the current population pool by evaluating
their fitness function. Then, pairs of parent chromosomes in the mating pool undergo
the process of reproduction by employing the genetic operations of crossover and mu-
tation. The resulting offspring chromosomes become members of the next-generation
population pool. In the process of forming the mating pool, non-elite chromosomes
(i.e. chromosomes with low fitness values) are also added to the population pool in
order to increase the population diversity. The genetic operations of crossover and
mutation are performed repeatedly from one generation to the next until a prespeci-
fied termination condition is reached.

Despite the fact that GAs are excellent choices for discrete optimization problems,
they do not search the solution space robustly, mainly due to a lack of mechanisms
through which entrapment at local optima could be successfully avoided. This leads
to premature convergence, which is usually the result of a quick decrease in popula-
tion diversity.

To circumvent this problem, Shimodaira [19] developed the DCGA, where the
search is made effective by keeping track of current chromosomes which have low
fitness values but which have the potential of evolving to individuals with high fitness
values in future generations. In addition, the diversity of a population pool is con-
trolled externally by removing duplicate chromosomes from the current population
pool. In this way, chromosomes for the next-generation population pool are selected
probabilistically on the basis of their distances from the current chromosome having
the highest fitness value. However, the latter chromosome itself is left intact from one
generation to the next, as it may indeed be in the vicinity of the global optimum.

The DCGA begins by forming an initial population pool P(0) of N candidate
chromosomes, obtained by randomly complementing bits in a seed chromosome,
where the seed chromosome itself is obtained by using the design variables specific
to the optimization problem at hand. Subsequently, the DCGA proceeds to the next-
generation population pool P(t + 1) from the current-generation population pool
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P(t) (with t representing the current generation number, where t = 0 initially) as
summarized in the following steps [19].

3.1 Design Steps

• To select parents for reproduction, each chromosome in P(t) is chosen only once
as a parent. In this way, N/2 parent pairs are formed to undergo the genetic op-
erations of crossover and mutation. Two offspring chromosomes are produced per
parent pair, resulting in N offspring chromosomes. Let the resulting N offspring
chromosomes be represented by C(t + 1).

• The chromosomes in P(t) and C(t + 1) are combined to form a large population
pool M(t + 1) of size 2N . The chromosomes in M(t + 1) are evaluated by using
a fitness function, where the corresponding fitness value signifies how closely the
design objectives and/or constraints are satisfied.

• In order to form the next-generation population pool P(t + 1), chromosomes in
M(t + 1) are selected on the basis of a cross-generational probabilistic survival
selection (CPSS) [18] scheme as follows:

1. All chromosomes in M(t + 1) which have the same exact bit representation are
replaced by one chromosome in order to avoid premature convergence in later
generations. This maintains diversity in the population pool.

2. To form the next-generation population pool P(t +1), the chromosome with the
highest fitness value in P(t) is selected at the outset. Subsequently, the CPSS
scheme is employed to select as many of the required N − 1 chromosomes
as possible from M(t + 1). To this end, if the CPSS scheme leads to fewer
chromosomes than required, then the remaining chromosomes are formed by
randomly complementing the bits in the chromosome with the highest fitness
value in P(t). Conversely, if the CPSS scheme leads to more chromosomes
than required, then the first N − 1 chromosomes are selected. The probability
of selection of chromosomes in CPSS is given by

ps = [
(1 − c) ∗ (h/L) + c

]α
, (7)

where L represents the chromosome length, and where h represents the num-
ber of bit locations at which a given chromosome differs from the chromosome
with the highest fitness value in the population pool (i.e. the Hamming distance
between the two chromosomes). Moreover, c and α represent control parame-
ters with c representing the shape coefficient and α representing the exponent.
The control parameters c and α are used to maintain an external control over
the population diversity. In order to avoid premature convergence on the one
hand, and to obtain an optimal solution as rapidly as possible on the other, an
appropriate level of diversity must be maintained in the population pool. This is
achieved by striking a balance between the number of candidate chromosomes
which are quite similar to or quite different from the chromosome with the high-
est fitness value. As there are no analytical solutions available for c and α, their
values must be selected empirically. In particular, if the fitness function has a
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few local optima only, then by using a high value of c and/or a small value of α,
one can achieve a rapid convergence to an optimal solution. On the other hand,
when the fitness function is multimodal, lower values of c and/or higher values
of α can be chosen to increase the probability of selecting chromosomes which
are different from the chromosome with the highest fitness value. However, we
point out that the speed of convergence to an optimal solution is, in general, a
function of both c and α values. This implies that one has to empirically find a
range of values for c and α in order to achieve rapid convergence [19].

3. A uniform random number is generated between 0 and 1, and if ps is greater
than this random number, then the candidate chromosome is selected for the
next-generation population pool (up to a total of N chromosomes).

• The above algorithm is repeated until an appropriate termination condition is
reached.

4 DCGA Optimization of FRM FIR Digital Filters

This section is concerned with the application of the DCGA to the development of a
novel technique for the design and optimization of FRM FIR digital filters over the
CSD multiplier coefficient space.

In his seminal paper [20], Suckley employed the conventional GA for the op-
timization of finite-precision FIR digital filters, where the seed chromosome was
formed by concatenating the binary representation of the constituent multiplier co-
efficient values. However, in the corresponding case of CSD multiplier coefficients,
the initial population pool obtained by complementing the selected bits in the seed
chromosome may include chromosomes which violate the CSD number system. The
same problem arises under the operations of crossover and mutation in the course of
optimization by the underlying GA. In this paper, these problems are resolved en-
tirely by employing an indexed look-up table (LUT) of permissible CSD multiplier
coefficient values such that the respective set of indices is closed under the GA oper-
ations of complementing bits, crossover and mutation. The resulting LUT is similar
in concept to that in [25], although derived differently [14].

Based on the above LUT, the seed chromosome is formed by concatenating the
binary indices of the CSD multiplier coefficient values (instead of concatenating the
ternary representations of the multiplier coefficient values themselves). As a result,
the seed chromosome will always result in chromosomes which conform to the orig-
inal CSD number system due to the closedness of the binary index set.

The proposed DCGA optimization proceeds in a step-by-step manner as follows.

1. Design of initial infinite-precision FRM FIR digital filter. The Parks–McClellan
approach is employed to design an initial infinite-precision FRM FIR digital filter
which satisfies the given design specifications. (We point out that the proposed
DCGA can be easily modified to begin with a CSD FRM FIR digital filter at the
outset.)

The design of bandpass and bandstop FRM FIR digital filters is carried out in
terms of the corresponding lowpass and highpass FRM digital filters HLP(z) and
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HHP(z), where HLP(z) and HHP(z) are themselves designed in terms of the digital
sub-filters Hal(h)(z), Hmal(h)(z) and Hmbl(h)(z).

2. Derivation of CSD LUT. An LUT of permissible CSD multiplier coefficient values
is formed to replace the infinite-precision multiplier coefficient values xj of the
above sub-filters by their corresponding fixed radix point CSD counterparts x̂j in
accordance with

x̂j =
W∑

i=1

Dji × 2R−i , (8)

where

Dji ∈ {1, −1, 0},
Dji × Dji+1 = 0,

W∑

i=1

|Dji | ≤ w,

(9)

where W and w have been defined previously, and where the integer R represents
a radix point in the range 0 < R < W . The CSD LUT is formed as a two-column
table, with one column including CSD multiplier coefficient values and the other
including their respective ordered indices. Let the infinite-precision multiplier co-
efficient values lie in the range {−cp,+cp}. Moreover, let W = WI + WF, where
WI represents the wordlength of the integer part, and where WF represents the
wordlength of the fractional part of the CSD multiplier coefficient values. Then,
WI must be chosen such that the integer part of cp can be represented in CSD
form without exceeding the wordlength W . WF, on the other hand, must be cho-
sen based on the precision requirements of the FRM FIR digital filter application.
Having decided on the values of W and w, the required LUT of CSD numbers is
generated exhaustively. The LUT is subsequently trimmed to a size of 2B , where
B is the largest integer such that 2B is less than or equal to the length of the LUT.
In this way, the length of the LUT may have to be enlarged initially, so that, after
trimming, the CSD LUT would still be capable of representing the integer part of
cp in WI digits.

3. Generation of seed CSD FRM FIR digital filter. Having obtained the above in-
dexed CSD LUT, the infinite-precision multiplier coefficient values are quantized
to their nearest CSD counterparts in the LUT. Subsequently, the indices of the
CSD multiplier coefficient values are converted to B-bit strings and concatenated
to form the desired seed CSD FRM FIR digital filter chromosome.

4. Generation of the population pool. By manipulating the resulting seed FRM FIR
digital filter chromosome, a population pool of N chromosomes is formed by
scanning the chromosome B bits (i.e. one index) at a time, and by complementing
the bth bit (with 1 ≤ b ≤ B , and with b = 1 representing the least significant bit)
randomly in accordance with the probabilistic relationship pF × 0.5B+1−b , where
pF is a fixed probability factor.

5. Genetic operations. The size of the population pool is initially increased from N

to 2 × N by using the following genetic operations.
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• Crossover operations. In the population pool of N chromosomes, N/2 pairs of
chromosomes are selected as parents so that no chromosome becomes a parent
more than once. These chromosome pairs undergo two-point crossover opera-
tions, reproducing two offspring chromosomes for each pair. The resulting off-
spring are then combined with the initial population pool of N chromosomes,
enlarging the population pool to 2 × N chromosomes.

• Mutation operations. Each member in the population pool of 2 × N chromo-
somes undergoes mutation operations in accordance with the probabilistic re-
lationship pM × 0.5B+1−b to enhance diversity, where pM is the probability of
mutation.

• Fitness evaluation. The fitness value of each of the 2×N FRM FIR digital filter
chromosomes is evaluated in accordance with

fitness1 = −20 log
[
max{εp, εs}

] + C, (10)

where

εp = max︸︷︷︸
ω∈�p

[
Wp

∣∣HLP(HP)

(
ejω

) − 1
∣∣] (11)

with �p representing the passband frequency region(s), and where

εs = max︸︷︷︸
ω∈�s

[
Ws

∣∣HLP(HP)

(
ejω

)∣∣] (12)

with �s representing the stopband frequency region(s). Here, Wp and Ws are
passband and stopband weighting factors, and C is a constant chosen so as
to render the fitness1 value in (10) non-negative. Unfortunately, even the fittest
chromosome inferred by fitness1 in (10) may not necessarily satisfy all the mag-
nitude response specifications. This is mainly due to the over-optimization of
the magnitude response over certain frequency points in the stopband which
occurs at the expense of (drastic) under-optimization of the magnitude response
over other frequency points.

The over-optimized frequency points in the stopband can be considered
as frequency points at which the overall magnitude response attenuation is
bounded by a range of attenuations [Al,Au] for some suitable Al and Au larger
than the specified stopband attenuation. Through empirical investigations it has
been found that suitable values for Al and Au are, respectively, 3 dB and 20 dB
larger than the specified stopband attenuation.

In order to circumvent the above over-/under-optimization problem, fitness1
in (10) is modified through the use of a penalty function

penalty =
P∑

i=1

|HLP(HP)(e
jω)|ω∈�̂s

P
(13)

in accordance with

fitness2 = fitness1 − β × penalty, (14)
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where �̂s represents the set of over-optimized frequency points (with P rep-
resenting the number of frequency points in �̂s), and where β is a weighting
factor. In this way, the penalty component in (14) penalizes all the stopband
frequency points in �̂s by rendering the respective chromosome less fit.

At the completion of fitness evaluation, the chromosomes are ranked and
duplicate chromosomes are eliminated to avoid affecting diversity adversely. In
the event that the resulting population pool does not contain a chromosome that
satisfies the given design magnitude response specifications, the DCGA opti-
mization proceeds to generate the next-generation population pool. Otherwise,
it terminates with the highest ranked chromosome declared as optimum.

6. The next-generation population pool is formed by using the CPSS in (7), where
the parameter L is given by

L = (
Nal(h) + Nmal(h) + Nmbl(h)

) × B, (15)

and where Nal(h), Nmal(h) and Nmbl(h) are the number of multiplier coefficients
in the sub-filters Hal(h)(z), Hmal(h)(z) and Hmbl(h)(z), respectively. The selected
chromosome is chosen as a candidate for the next-generation population pool if
pS is greater than a locally generated uniform random number. This process is
repeated until N chromosomes are identified for the next-generation population
pool.

5 Application Examples

In this section, the proposed DCGA is applied to the design and optimization of a pair
of bandpass FRM FIR digital filters, one having equal and the other having arbitrary
lower and upper transition bandwidths �l and �h. We point out that in the case
of �l = �u, it may be more efficient to realize the bandpass FRM FIR digital filter
directly as in [14]. Empirical investigations are also undertaken to identify appropriate
ranges of values for the DCGA control parameters c and α.

5.1 Bandpass FRM FIR Digital Filter for the Case of �l = �u

Let us consider the design and optimization of a bandpass FRM FIR digital filter
satisfying the following magnitude response specifications for implementation over
the CSD multiplier coefficient space:

Passband region 0.21π ≤ ω ≤ 0.6π

Lower stopband region 0 ≤ ω ≤ 0.2π

Upper stopband region 0.61 ≤ ω ≤ π

Maximum passband ripple ±0.1 dB
Minimum stopband attenuation 40 dB

(16)

The above specifications can be easily recast into specifications for the constituent
lowpass and highpass FRM FIR digital filters HLP(z) and HHP(z) as shown in (17)
and (18).
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Table 1 Digital sub-filter
orders for various values of M

for the case �l = �u

M Hal Hmal Hmbl Hah Hmah Hmbh Total order

2 254 24 2 234 10 6 530

3 168 8 42 156 10 18 402

4 126 16 24 118 10 52 346

5 102 506 12 94 10 468 1192

6 84 24 42 78 18 62 308

7 72 22 86 68 30 38 316

Table 2 Bandedge frequencies
for digital sub-filters Hal(h)(z),
Hmal(h)(z) and Hmbl(h)(z) for
the case �l = �u

Sub-filter Passband edge
frequencies

Stopband edge
frequencies

Hal(e
jω) 0.34π 0.4π

Hmal(e
jω) 0.4π 0.61π

Hmbl(e
jω) 0.6π 0.72π

Hah(ejω) 0.8π 0.74π

Hmah(ejω) 0.46π 0.2π

Hmbh(ejω) 0.21π 0.13π

Design Specifications for Lowpass FRM FIR Digital Filter HLP(z)

Passband region 0 ≤ ω ≤ 0.6π

Stopband region 0.61π ≤ ω ≤ π

Maximum passband ripple ±0.1 dB
Minimum stopband attenuation 40 dB

(17)

Design Specifications for Highpass FRM FIR Digital Filter HHP(z)

Passband region 0.21π ≤ ω ≤ π

Stopband region 0 ≤ ω ≤ 0.2π

Maximum passband ripple ±0.1 dB
Minimum stopband attenuation 40 dB

(18)

In this case, MLP = MHP ≡ M because of equal lower and upper transition band-
widths �l and �u. By using (6) with α = 2.4, the first approximation to the optimum
value of the interpolation factor M is obtained as 4. Table 1 shows the overall band-
pass FRM FIR digital filter order as a function of interpolation factor M in the vicinity
of the first approximation for M . Through inspection of Table 1, the optimum value
of M is found to be 6, yielding digital sub-filters Hal(z), Hmal(z), Hmbl(z), Hah(z),
Hmah(z) and Hmbh(z) of orders 84, 24, 42, 78, 18 and 62, respectively.

Having determined the required digital sub-filter orders, their bandedge frequen-
cies can be determined as given in Table 2 [8, 21]. Moreover, the corresponding
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Table 3 Passband ripples and
stopband attenuations associated
with digital sub-filters Hal(h)(z),
Hmal(h)(z) and Hmbl(h)(z) for
bandpass FRM FIR digital filter
for �l = �u

Sub-filter Passband ripple Stopband attenuation

Hal(e
jω) 0.085 dB −46 dB

Hmal(e
jω) 0.085 dB −46 dB

Hmbl(e
jω) 0.085 dB −46 dB

Hah(ejω) 0.085 dB −46 dB

Hmah(ejω) 0.085 dB −46 dB

Hmbh(ejω) 0.085 dB −46 dB

Fig. 4 Magnitude response of
the digital sub-filter Hal(z) for
the bandpass case with �l = �u

maximum passband ripples and minimum stopband attenuations are set as given in
Table 3. These set values are obtained as 85% of their budgeted values as given in
(16) (so as to compensate for any second-order effects).

By using the Parks–McClellan approach in connection with the design specifica-
tions in Tables 2 and 3, the initial infinite-precision digital sub-filters Hal(z), Hmal(z),
Hmbl(z), Hah(z), Hmah(z) and Hmbh(z) are designed to have the magnitude frequency
responses as shown in Figs. 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, and the corresponding over-
all infinite-precision bandpass FRM FIR digital filter is obtained to have a magnitude
frequency response as shown in Fig. 14.

The DCGA optimization parameters for obtaining the desired bandpass CSD FRM
FIR digital filter are as summarized in Table 4. By quantizing the multiplier coeffi-
cients of the infinite-precision FRM FIR digital filter to their nearest counterparts in
the CSD LUT, one can obtain a seed bandpass CSD FRM FIR digital filter having
a magnitude frequency response as shown in Fig. 15. This magnitude frequency re-
sponse violates the design specifications in (16) by almost 0.5 dB in the passband,
and by almost 20 dB in the stopband region (cf. Table 5).
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Fig. 5 Magnitude response of
the M-interpolated version of
Hal(z) for the bandpass case
with �l = �u

Fig. 6 Magnitude response of
the masking digital sub-filter
Hmal(z) for the bandpass case
with �l = �u

Before proceeding with the DCGA optimization, one must determine appropriate
values for the control parameters c and α. Fig. 16 shows the convergence speed of
the DCGA optimization for the value of the shaping parameter c ranging from 0.1
to 0.5, and for the value of the exponent parameter α ranging from 0.1 to 0.3. In
this way, the fastest convergence speed is observed to occur at c = 0.5 and α = 0.2.
For completeness, Fig. 17 shows the convergence speed for various values of the
parameter c averaged over the value of the parameter α. Consequently, on average,
one can obtain high convergence speeds for c ranging from 0.3 to 0.5.
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Fig. 7 Magnitude response of
the masking digital sub-filter
Hmbl(z) for the bandpass case
with �l = �u

Fig. 8 Magnitude response of
the masking digital sub-filter
Hdl(z) for the bandpass case
with �l = �u

For c = 0.5 and α = 0.2, the DCGA optimization converges to the corresponding
optimal bandpass CSD FRM FIR digital filter after 144 generations, resulting in a
magnitude frequency response as shown in Fig. 18 and enlarged over the passband
region in Fig. 19.

By comparing the DCGA to the corresponding conventional GA for the optimiza-
tion of bandpass FRM FIR digital filters [14], it has been observed that the DCGA
leads to convergence speeds which are around an order of magnitude higher than
those of the conventional GA. For example, by using the conventional GA in [14],
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Fig. 9 Magnitude response of
the digital sub-filter Hah(z) for
the bandpass case with �l = �u

Fig. 10 Magnitude response of
the M-interpolated version of
Hah(z) for the bandpass case
with �l = �u

it took 1000 generations to arrive at a bandpass FRM FIR digital filter, whereas the
proposed DCGA took only 144 generations (for similar design specifications).

5.2 Bandpass FRM FIR Digital Filter for the Case of �l �= �u

Let us consider the design and optimization of a bandpass FRM FIR digital filter
with unequal transition bandwidths �l and �u, satisfying the following magnitude
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Fig. 11 Magnitude response of
the masking digital sub-filter
Hmah(z) for the bandpass case
with �l = �u

Fig. 12 Magnitude response of
the masking digital sub-filter
Hmbh(z) for the bandpass case
with �l = �u

response specifications over the CSD multiplier coefficient space:

Passband region 0.33π ≤ ω ≤ 0.6π

Lower stopband region 0 ≤ ω ≤ 0.3π

Upper stopband region 0.61 ≤ ω ≤ π

Maximum passband ripple ±0.1 dB
Minimum stopband attenuation 40 dB

(19)

The above specifications can be recast into corresponding specifications for the
constituent lowpass and highpass FRM FIR digital filters HLP(z) and HHP(z) in much
the same way as before. In this case, because of unequal lower and upper transition
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Fig. 13 Magnitude response of
the masking digital sub-filter
Hdh(z) for the bandpass case
with �l = �u

Fig. 14 Magnitude response of
the infinite-precision bandpass
FRM FIR digital filter with
�l = �u

Table 4 Design parameters for DCGA optimization of CSD bandpass FRM FIR digital filter for the case
�l = �u

Design step Design parameters

1 M = 6, Nal = 84, Nmal = 24, Nmbl = 42, Nah = 78, Nmah = 18, Nmbh = 62

2 w = 3 digits, WI = 3 digits, WF = 14 digits, B = 12 bits

3 pF = 0.8, N = 500

4 C = 30, Wp = 1.15, Ws = 0.85, β = 100, Tu = 0.0005, Tl = 0.008

5 L = 3696
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Table 5 Bandpass CSD FRM FIR digital filter magnitude response characteristics for the case �l = �u
before and after DCGA optimization

Multiplier coefficient representation Passband ripple Lower stopband
attenuation

Upper stopband
attenuation

Infinite-Precision 0.075 dB −41 dB −42.8 dB

CSD before DCGA optimization 1.12 dB −22.3 dB −24.15 dB

CSD after DCGA optimization 0.1 dB −42.2 dB −41.9 dB

Fig. 15 Magnitude response of
the bandpass CSD FRM FIR
digital filter with �l = �u
before DCGA optimization

Fig. 16 DCGA convergence
speed for bandpass FRM FIR
digital filter with �l = �u for
varying c and α
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Fig. 17 Average DCGA
convergence speed for bandpass
FRM FIR digital filter with
�l = �u for varying c

Fig. 18 Magnitude response of
the CSD bandpass FRM FIR
digital filter with �l = �u after
DCGA optimization

bandwidths �l and �u, by using (6) with α = 2.4, the first approximations to the
optimum values of the interpolation factors MLP and MHP are obtained as 3 and 2,
respectively. Tables 6, 7 show the order of the constituent lowpass (highpass) FRM
FIR digital filter HLP(HP)(z) as a function of the interpolation factor MLP(HP) in the
vicinity of its first approximation for MLP(HP). Through inspection of Tables 6 and 7,
the optimum values of MLP and MHP are found to be 6 and 5 respectively, yielding
FRM FIR digital sub-filters Hal(z), Hmal(z), Hmbl(z), Hah(z), Hmah(z) and Hmbh(z)

of orders 84, 24, 42, 34, 30 and 22, respectively. Table 8 shows the bandedge fre-
quency specifications for these digital sub-filters, obtained by using the design equa-
tions in [8] and [21]. Moreover, the corresponding passband ripples and stopband
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Fig. 19 Passband of CSD
bandpass FRM FIR digital filter
with �l = �u after DCGA
optimization

Table 6 Digital sub-filter
orders for the constituent
lowpass FRM FIR digital filter
HLP(z) for various values of
MLP for the case �l �= �u

M Hal Hmal Hmbl Total
multiplication

2 254 24 2 280

3 168 8 42 218

4 126 16 24 166

5 102 506 12 620

6 84 24 42 150

7 72 22 76 170

Table 7 Digital sub-filter
orders for the constituent
highpass FRM FIR digital filter
HHP(z) for various values of
MHP for the case �l �= �u

M Hah Hmah Hmbh Total
multiplication

2 84 6 12 102

3 56 6 138 200

4 42 12 40 94

5 34 30 22 86

6 28 138 16 182

7 24 86 22 132

8 20 40 42 102

attenuations are set in Table 9. By using the design specifications in Tables 8 and
9, the Parks–McClellan approach is employed to obtain the overall infinite-precision
bandpass FRM FIR digital filter HBP(z) having a magnitude frequency response as
shown in Fig. 20.
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Table 8 Bandedge frequencies
for digital sub-filters Hal(h)(z),
Hmal(h)(z) and Hmbl(h)(z) for
the case �l �= �u

Sub-filter Passband edge
frequencies

Stopband edge
frequencies

Hal(e
jω) 0.34π 0.4π

Hmal(e
jω) 0.4π 0.61π

Hmbl(e
jω) 0.6π 0.72π

Hah(ejω) 0.5π 0.35π

Hmah(ejω) 0.47π 0.3π

Hmbh(ejω) 0.33π 0.1π

Table 9 Passband ripples and
stopband attenuations associated
with digital sub-filters Hal(h)(z),
Hmal(h)(z) and Hmbl(h)(z) for
bandpass FRM FIR digital filter
for �l �= �u

Sub-filter Passband ripple Stopband attenuation

Hal(e
jω) 0.085 dB −46 dB

Hmal(e
jω) 0.085 dB −46 dB

Hmbl(e
jω) 0.085 dB −46 dB

Hah(ejω) 0.085 dB −46 dB

Hmah(ejω) 0.085 dB −46 dB

Hmbh(ejω) 0.085 dB −46 dB

Fig. 20 Magnitude response of
the infinite-precision bandpass
FRM FIR digital filter with
�l �= �u

Table 10 summarizes the design parameters for the DCGA optimization of the seed
infinite-precision bandpass CSD FRM FIR digital filter with unequal lower and upper
transition bandwidths �l and �u. Fig. 21 shows the magnitude frequency response of
the seed bandpass CSD FRM FIR digital filter after the infinite-precision multiplier
coefficients have been quantized to their nearest CSD counterparts in the LUT. This
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Fig. 21 Magnitude response of
the bandpass FRM FIR digital
filter with �l �= �u before
DCGA optimization

Table 10 Design parameters for DCGA optimization of CSD bandpass FRM FIR digital filter for the case
�l �= �u

Design step Design parameters

1 MLP = 6, Nal = 84, Nmal = 24, Nmbl = 42,

MHP = 5, Nah = 34, Nmah = 30, Nmbh = 22

2 w = 3 digits, WI = 3 digits, WF = 14 digits, B = 12 bits

3 pF = 0.8, N = 500

4 C = 30, Wp = 1.15, Ws = 0.85, β = 100, Tu = 0.0005, Tl = 0.008

5 L = 2832

Table 11 Bandpass CSD FRM FIR digital filter magnitude responses for the case �l �= �u before and
after DCGA optimization

Multiplier coefficient representation Passband ripple Lower stopband
attenuation

Upper stopband
attenuation

Infinite-precision 0.093 dB −43 dB −42.8 dB

CSD before DCGA optimization 0.98 dB −20 dB −24 dB

CSD after DCGA Optimization 0.1 dB −43 dB −42.3 dB

magnitude frequency response violates the design specifications in (19) by almost 0.9
dB in the passband, and by around 20 dB in the stopband region (cf. Table 11).

The convergence speed of the DCGA optimization for the values of shaping para-
meter c ranging from 0.1 to 0.5 and for the values of exponent parameter α ranging
from 0.1 to 0.3 is shown in Fig. 22. Consequently, the fastest convergence speed is
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Fig. 22 DCGA convergence
speed for bandpass FRM FIR
digital filter with �l �= �u for
varying c and α

Fig. 23 Average DCGA
convergence speed for bandpass
FRM FIR digital filter with
�l �= �u for varying c

observed to occur at c = 0.5 and α = 0.2. Once again, for completeness, the con-
vergence speed for various values of the parameter c averaged over the value of the
parameter α is shown in Fig. 23. Consequently, on average, one can obtain high con-
vergence speeds for c ranging from 0.3 to 0.5. In this way, for c = 0.5 and α = 0.2,
the optimal bandpass CSD FRM FIR digital filter is obtained after 109 generations
having a magnitude frequency response as shown in Fig. 24 and enlarged over the
passband region in Fig. 25.
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Fig. 24 Magnitude response of
the CSD bandpass FRM FIR
digital filter with �l �= �u after
DCGA optimization

Fig. 25 Passband of CSD
bandpass FRM FIR digital filter
with �l �= �u after DCGA
optimization

6 Concluding Remarks

A novel DCGA has been presented for the discrete optimization of bandpass FRM
FIR digital filters over the CSD multiplier coefficient space. The resulting bandpass
FIR digital filters are permitted to have equal or unequal lower and upper transition
bandwidths. A cross-generational probabilistic survival selection scheme has been
employed to form the next-generation population pool in the course of DCGA op-
timization. Two application examples have been given, one involving DCGA opti-
mization of a bandpass FRM digital filter having equal lower and upper transition
bandwidths, and the other involving that of a bandpass FRM FIR digital filter hav-
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ing unequal lower and upper transition bandwidths. Empirical investigations have
been undertaken to determine the DCGA control parameters for achieving rapid con-
vergence speeds. These empirical values have led to convergence speeds which are
around an order of magnitude higher than those of the conventional GAs. The pro-
posed DCGA can be easily modified to begin with a finite-precision (CSD) FRM FIR
digital filter instead of an infinite-precision FRM digital filter (usually obtained by
employing the Parks–McClellan approach).

Acknowledgement This work was supported, in part, by a Natural Science and Engineering Research
Council of Canada under Discovery Grant #A6715.
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